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Abstract
Let S be a dominating set of a graph G. If for every vertex u € V(G) — S, there exists a
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neighbor v of u in S such that (S — {v}) U {u} is a dominating set of G, then S is called
a secure dominating set of G. The secure domination number of G, denoted by ~s(G),
is the minimum cardinality of a secure dominating set in G. This paper focuses on the
upper bound problem of the secure domination number in {B; ,claw}-free graphs,
where B; ; denotes the bull graph. We prove that if G is a {B; 1, claw}-free graph with
independence number at least 3, then the upper bound of secure domination number
is the independence number of G; moreover, we construct an example to show that
this bound is tight.

Keywords

Secure Dominating Set, Secure Domination Number, Independence Number,
Forbidden Subgraph

Copyright (© 2026 by author(s) and Hans Publishers Inc.
This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).

http://creativecommons.org/licenses/by/4.0/

BY

1. 5|8

ARSCRABERE R TR R E LIRS SARE, BRIV, WS REIGR [1]. 4GH
FREHS C V(G). TREV(G)EBFRANEIGHIN, iB1E|Gl. 2GISIMG — S ilE R EGH
B IS ESHV(G) — S ST E. itNg(v) = {u € S| ww € E(G)}» Ns[v] = Ns(v) U {v};
S = V(G)F, Ng(u)FNg[v]fI 23 5# 5 NN (v) MIN[pl. #Hve S, uveV(G)—S, HNg(u) =
{v}, MFRuEvRTSH—DIMERE LR Lepn(v, S)RmvRk T SHIFTA SN AL A &8 R 5 A
HV(G) — STREA SH#H R D ASTH — g, MARSRGH — AN HCE: GRIE/N L& 21
HA /N EBI S, HEBIONGH SR, 181y (G). BESDRGH — NI, =Xt
TV(G)-DHHERE — fHu, ¥EAERY € Np(u), 13D —{v})U{uiRGIIACE, WFRDRGH]
—NEEIE: GINEB/NZ AR RTE RA BN 223, RN Z 43
B, 10 (G)s RS EMAMT AL A LB S E AT AL, AL DN EIGI %2 4 3R 24 HAY
M TAEE — fu € V(G) — D, ufEDHFIAFAEAR svffiffepn(v, D) C Nlu|. #HEATHEZEHA
TSAEGH Y AARLE, MIFRCAGIMAL A GRS AR R s BA ORISR ar £, HBE MR
HNGHIALEL, 1efEa(G).

WGHIEERE, XMEEu,v € V(G), iddg(u,v) AGHu v [BIFIEEES, B =3 2 [A) 5 fE 2% B
FHIAE R, XN TGHRAENEP, Hu,v e V(P), Wdp(u,v)RRMREIFERP L, uBlofIiE

=
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B, B P EMuB iR E I

an R E G T 8 W] DA R 3 BN AR TR XY, IF KAk — AN mfEX T, 55—
RAEY L, ARG —HBE, iCfEG(X,Y). WREG(X,Y)EES XTI TR AMY K5
—ANTRAHAE, WIFRGHESE ZHE BX|=m, |Y|=n, WEEZMEGERRANK,, . TNER
55e 4 K s FARE (L 1(a), RS K R NE A4 ERB=MEK KW
Sk EAML K S R E (LA 1(b)), EEB e WH = {H,..., H,}, HHH,, ... ,HN
—ANEFH, EN TR 1< <t KGTHATRMTH S 3T E, MRGAANEHIIE.
WH = {B11, K13}, AGHAEHIE, WIRGHAE B A,

SHCEENER P2 MK GOS8, TN TS, Bl 85 R SR
R, R A I U A LR B Fe A e fEAR GE IR AR IEA b, Dt — D4R T SCRC S5 H 9T
TIRRE I SRa ek, e IENMSREBMAE, © R SHCEE F B T 88 R HRAE A1 3 R i
R, TEMZBIAE, RO R A B N AME.

(a) ()
Figure 1. A claw graph K; 3 and a bull graph B
1. —MNEK 3 5—ANA4EB

LA N NI — R, HAEA [ B E T OR0E 5 T F %0 2 12 SU ) #%
O TR —. VP2 F e R, B W AP B S B AR EEITRE TIRABEST. Cockayne®s
N 2JRFE T %A BUAR IR AR BT, W T K. [Bl. T84 2350 B 45 R 2R 1 22 4 SO B0 RS 1 1L
ArakifllYumoto [3[UEH]: #HGREnM R AIMEIE, Wy (G) < [22]: HGRAE N =M
KAFIE, W3 <~ (G) < [2]. LifgA [4]318 178245, EWIn > MR T 224320
B 2 < (T) < 220t DRI AR I T HCS T 208G IR4 I ERE M LR A2 R
i

