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Abstract

Classical singular value decomposition (SVD) image denoising algorithms often rely

on a globally uniform truncation rank, making it difficult to balance the differences

between local smoothness and edge structures. Furthermore, directly applying trun-

cation compensation strategies designed for inverse problems (such as the tail-filling

in MTRSVD) to pure data-domain denoising mathematically injects pseudo-energy

into the noise subspace, thereby degrading denoising performance. To address these

limitations, this paper proposes an image denoising algorithm based on patch gradient

sorting and grouped adaptive randomized singular value decomposition (RSVD). First,

images are partitioned into patches, and the column vectors are rearranged in ascend-

ing order according to their total variation (TV) characteristics, artificially inducing

highly coherent low-rank manifolds in the local space. Second, through rigorous ma-

trix algebraic analysis, this paper reveals and proves the “mathematical cancellation

effect” of the rearrangement operation strictly under the condition of global linear

orthogonal projection. To break through this theoretical dilemma and proactively

adapt to the non-stationarity of local structures in natural images, this paper innova-

tively introduces a grouped adaptive truncation mechanism based on piecewise non-

linear projection. Combined with a randomized error criterion based on Hutchinson’s

trace estimation, the optimal truncation rank is dynamically calculated for image sub-

groups of varying complexities, and a pure RSVD low-rank approximation is executed.

Ablation experiments and generalization performance comparisons demonstrate that,

compared with globally fixed-rank algorithms, un-grouped adaptive algorithms, as well

as representative heavy-duty classical methods like Block-Matching 3D filtering (B-

M3D) and traditional Weighted Nuclear Norm Minimization (WNNM), the proposed

algorithm not only effectively circumvents the shortcomings of traditional methods

(e.g., failure under high noise and lack of local adaptability), but also achieves highly

competitive denoising fidelity (PSNR/SSIM) with a millisecond-level, extremely low
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overhead of only about 0.03 seconds (nearly 1000 times faster than traditional heavy

algorithms). This work successfully pioneers a new path that strikes a high degree

of balance among robust denoising, detail preservation, and extreme computation-

al throughput, providing an exceptionally efficient numerical algebraic solution for

large-scale image restoration.
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Image Denoising, Randomized SVD (RSVD), Gradient Reordering, Mathematical

Cancellation Effect, Non-Stationarity, Grouped Adaptive
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�"�©�Ì��z�8B�±en:µ

• Ú\A�üS§<�p�ÛÉ�\�P~µ �©|^J��fòã�©)�©¬Ý
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2.1. $�Ý
%C�RSVD µe

3Xêâ��ã��D?Ö¥§ÉpdxD(À/�lÑ*ÿÝ
Y ∈ Rm×n �ï��µ

Y = X + E (1)
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OnØ [11]§JÑ
�«ÄuHutchinson ,��(Trace Estimator) [10] �n���Ø��OOK"

�éA�ä�k �ÝKí��f�Rk = (I −QkQ
T
k )Y§�`�ä�kopt �¦)�=z�4�zX

elÑ�d¼êE(k)µ

kopt = arg min
k
E(k) ≈ arg min

k

{
‖Y ω −Qk(Q

T
k Y ω)‖22 + P(k)

}
(5)
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Ï�ä
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3.1. �ÛÜã�©¬�TV FÝüS

g,ã�3�m�þ%¹4Ù´L��ÛÜg�q5(Non-local Self-similarity)"�
¿©u

÷ù�êâA5§�©Äkòã�l�m�=��©¬Ý
�"

�½É����*ÿã�Y ∈ RH×W§�½©¬º��b × b"|^wÄI�J��fH{ã
�§J�ÑN �ã��¬"òz���ã�¬.���Ý�b2 �����þpi§©��EÑÐ©

*ÿÝ
Pµ

P = [p1, p2, . . . , pN ] ∈ Rb
2×N (6)

d�§P ���þî�Uã��©�m �ü�§����m"y(�ë05§��Ý
¥

y�p��,ÏG�"�
ïþ���þ�SNE,Ý§�©/�ROF ²;�. [12]§Ú\�

C©(Total Variation, TV)��FÝA��Ýþóä"éuÝ
P ¥�?¿��þpi§òÙ­�

£b× b ���ã�¬I(i) �§ÙlÑTV A��vi ½Â�µ

vi =

b−1∑
x=1

b∑
y=1

|I(i)x+1,y − I(i)x,y|+
b∑

x=1

b−1∑
y=1

|I(i)x,y+1 − I(i)x,y| (7)

ÄuO����A��þv = [v1, v2, . . . , vN ] ?1,Sü�"3êÆ�ê¥§ù�üSö��

duò�Ý
m¦������Ý
(Permutation Matrix) Π ∈ RN×N§÷vΠTΠ = I"­ü��

#Ý
P̃ L«�µ

P̃ = PΠ = [p̃1, p̃2, . . . , p̃N ] (8)

