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Abstract

Let S be a dominating set of a graph G. If for every vertex u ∈ V (G)− S, there exists a
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neighbor v of u in S such that (S − {v}) ∪ {u} is a dominating set of G, then S is called

a secure dominating set of G. The secure domination number of G, denoted by γs(G),

is the minimum cardinality of a secure dominating set in G. This paper focuses on the

upper bound problem of the secure domination number in {B1,1, claw}-free graphs,

where B1,1 denotes the bull graph. We prove that if G is a {B1,1, claw}-free graph with

independence number at least 3, then the upper bound of secure domination number

is the independence number of G; moreover, we construct an example to show that

this bound is tight.
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1. Úó

�©�ïÄ{üã"éu©¥�½Â�ÎÒ�â�§eÃAO`²§þëì©z [1]"-G�

{üã�S ⊆ V (G)"º:8V (G)�Äê¡�ãG��§P�|G|"-G[S]ÚG − S©OL«ãG�
dº:8SÚV (G) − S �Ñ�fã"PNS(v) = {u ∈ S | uv ∈ E(G)}§NS [v] = NS(v) ∪ {v}¶
�S = V (G)�§NG(v)ÚNG[v]�©O{��N(v) ÚN [v]"ev ∈ S§u ∈ V (G) − S§�NS(u) =

{v}§K¡u´v'uS���	Ühk�:¶-epn(v, S)L«v'uS�¤k	Ühk�:�8Ü"
eV (G) − S¥�z�:Ñ��ÚS¥�:��§K¡S´G���|�8¶G���|�8´�
äk��Äê�|�8§ÙÄê¡�G�|�ê§P�γ(G)"�8ÜD´G���|�8§eé

uV (G)−D¥?¿�:u§þ�3:v ∈ ND(u)§¦�(D−{v})∪{u}E´G�|�8§K¡D´G�
��S�|�8¶G���S�|�8´�äk��Äê�S�|�8§ÙÄê¡�G�S�|�

ê§P�γs(G)"dS�|�8Ú	Ühk�:�½Â��§|�8D�ãG�S�|�8��=

�éu?¿�:u ∈ V (G) −D§u3D¥þ�3�:v¦�epn(v,D) ⊆ N [u]"e8ÜI¥?¿ü�

º:3G¥þØ��§K¡I�G�Õá8¶G���Õá8´�äk��Äê�Õá8§ÙÄê¡

�G�Õáê§P�α(G)"

�G�ëÏã§é?¿u, v ∈ V (G)§PdG(u, v)�G¥u�v�m�ål§=�ö�m�á´¤

¹�>ê¶AO/§éuG¥�½�´P§eu, v ∈ V (P )§KdP (u, v)L«��3´Pþ§u�v�å
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l§=´Pþlu�vå²�>ê"

XJãG�º:8�±�y©¤ü���f8XÚY§¿�z^>��à:3X¥§,��à

:3Y¥§K¡G��Üã§P�G(X,Y )"XJãG(X,Y )38ÜX¥�z��º:ÑÚY¥�z

��º:��§K¡G����Üã¶�|X| = m§|Y | = n§K���ÜãGL«�Km,n"9ã´

����ÜãK1,3Ó��ã(�ã 1(a))§�©^ÎÒK1,3L«9ã¶úÚã´dn�/K3 9Ùü

^pØ���]!>¤�¤�ã(�ã 1(b))§P�B1,1"�H = {H1, . . . ,Ht}§Ù¥H1, . . . ,Ht�

��ãS�§eéu?¿i, 1 ≤ i ≤ t§ãG¥þØ¹Ó�uHi��Ñfã§K¡G�Ø¹H�ã"
�H = {B1,1,K1,3}§eG�Ø¹H�ã§K¡G�Ø¹B1,1�Ã9ã"

|�8��ãØ¥²;�Ø%ëê§2�A^u�äi�!��À�!Ï&CX�¢S`z

¯K§´|Ü`z+��Ï±5�ïÄ9:"3DÚ|�8Ä:þ§�?�ÚJ,|�(��|

Z6Uå�­½5§S�|�8�VgA$
)§§�¦|�8¥z�º:þ�-�	Üü:»

�§3�ä��!�æN�XÚ�O¥äk­��A^d�"

Figure 1. A claw graph K1,3 and a bull graph B1,1

ã 1. ��9ãK1,3 ���úÚãB1,1

S�|�8��|�8��«í2§Ù3ØÓãa¥�°(��þe.�x´T+��Ø

%ïÄ����"NõÆö�é´!�!ä!	²¡ã�äNãamÐ
�\ïÄ"Cockayne�

< [2]&Ä
S�|�8�Ä:5�§(½
´!�!��õÜã�ãa�S�|�ê�°(�"