bE & BT RIR N, 228 AT h) 22 4 SO A S5 ST 3 R R 7, R AE 2R T IR R N 4R 31
T — R LR R Guptafs N [BEFxF 2 R 7B G 1 7 2B A, Bildn, fATiE
W TEPs B R,(G) < 2a(G): TP U BB B7,(G) < o(G) +1: TP U PIEL TBK, U 2K, &
DA K IE 18 1) T Ps HEC B 213 2, (G) < max{3,a(G)}. CockayneZs A [6]F5 i, FALE TN
KG, ¥1H7,(G) < 2a(G). Boumediene MerouaneMIChellali [7]HE#]: XEREG, Hfv,(G) <
20(G) — 1; HGRAE=MILHIE, MH,(G) < 3a(G). DegawatliSaito [8]45H, #HGRICsE,
M (@) < a(G)s HTARFTE K ILC B 2 2K, K, ChenfE N 91 — bW HG A
2K B, v (G) < a(G) + 1, FHgh B EIZRIFH F5UE 5.

2 PR ARG K, AAFE T 4518
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FHEL BERGEREBLHENE, Ha(G) >3, M (G) < a(Q).

2. EIE1HY3ERA

MERR:  — IS BN SL A &I SO R IR, RIAE— AN AR B ) 22 4 SRR
For AR I . RIA YR EE G — M EBAE B KENE Ha(G) > 3. HGH
EAE IR KPS AR SIEARF S MR G 2 23 AR, WRARGWHOL. R, REGHAE =R R
BINRGRI R EE. WSHGH— N R, BARSEGHISCRIE, HRMEITRE R, SA
G Z RS, KRG — S HAEAE flu, AN TufESH R Mo, 9 Lepn(v, S)H
R ER NI ER Py

KA SRMAIE HGRICINE, Frel 54340 N4k

Bl #w e V(G) - S, M < |Ng(w)| < 2.

B2, |Ng(u)| = 2

MERR: 15| Ns(u)| = 1. 2 Ns(u) = {v},w; € epn(v,S) — {upffifFw,u ¢ E(G). &S,
(S — {v}) U {u,wr}s B RNu,wi € epn(v,S)Hwiu ¢ E(G), FrLAS &ML H|S,| > |9]s
5 SREGM B KM LT JE. HFILg &R, 3| Ne(u)| = 2.

R4 R W2, WNs(u) = {vi,v2}, x5 € epn(v;, S), i € {1,2}, i fBuz,, ury ¢ E(G).
WRoimo, voxy ¢ E(Q)e Btzime ¢ E(G)e &Sy = (S — {v1,v2}) U {x1, 20, u}s I HNNg(u) =
{vi, v}, ; € epn(vy, S)Huz; ¢ E(G), i € {1,2}, FrCASy &M r4E HISy| > |S], XEH5SHNGH
%ﬁzﬂj%%}go ,[Hlel'g c E(G)o jﬂa(G) Z 3, F)TU\|S| 2 3 /Q"\'Ug S S— {’1)1,'02}0 EE
Tux; € epn(vi,S), Fﬁul‘ivg ¢ E(G), 1€ {1,2}0 HTGRiEmE, FﬁqujﬁE%%U&*ﬁv?,'—ﬁ%l\
2o B R PAITA v 5o oMK E RN, BAGHEREPIRIPA b A v 220
HTaovs ¢ E(G), W|P| > 3. Wi o NP Ll Rdp (22, iq0) = TR, Hil <4 < |P|—1;
i—,ll = |P| — ].Bﬂ‘, Tijto = .'L’|pH_1 = V30 E]]P = X2X3 .. .I"p|+1 = X2X3...0V30

WHE3. CRIPRGT T E v Se M KIEZRDKE, HPEMW A A v z2,
g

(1) 21 ¢ V(P)Haxzy, ¢ B(G), HF4<k<|P|+1;

O &

S

(2) ey & E(G), 32 <k £1< [Pl +1, k-1 >2;
(3) %k > 5E_SC;9 75 Vis )n\lJUZ'ZL‘k ¢ E(G)y 1€ {1,2}0

WERR: PRINPRGH A B v Sa. 2P KER/ANEE, HPRIW A6 E Nvgs 22, T
PLO)AT(2)BAR A FIHAEB (3) AR AL, Jeiiki = 18 (3) i r. KA RIEE. Bikviz, € BE(G).
M P = z1v12y ... 2 pjp1> BRP RGP ERR v 5o W B2 | P/| < |P|, X 5PRH/DM
X, Hitbvizy, ¢ E(G). KA Evezy ¢ E(G), BlI(3) AL, O