�XÛÜ��©|�{(LPG-PCA) [13] �ïÄ¤�«�§²LT��ö�§äk�q²wÝ

�ã�¬($TV �)�E,�«n¬(pTV �)3Ý
�m¥�r�àa§<�p�Ñ
4r�Û
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�Pk(·)"3�ÛÚ��f�mÝKµee§T�f�duò��Ý
ÝK�ck ��ÛÉ�þÜ
¤�Ì�m¥§=Pk(M) = UkU

T
k M"

b�é­üÝ
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�_Ý


Π−1 (=ΠT )±����þ"�ªÑÑ�¡EÝ
Prec ÷v±eí�µ
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Prec = Pk(P̃ )Π−1

= Pk(PΠ)ΠT

= (UkU
T
k PΠ)ΠT

= UkU
T
k P (ΠΠT )

= UkU
T
k P = Pk(P )

(9)

Xúª(9) ¤«§T-��A¤á�î>cJ3uÝK�f��Û5��5��5µdu�Û��

Ó�|��Ä.Uk§����fä���5ΠΠT = I§���fΠ 3�ÛÝK��_���¥�

�.áÂ"ù¿�X§�ÛÚ��ä¬¦­üS�5�/(�ë05ù|0u)�{��ê-�"

ù�uy�êâ­ü�{��Ov�
nØ´¨"

3.3. »ÛüÑµÌÄ·A�²­5�©|g·AÅ�
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uég,ã��k��²­5(Non-stationarity) [14, 15] �ÌÄ·A"X²;©z [16]

¤ã§g,ã��ÛÜ(�4ÙE,õ�§²w«����Cz4Ù�ú(S3�Ý4$)§
>�

�E,«n«�K�¹ì��pªaC(S3�Ý�p)"XJr1¦^�Ûü���k ?1�ä§

��þ´é�Ìã��²­A��êÆþ�"ÄudÔn�êÆ�V­ÄÅ§�©JÑòÄuF

ÝüS��Ý
P̃ ÷��Ý�©�G �ëY�f|(�©�G = 3§©OÛªéA²w|!«n|

�>�|)µ

P̃ =
[
P̃smooth, P̃texture, P̃edge

]
(10)

©|�§�©µï�ÛÚ��½�ä���{§ÕáN^12 !¥��ÅØ��OOK(ú

ª(5))§�é�f|©Og·A)�ÑÉ�z��`�ä�k1, k2, k3"¿3�g�$�f�mS�

1X{�RSVD �ä(Ø��ÜW¿)"

d�§Ý
�_�­�L§=C��«©ã��5ÝKµ

Pfinal =
[
Pk1(P̃smooth), Pk2(P̃texture), Pk3(P̃edge)

]
Π−1 (11)

é'úª(9)�(11)�±�ß/w�§dug·A¦)¦�k1 6= k2 6= k3§�f�m�ÝKÄ

.Uki ��Ý����,ØÓ§Ã{2l	ÜJ��ÛúÏfUkU
T
k"d�§�5��cJ��»§

Π−1 Ã{2�SÜu)�ê-�"

nþ¤ã§�©�©|g·AÅ�¢y
V­�zµ3�ê�¡þ§§¤õ£k
üS�5

�$�ù|(�»
-�(¸)¶3Ôn�¡þ§§ÌÄ^A
ã�SN��²­5§¢y
/²w

«4��D(4�k)0�/>�«b|�ý(��k)0��UÄ�²ï"

3.4. �{6§

�©JÑ�ÄuTV FÝüS�©|g·ARSVD �ã��D�{��6§X�{1¤«"
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4. ê�¢��(J©Û

��y�©¤JÑ�Äu©¬FÝüS�©|g·ARSVD (e©Ú¡TV-Ada RSVD)�{�

k�5�ó§`�5§�!�O
df\��Å��y!ëê¯aÝ©Û±9õ�Ý��Ké'

¢�"

4.1. ¢����µd�I

$1�¸�êâ8µ �©¤k�ê��ý¢�þ3����Intel Core i7 ?nì�16 GB S

���<O�Åþ$1§?§�¸Ú�æ^MATLAB R2021a"3êâ8À��¡§¢�À^ã

�?n+�ú@�IO�ÝÿÁã�(XHouse!Cameraman!Peppers �§ã�©EÇþ8�z

�256 × 256 ��)"��[¢SDaì¼�ã���òzL§§<��XÀã�Ý
X ¥5\þ

��0!IO��σ �\5pdxD(Ý
E (ÄOØÿ�¸e��σ = 0.05)"