ArakiÚYumoto [3]y²µeG´n�4�	²¡ã§Kγs(G) ≤ d 3n7 e¶eG´Ø¹SÜn�/�4
�	²¡ã§Kn

4
< γs(G) ≤ dn3 e"Li�< [4]?Ø
ä�S�|�ê§y²n ≥ 3�äT�S�|�

ê÷vn+2
3
≤ γs(T ) ≤ 2n+2l−t

4
§Ù¥lÚt©O�ä��fê�Z:ê§¿�Ñ~ãy²Ùe.´;

�"

�XïÄ��\§Æö�=�S�|�ê�Õáê�'éïÄ§¿3B^fã�åe��


�X�þ.(J"Gupta�< [5]�éõaB^fã�Ñ
S�|�ê�þ.§~X§¦�y

²ÃP5ã÷vγs(G) ≤ 3
2
α(G)¶ÃP3 ∪ P2ã÷vγs(G) ≤ α(G) + 1¶ÃP3 ∪ P1ã!ÃK2 ∪ 2K1ã

±9ëÏ�ÃP5�ÃC4ãþ÷vγs(G) ≤ max{3, α(G)}"Cockayne�< [6]�Ñ§é?¿�Ã9

ãG§þkγs(G) ≤ 3
2
α(G)"Boumediene MerouaneÚChellali [7]y²µé?¿ãG§þkγs(G) ≤

2α(G)− 1¶eG´Ø¹n�/�ã§Kkγs(G) ≤ 3
2
α(G)"DegawaÚSaito [8]�Ñ§eG´ÃC5ã§

Kγs(G) ≤ α(G)"duØ´¤k�ÃC5ãÑ´Ã2K2ã§Chen�< [9]?�Úy²µeG �Ø

¹2K2�ã§Kγs(G) ≤ α(G) + 1§¿�Ñ~ãL²Ùþ.´;�"

ÉþãïÄ(Jéu§�©��Xe(Øµ
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½n1. eãG´Ø¹B1,1�Ã9ã§�α(G) ≥ 3§Kγs(G) ≤ α(G)"

2. ½n1�y²

y²µ ���ëÏã�Õá8��©|Õá8�¿8§Ó����ëÏã�S�|�8��

�©|S�|�8�¿8"ÏdØ�b�ãG���ëÏ�Ø¹B1,1�Ã9ã�α(G) ≥ 3"eG¥

�3��Õá8S¦�S�´G�S�|�8§Kw,(Ø¤á"Ïd§b�G�?¿��Õá8

þØ´G�S�|�8"�S�G�����Õá8"w,S´G�|�8§��âcãb�§SØ

´G�S�|�8"Ïdb�G−S ¥�3:u§¦�éuu3S¥�?¿�:v§þ÷vepn(v, S)¥
¹kØ�u���:"

Ï�S´Õá8�G´Ã9ã§¤±´�Xe(Øµ

Øä1. ew ∈ V (G)− S, K1 ≤ |NS(w)| ≤ 2"

Øä2. |NS(u)| = 2"

y²: b�|NS(u)| = 1"-NS(u) = {v}, w1 ∈ epn(v, S) − {u}¦�w1u /∈ E(G)"�S1 =

(S − {v}) ∪ {u,w1}"Ï�u,w1 ∈ epn(v, S)�w1u /∈ E(G)§¤±S1´Õá8�|S1| > |S|§ù
�S´G���Õá8gñ"Ïd(ÜØä1§��|NS(u)| = 2"

�âØä2§�NS(u) = {v1, v2}§xi ∈ epn(vi, S)§i ∈ {1, 2}§¦�ux1, ux2 /∈ E(G)"w

,v1x2, v2x1 /∈ E(G)"b�x1x2 /∈ E(G)"-S2 = (S − {v1, v2}) ∪ {x1, x2, u}"Ï�NS(u) =

{v1, v2}§xi ∈ epn(vi, S)�uxi /∈ E(G), i ∈ {1, 2}§¤±S2´Õá8�|S2| > |S|§ù�S�G�
��Õá8gñ"Ïdx1x2 ∈ E(G)"Ï�α(G) ≥ 3§¤±|S| ≥ 3"-v3 ∈ S − {v1, v2}"d
uxi ∈ epn(vi, S)§¤±xiv3 /∈ E(G), i ∈ {1, 2}"duG´ëÏã§¤±G¥�3©Oë�v3�x1!
x2�´"b�P�¤kë�v3�x1!x2�´¥�Ý���´§�Ø�b�P�ü�à:�v3!x2"

dux2v3 /∈ E(G)§�|P | ≥ 3"�xi+2�Pþ÷vdP (x2, xi+2) = i�º:§Ù¥1 ≤ i ≤ |P | − 1¶

�i = |P | − 1�§xi+2 = x|P |+1 = v3"=P = x2x3 . . . x|P |+1 = x2x3 . . . v3"