LA RE 23 R 25 £ v S = v ARG U 1208 BEREATUE W .
'leﬁE}Rlo I3 7é V20

o € epn(ve, S) Kay ¢ V(P), ury ¢ E(G)Hlxs € V(G)—(SU{x1,u})s MHG[{z2, 21, v, 73}]
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7& K1,3 u&xﬂa ¢ E(G), ﬂ@f$1$3 S E(G)ﬁ%vﬂh S E(G)o

Figure 2. The diagram of the proof of Claim 4
2. WHT4IE A R E

i@ﬂ‘ﬁ‘l. 1,3 ¢ E(G)o

WEBA: Bx 23 € E(G), W2 € V(G) — (S U {1, u}) Hif7Ex, € V(P)o R xy # v1o
BB — k& Fo; S WK EANTPHIEE, FE. WRIEIBW3, W82y, 2024 ¢ E(G); XH
%G[{$2,$1,$3,U1,$4}] 7'é Bl,l U\&leg ¢ E(G), F‘ﬁuvliﬁg, € E(G)Ez%mau S E(G)o

ikvizs € E(G)e HG[{xs, xo,v1,24}] # K1 3V K129, 2004 ¢ E(G), {30124 € E(G)e H
TSRMILEE, Frbley € V(G) — S, MIiAEfEss € V(P). BIAPRERFLE, Filles # v. Wik
W3, "fRviws, voxy, 1375, xoxs ¢ E(G); Xvixe ¢ E(G), PTLAG[{vi, 3,24, 22,25} = B11s ¥
JE(E 2(a))s Hlbviz3 ¢ E(G), vizy € E(G). FEBSEME Nz, € V(G) — S, MNiff
fixs € V(P)Has # vie HG[{w4, 23,01, 25} # Ki30h Kvizs, z325 ¢ E(G), W f3vxs € E(G),
H5RWr3or & (LA 2(b)). O

*E?E‘L/E.\H‘ﬁﬁly m‘?%‘xl$3 ¢ E(G), Vo3 € E(G)o EHIg S V(G) — (SU {xl,u})%ﬂﬁﬁm S V(P)o
KNPt ki, Frlleg ¢ {vi,va}e WRIBRW3, 132124, 2274 ¢ E(G); XG[{ve, w2, 23,21, 24}] #
B171 u&$1®2,$1$3 ¢ E(G), ﬁﬁU\vgu S E(G)’ U\WEESI%@TL;%%DM S V(G) - S

iﬁli‘ﬁS T4 7é Uo

MERR:  fEikws = we BINNg(u) = {v1,ve}, FTUAMFEELs € V(P) \ {vs}. FAPEEFER, T
Plas ¢ {v1,vo}o RIBIBWI3, THvizs, 0015 & E(G)s Xvivs ¢ E(G)s WG[{u,v1,v2, 75} = Ki 35
vigR O

RIS, z4 # ue HG[{ve, To, x4, u}] # K1 3P Kuws, 20m4 ¢ E(G), "W{uzy € E(G). 1R
iz, € V(G)—SEIfiExs € V(P) (UL 3). BNPREFE, Frlles ¢ {u,vi, v} HG[{ve, u, x4,
U1,$5}] 7é Bl,l u&vva,U1$5,U2ZE5 ¢ E(G), ﬂ?T—E'ruxg, S E(G)Ei%vlbm c E(G)o %UIE5 € E(G), )ﬂ\u
*Ej’vag,vl%,vgxg) ¢ E(G)7 ﬂ‘??ElfG[{u,’Ul,Ug,lg}] = K1’3y %Eo JH:USE‘5 ¢ E(G), V14 € E(G),
ﬁ%%uxl,le&xlm,xlxs ¢ E(G)1 Ef?ng[{u,vl,x4,x1,x5}] = Bl,l’ %Eo Eb'fﬁﬁlxﬁjo

'leﬁE}Rzo T3 = V20

KNSR ML 8, it ALAF ey € V(G) — ST fFvezy € E(G)o B iste, = uo EENS(U) =
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Figure 3. The diagram of Case 1
3. THOLLRE

{vi, v} AT 1, fffExs € V(P) — {vs M fFuzs € E(G)e XHTPREHEER, Frlles ¢ {vi, v}
AR I3, T ois, vors ¢ B(G): Xuws ¢ B(G), FIAG{u,vn,00,05)] = K150 F I
My # o