é'Ä���µ �
�¡�î�/�y�©¤JTV-Ada RSVD �{�k�5�k?5§¢

��ï
���S	é'Ý
µ

• SÜ�KÄ�µ�¹1) Fixed-k RSVD (�Û�½�§Øéã�?1­ü©|)¶2) Global-

Ada RSVD (�Ûg·A�Ã©¬Å�)§^u�l¿�y�©Ø%Å��7�5"

• 	ÜI\Ä�µÚ\
DÚã��D+�4ä�L5�­þ?I\�{§�)\�Ø�ê�
�z(WNNM) �{ [17] �n�¬��(BM3D) �{ [18]§­:^uµ��©�þ?�Åz

e��DÚ­.S��{3x��Ñ�þ�õ�Æ�"

¢y[!��ëêµ 3Ý
©¬J��ã§�l��þ³�DÚ�­U©¬�5�/���

K(Block Artifacts)0§�©�{Ú\
­UwÄI�(Overlapping Sliding Window) Å�§¿3�

ª_�­��ã§é�m�I­U«��¡E����1\�²þö�§±¢y²wLÞ"�©

�{9SÜ�KÄ��Ø%�ëêþÚ��â�Y¢���`(Ø?1��µ¬��b = 6§wÄ
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Ú�step = 2§N�Xêτ = 1.0§g·A©|êK = 3"
éuWNNM �BM3D �{§ÙSÜ�

ëêþî��ì�©z�²;í���§±(�é'¢��ýéú²5"

µd�Iµ 3�D5U�½þµ�þ§�©æ^ü�Ø%�*�Iµ

• ¸�&D'(Peak Signal-to-Noise Ratio, PSNR)µ±©�(dB)�ü §ïþ�D�ã

�X̂ �XÀ�ãX �m��?O�ýéØ�"PSNRê��p§L²�Û�D��.5�Ð§

D(í{��"

• (��q5(Structural Similarity, SSIM)µ�����[0, 1]§­:l�Ý!é'Ý�(�

«nn��Ýïþã�ÛÜA���ýÝ"SSIM ����C1§L²�{3�D�Ó�§U


�Ð/��>��
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Figure 1. Comparison of matrix singular-value decay curves
before and after TV sorting (logarithmic scale)
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4.3. Ø%�ëê¯aÝ©Û

�(���{3¢SA^¥�°�5��`5§�!æ^î����Cþ{§éÌ��D5

U�O��Ç�o�Ø%�ëê(¬��b!wÄÚ�step!©|êþG!N�Xêτ)?1�Ý¯a

Ý©Û"

4.3.1. ¬��(b)�wÄÚ�(Step)����ï

©¬ºÝb û½
ÛÜaÉ��$��m�Nþ§
wÄÚ�step K��Xã�­���­U

P{Ý"ã 2�ã 3©OÐ«
ùü�ëêé�D�þ(PSNR/SSIM)�$1�m�nÜK�"

Figure 2. Effect of block size b on denoising performance and computational time
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Figure 3. Effect of sliding step size step on denoising performance and computational
time

ã 3. wÄÚ�step é�D5U�O�Ñ��K�

4.3.2. ©|êþ(K) �Ôn�Âéà��z­½5©Û

©|êþK û½
�»/êÆ-��Ø0�[âÝ"�&ÄTëê3ØÓã�(�e�Ê·

5�­½5§·�3É�(�ã�þéK ∈ [1, 6] ?1
é'ÿÁ§Ù;.5U­�Xã 4 ¤«"

Figure 4. Comprehensive effect of the number of groups K on denoising
quality and overfitting analysis
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4.3.3. N�Xê(τ)�Ã �O<y
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Figure 5. Inverted U-shaped sensitivity analysis of the tolerance
coefficient τ
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• Fixed-k RSVD (4��½�)µ�KÄ��"DÚ�{§Øéã�?1­ü©|§��¦^
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3/�Ug·A0!/ÛÜ(��30�/¯��Åze�0�m��pÝ²ï��D#�ª"

Table 1. Comparison of smoothness and generalization of different denoising strategies across multiple scenarios
(test image: House, PSNR/SSIM)

L 1. ØÓ�DüÑ3õ|µe��K��zé'(ÿÁã�µHouse§PSNR/SSIM)

�DüÑ(Strategy)
House

Å�"�©Û

σ = 0.02 σ = 0.05 σ = 0.10

�Dã�(Noisy) 33.96/0.8272 26.00/0.4996 19.98/0.2653 	Ü�¸�z
Fixed-k RSVD (4��½�) 34.89/0.9120 31.70/0.8065 28.41/0.6902 "y�Ug·A

Global-Ada RSVD (�Ûg·A) 36.78/0.9230 31.52/0.8164 28.28/0.7271 �\�ÛêÆþ�
BM3D (n�¬��) 39.51/0.9527 35.39/0.8951 32.30/0.8334 �6g�q§pD´��

Traditional WNNM (DÚ\�Ø�ê) 39.43/0.9564 34.92/0.9030 31.59/0.8409 "yÛÜ(�g·A
TV-Ada RSVD (�©�{) 38.33/0.9479 33.44/0.8733 29.90/0.7854 �»-�§ÛÜ�`

Table 2. Comparison of smoothness and generalization of different denoising strategies across multiple scenarios
(test image: Cameraman, PSNR/SSIM)

L 2. ØÓ�DüÑ3õ|µe��K��zé'(ÿÁã�µCameraman§PSNR/SSIM)

�DüÑ(Strategy)
House

Å�"�©Û

σ = 0.02 σ = 0.05 σ = 0.10

�Dã�(Noisy) 33.96/0.8392 26.00/0.5449 19.98/0.3255 	Ü�¸�z
Fixed-k RSVD (4��½�) 28.32/0.8730 27.29/0.7688 25.22/0.6024 "y�Ug·A

Global-Ada RSVD (�Ûg·A) 34.11/0.8856 28.54/0.7344 25.17/0.6091 �\�ÛêÆþ�
BM3D (n�¬��) 38.04/0.9596 32.51/0.9015 29.01/0.8183 �6g�q§pD´��

Traditional WNNM (DÚ\�Ø�ê) 37.91/0.9595 32.26/0.9101 28.62/0.8436 "yÛÜ(�g·A
TV-Ada RSVD (�©�{) 36.58/0.9491 30.81/0.8818 27.11/0.7710 �»-�§ÛÜ�`

Ø
�D�þ�·�µ�§�{�$1�Ç��mE,Ý´ïþÙ¢^d��,�Ø%�
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��$�m�§ù«î­Ñ��A54�/��
§�3¢�?n½�5�ó§¥�A^"
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�K��z¢�oØµ nÜL 1 �L 4 ��¡Øÿ(J§�©¤JÑ�TV-Ada RSVD �{

Ø=k��Ñ
~5�Ûü��êÆþ�§�3/­.S�`z�{(Ñ��!x�Ñp)0�/Ä

:¯��{(Ñ�4á!x��)0�m§m8Ñ
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4�²ï"

Table 3. Comparison of runtime of different denoising strategies at different noise levels (test image: House,
unit: s)

L 3. ØÓ�DüÑ3ØÓD(Y²e�$1�mé'(ÿÁã�µHouse§ü µ¦)

�DüÑ(Strategy)
ÿÁã�µHouse ($1�m/s)

�mE,Ýµ�

σ = 0.02 σ = 0.05 σ = 0.10

Fixed-k RSVD (4��½�) 1.30 1.50 1.32 Ä:SVD§~5¦?
Global-Ada RSVD (�Ûg·A) 0.02 0.02 0.01 �Û4{§Ñ�4$

BM3D (n�¬��) 29.68 26.71 26.92 n���§m�ã�
Traditional WNNM (DÚ\�Ø�ê) 24.35 21.94 23.70 ª�S�§î­Ñ�

TV-Ada RSVD (�©�{) 0.04 0.03 0.03 4$N\m�§Î¦?¢��A

Table 4. Comparison of runtime of different denoising strategies at different noise levels (test image: House,
unit: s)

L 4. ØÓ�DüÑ3ØÓD(Y²e�$1�mé'(ÿÁã�µCameraman§ü µ¦)

�DüÑ(Strategy)
ÿÁã�µCameraman ($1�m/s)

�mE,Ýµ�

σ = 0.02 σ = 0.05 σ = 0.10

Fixed-k RSVD (4��½�) 1.33 1.29 1.34 Ä:SVD§~5¦?
Global-Ada RSVD (�Ûg·A) 0.03 0.02 0.01 �Û4{§Ñ�4$

BM3D (n�¬��) 27.31 27.96 38.55 n���§m�ã�
Traditional WNNM (DÚ\�Ø�ê) 24.09 23.46 31.68 ª�S�§î­Ñ�

TV-Ada RSVD (�©�{) 0.04 0.03 0.07 4$N\m�§Î¦?¢��A

4.5. nÜ�D5U�Àú[!�y

�
�*���/�yØÓ�äüÑéã�ÛÜ�*(��K�§ã 6 Ð«
Cameraman ã

�(σ = 0.05) ��DÀúé'"�|é'ã4Ù°O/<y
c©éu�Û��ÝK/�d�*0

"��êÆ©Û"

Figure 6. Visual comparison of denoising results and local detail visualization for the Cameraman image
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��ä�Fixed-k üÑ§duÃ{·AÛÜ

²wÝ§Ù�µU�«�í3
���/æ:G0pªD("Ùg§Global-Ada �Ûg·AüÑ
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