Øä3. ®�P´G¥¤kë�v3�x1!x2�´¥�Ý���´§�P�ü�à:�v3!x2§

Kµ

(1) x1 /∈ V (P )�x1xk /∈ E(G)§ Ù¥4 ≤ k ≤ |P |+ 1¶

(2) xkxl /∈ E(G)§ Ù¥2 ≤ k 6= l ≤ |P |+ 1, |k − l| ≥ 2¶

(3) ek ≥ 5�xk 6= vi§Kvixk /∈ E(G)§i ∈ {1, 2}"

y²µ Ï�P´G¥¤kë�v3�x1!x2�´¥�Ý���´§�P�ü�à:�v3!x2§¤

±(1)Ú(2)w,¤á"e¡y²(3)�¤á"kyi = 1�(3)¤á"æ^�y{"b�v1xk ∈ E(G)"

K�´P ′ = x1v1xk . . . x|P |+1§w,P
′´G¥ë�v3�x1�´�÷v|P ′| < |P |§ù�´P���5

gñ§Ïdv1xk /∈ E(G)"aq�yv2xk /∈ E(G)§=(3)¤á"

±eò©O�éx3 6= v29x3 = v2ü«�¹éT½n?1y²"

�¹1. x3 6= v2"

dx2 ∈ epn(v2, S)9x1 /∈ V (P ), ux2 /∈ E(G)�x3 ∈ V (G)−(S∪{x1, u})"KdG[{x2, x1, v2, x3}]
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6= K1,3±9x1v2 /∈ E(G)§��x1x3 ∈ E(G)½öv2x3 ∈ E(G)"

Figure 2. The diagram of the proof of Claim 4

ã 2. Øä4y²¥�«ã

Øä4. x1x3 /∈ E(G)"

y²µ b�x1x3 ∈ E(G)§K�âx3 ∈ V (G)− (S ∪ {x1, u})��3x4 ∈ V (P )"w,x4 6= v1"

ÄK¬���^ë�v3�x1��Ý�uP�´§gñ"�âØä3§��x1x4, x2x4 /∈ E(G)¶qd

uG[{x2, x1, x3, v1, x4}] 6= B1,1±9v1x2 /∈ E(G)§¤±v1x3 ∈ E(G)½öv1x4 ∈ E(G)"

b�v1x3 ∈ E(G)"dG[{x3, x2, v1, x4}] 6= K1,3±9v1x2, x2x4 /∈ E(G)§��v1x4 ∈ E(G)"d

uS´Õá8§¤±x4 ∈ V (G) − S§l
�3x5 ∈ V (P )"Ï�P´�á´§¤±x5 6= v1"�â

Øä3§��v1x5, x2x4, x3x5, x2x5 /∈ E(G)¶qv1x2 /∈ E(G)§¤±G[{v1, x3, x4, x2, x5}] = B1,1§g

ñ(�ã 2(a))"Ïdv1x3 /∈ E(G)§v1x4 ∈ E(G)"ÓndS´Õá8�x4 ∈ V (G) − S§l
�
3x5 ∈ V (P )�x5 6= v1"dG[{x4, x3, v1, x5}] 6= K1,3±9v1x3, x3x5 /∈ E(G)§��v1x5 ∈ E(G)§

�Øä3gñ(�ã 2(b))"

�âØä4§��x1x3 /∈ E(G)§v2x3 ∈ E(G)"dx3 ∈ V (G)− (S ∪ {x1, u})��3x4 ∈ V (P )"

Ï�P´�á´§¤±x4 /∈ {v1, v2}"�âØä3§��x1x4, x2x4 /∈ E(G);qG[{v2, x2, x3, x1, x4}] 6=
B1,1±9x1v2, x1x3 /∈ E(G)§¤±v2x4 ∈ E(G)§l
dS´Õá8�x4 ∈ V (G)− S"

Øä5. x4 6= u"

y²µ b�x4 = u"Ï�NS(u) = {v1, v2}§¤±�3x5 ∈ V (P ) \ {v3}"Ï�P´�á´§¤
±x5 /∈ {v1, v2}"�âØä3§��v1x5, v2x5 /∈ E(G)¶qv1v2 /∈ E(G)§KG[{u, v1, v2, x5}] = K1,3§

gñ"