WL W3, zoxy ¢ E(G); XG[{ve, o, u,z4}] # Ki3Ph Ruxe ¢ E(G), Filluzy € E(G).
MG {4, u, va,v1, T2} # By bk Kaoxy, vive, uze, viz0 ¢ E(G), W[fvizy € E(G)s Hzy €
V(G) — SHAF{Es € V(P). BINPRBHFH, Frlles ¢ {vi,v2}. RIBRWS, vi25, voxs & E(G);
MG, ¢ BE(G), ARG [{zg,v1,v0, 25} = Ky 30 FJELE 4). L EPTR, EB1KAL O

X X

u

Figure 4. The diagram of Case 2
4. 2R E

B Cy MR By T L Ra(Cs) = 2, il (Cs) = 3, AT Es(Cs) < a(Cs)s
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BEEHTIFTa(G) > 3IXA AT REA AT W

g ) B U E B B AR B K. KGN G, Go, G I B, Horh, Gy, G A
F Ky m>2, Gy =P =vwvs, HIHREV(G)NV(Gy) =0, V(G2)NV(G3) = {vs}, V(G1)N
V(G3) = {vi1} (WLE5), MEGR— AN ECNS H 24 R A3 AN S B FTE R, 241
RO LM R AR,

Figure 5. A {By 1, K1 3}-free graph G of order 2m + 1
with o(G) = 3 and 75(G) =3

B 5. W2a(G) = 3,7:(G) = 312m + 1A B FIER
KlG

3. &5ip

ASCIRTE T ANE A B By TS B 22 A SCRe B B 5 i e Sl A IR S5 MR AIE, IERH 1
A GE N 2 D N3 IAS S By A, WL 22 4 SR B T4 TR A, JF#ad H AR B 6 36
iE 7% B AR PS4 R — @R A S VA T B T R e i A iR, EE T
TN B 22 4 S E ) BRI AR DG 7S, R 4 22 4, BRUR T B 46 5 b B SR (R B 1 5%

JE B FERT T Ak B R OT: e, BB VIR 1, XA A B By AR R IR T %
SR B S MST B TR 5 &R AT FIHT TR 7 [ S b et 2 ST E B s i s =, R
EBTENE, HEtw e, ElZETREXHSE, RAGRKSHESMILEZ KX
ko

S 3CHR

[1] Bondy, J.A. and Murty, U.S.R. (1976) Graph Theory with Applications. Elsevier.

[2] Cockayne, E.J., Grobler, P.J.P., Griindlingh, W.R., et al. (2005) Protection of a Graph. Utilitas
Mathematica, 67, 19-32.

[3] Araki, T. and Yumoto, I. (2018) On the Secure Domination Numbers of Maximal Outerplanar
Graphs. Discrete Applied Mathematics, 236, 23-29. https://doi.org/10.1016/j.dam.2017.10.020

[4] Li, Z., Shao, Z. and Xu, J. (2017) On Secure Domination in Trees. Quaestiones Mathematicae,
40, 1-12. https://doi.org/10.2989/16073606.2016.1259188

[6] Gupta, U.K., Henning, M.A., Maniya, P.V. and Pradhan, D. (2026) Secure Domination in
Ps-Free Graphs. Discrete Mathematics, 349, Article ID: 114905.
https://doi.org/10.1016/j.disc.2025.114905

DOI: 10.12677 /aam.2026.158363 412 I FH#e e t J


https://doi.org/10.1016/j.dam.2017.10.020
https://doi.org/10.2989/16073606.2016.1259188
https://doi.org/10.1016/j.disc.2025.114905
https://doi.org/10.12677/aam.2026.158363

s 3C

[6] Cockayne, E.J., Favaron, O. and Mynhardt, C.M. (2003) Secure Domination, Weak Roman
Domination and Forbidden Subgraphs. Bulletin of the Institute of Combinatorics and Its Ap-
plications, 39, 87-100.

[7] Boumediene Merouane, H. and Chellali, M. (2015) On Secure Domination in Graphs. Infor-
mation Processing Letters, 115, 786-790. https://doi.org/10.1016/j.ipl.2015.05.006

[8] Degawa, S. and Saito, A. (2023) A Note on Secure Domination in Cs-Free Graphs. Discrete
Applied Mathematics, 333, 82-83. https://doi.org/10.1016/j.dam.2023.03.016

[9] Chen, X., Li, T. and Zhang, J. (2025) A Note on Secure Domination Number in 2K5-Free
Graphs. Discrete Applied Mathematics, 368, 162-164.
https://doi.org/10.1016/j.dam.2025.02.019

DOI: 10.12677 /aam.2026.158363 413 I FH#e e t J


https://doi.org/10.1016/j.ipl.2015.05.006
https://doi.org/10.1016/j.dam.2023.03.016
https://doi.org/10.1016/j.dam.2025.02.019
https://doi.org/10.12677/aam.2026.158363

	1 引言
	2 定理1的证明
	3 结论