�âØä5§x4 6= u"dG[{v2, x2, x4, u}] 6= K1,3±9ux2, x2x4 /∈ E(G)§��ux4 ∈ E(G)"�

âx4 ∈ V (G)−S��3x5 ∈ V (P ) (�ã 3)"Ï�P´�á´§¤±x5 /∈ {u, v1, v2}"dG[{v2, u, x4,
v1, x5}] 6= B1,1±9v1v2, v1x5, v2x5 /∈ E(G)§��ux5 ∈ E(G)½öv1x4 ∈ E(G)"eux5 ∈ E(G), K

�âv1v2, v1x5, v2x5 /∈ E(G)§��G[{u, v1, v2, x5}] = K1,3§gñ"Ïdux5 /∈ E(G), v1x4 ∈ E(G)¶

2(Üux1, v1x5, x1x4, x1x5 /∈ E(G)§��G[{u, v1, x4, x1, x5}] = B1,1§gñ"Ïd�¹1Ø¤á"

�¹2. x3 = v2"

Ï�S´Õá8§¤±�3x4 ∈ V (G) − S¦�v2x4 ∈ E(G)"b�x4 = u"dNS(u) =
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Figure 3. The diagram of Case 1

ã 3. �¹1�«ã

{v1, v2}��§�3x5 ∈ V (P ) − {v3}¦�ux5 ∈ E(G)"qduP´�á´§¤±x5 /∈ {v1, v2}"
�âØä3§��v1x5, v2x5 /∈ E(G)¶qv1v2 /∈ E(G)§¤±G[{u, v1, v2, x5}] = K1,3§gñ"Ï

dx4 6= u"

�âØä3§x2x4 /∈ E(G)¶qG[{v2, x2, u, x4}] 6= K1,3±9ux2 /∈ E(G)§¤±ux4 ∈ E(G)"

l
dG[{x4, u, v2, v1, x2}] 6= B1,1±9x2x4, v1v2, ux2, v1x2 /∈ E(G)§��v1x4 ∈ E(G)"dx4 ∈
V (G)− S��3x5 ∈ V (P )"Ï�P´�á´§¤±x5 /∈ {v1, v2}"�âØä3§v1x5, v2x5 /∈ E(G)¶

2(Üv1v2 /∈ E(G)§��G[{x4, v1, v2, x5}] = K1,3§gñ(�ã 4)"nþ¤ã§½n1¤á"

Figure 4. The diagram of Case 2

ã 4. �¹2�«ã

�C5´��Ø¹B1,1�Ã9ã�÷vα(C5) = 2§´yγs(C5) = 3§Ø÷vγs(C5) ≤ α(C5)"Ï
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d½n1¥α(G) ≥ 3ù�^�´Ø��Ñ�"

y�Ñ~ã`²½n1�þ.´;�"�G�dG1, G2, G3�¤�ã§Ù¥§G1, G2þÓ�

uKm§m ≥ 2§G3 = P3 = v1v2v3§�÷vV (G1)∩ V (G2) = ∅§V (G2)∩ V (G3) = {v3}§V (G1)∩
V (G3) = {v1} (�ã 5)§KãG´��Õáê�3�S�|�ê��3�Ø¹B1,1�Ã9ã§T~ã

L²½n1�þ.´�Z�"

Figure 5. A {B1,1,K1,3}-free graph G of order 2m+ 1
with α(G) = 3 and γs(G) = 3

ã 5. ÷vα(G) = 3, γs(G) = 3�2m+ 1�Ø¹B1,1�Ã9
ãG

3. (Ø

�©&Ä
Ø¹úÚãB1,1�Ã9ã�S�|�êþ.¯K"ÏL©Ûã�(�A�§y²


eG´Õáê���3�Ø¹B1,1�Ã9ã§KÙS�|�ê�u�uÕáê§¿�EäNã~�

y
Tþ.�;5"¤�(J3�½§ÝþÖ¿
B^fã^�eS�|�ê�.nØ§´L


Ã9ãS�|�¯K��'ïÄ§����äS�!]
���¢SA^JønØë�"

�YïÄ�÷ü^g´ÐmµÙ�§��Ã9ã��§=3Ø¹úÚãB1,1�^�e&ÄS

�|�ê�Õáê�m�'X§l
¿Û9.fã(�éS�|�ê�K�5Æ¶Ù�§�éØ

¹B1,1�Ã9ã§�7S��|�!ëÏS�|��|�ëê§&ÄTaëê�Õáê�m�'

é"
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