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Abstract

This paper focuses on nonlinear Volterra quadratic integral equations and conducts

numerical analysis based on the modified Sinc collocation method. Given the difficulty

in directly deriving analytical exact solutions for such integral equations, this work

is the first to apply the modified Sinc collocation algorithm to numerically solve this

class of equations. Relying on the modified Sinc interpolation formula, equidistant

collocation points are selected to discretize the original integral equation, which is

equivalently transformed into a tractable nonlinear system of equations. Two types

of transformations, single exponential (SE) and double exponential (DE), are adopted

to construct discrete schemes, and the numerical performance of the algorithm under

the two transformations is thoroughly compared. Meanwhile, the theoretical results

regarding the existence and uniqueness of solutions are systematically derived, and the

relationships between these theoretical conclusions and existing research findings are

clearly clarified. After rigorous theoretical analysis of error bounds, multiple numerical

examples are carried out for simulation verification, and the results demonstrate that

the proposed algorithm possesses favorable stability, reliability and computational

effectiveness.
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1. Úó

�©Ì�ïÄXe1�a��5 Volterra.�gÈ©�§(NQVIE)µ

u(t) = g(t) + f(t, u(t))

∫ t

0

k(t, s, u(s))ds, a < t < b (1)

Ù¥u(t) ´��¼ê§g(t)!f(t, u(t)) Úk(t, s, u(s)) ´�½�ëY¼ê"
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nØ©Û(J��(5"

2026 c§Okayama [6]éu1�a��5 Volterra-Fredholm È©�§¦^�«?�.� Sinc

���{"T�{|^ Sinc¼ê� Kronecker δ�5�§­#�O
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Ïd§�©JÑ¦^?�. Sinc ���{5?n��5 Volterra.�gÈ©�§"

2. )��35���5

'u NQVIE (1))��35���5nØ§©z [1] [5] [7] [8]y²TÈ©�§��35Ú��

5§�©JÑ'u NQVIE (1)�3)�,�a�/"

½n1 [9]µ(Banach �mØÄ:�n) µe3Banach �mH þ�3��Ø �fA§K3H S÷
vAu = u ��§k��)"
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½Â1µ�«mL = (a, b), E = C(a, b) �½Â3«mL þ�ëY�k.¼ê�m§Ùþ�ê½Â�

‖u‖ = sup
a<t<b

|u(t)| (2)

½n2µeÈ©�§ (1)÷v±e^� (i)–(vii)9 (L2λ1 + L1λ2)λ3 < 1¤á§K NQVIE (1)�3�

�) u ∈ C(a, b)"

(i) ¼êg : L→ R ëY¶

(ii) ¼êf : L× E ⊂ R→ R ëY¶

(iii) ¼êk, v : L× L× E ⊂ R→ R ëY¶

(iv) f, v, k ÷v Lipschitz^�µ�3ü��~êL1, L2§¦�é?¿t, s ∈ L!x, y ∈ E§

|k(t, s, x)− k(t, s, y)| ≤ L1|x− y|,

|f(t, x)− f(t, y)| ≤ L2|x− y| ;

(v) λ1 = sup
{
|k(t, s, x)| : t, s ∈ L, x ∈ E

}
¶

(vi) λ2 = sup
{
|f(t, x)| : t ∈ L, x ∈ E

}
¶λ2 = sup

{
|v(t, s, x)| : t, s ∈ L, x ∈ E

}
¶

(vii) λ3 = max {|a|, |b|}"

y². -A ���N�§½Â�A : E → E,

(Au)(t) = g(t) + f(t, u(t))

∫ t

0

k(t, s, u(s))ds.

(Ax)(t)− (Ay)(t) = f(t, x(t))

∫ t

0

k(t, s, x(s))ds− f(t, y(t))

∫ t

0

k(t, s, y(s))ds

= f(t, x(t))

∫ t

0

k(t, s, x(s))ds− f(t, y(t))

∫ t

0

k(t, s, x(s))ds

+ f(t, y(t))

∫ t

0

k(t, s, x(s))ds− f(t, y(t))

∫ t

0

k(t, s, y(s))ds

=
(
f(t, x(t))− f(t, y(t))

) ∫ t

0

k(t, s, x(s))ds

+ f(t, y(t))

(∫ t

0

(
k(t, s, x(s))− k(t, s, y(s))

)
ds

)
,

Ïd§·�k
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[Lx

‖Ax)(t)−Au)(t)‖ ≤ max
a<t<b

|f(t, x(t))− f(t, y(t))|
∫ t

0

|k(t, s, x(s))|ds

+ max
t∈L
|f(t, y(t))|

∫ t

0

|k(t, s, x(s))− k(t, s, y(s))|ds,

≤ λ3L2λ1 max
t∈L
|x(t)− y(t)|+ λ3L1λ2 max

t∈L
|x(t)− y(t)|,

≤ λ3(L2λ1 + L1λ2)‖x(t)− y(t)‖,

3^�λ3(L2λ1 + L1λ2) < 1 e§N�A ´E þ���Ø N�"Ïd§ NQVIE (1) �3���

)"

3. Sinc ���{

3.1. Sinc¼ê

Sinc ¼ê3��¢¶þ�½Â�

Sinc (x) =


sin(πx)

πx
x 6= 0,

1 x = 0.
(3)

éu h > 0� j = 0,±1,±2, · · · ,±N§��:�å©Ù�²£ Sinc¼ê�

S(j, h)(x) =


sin [π(x− jh)/h]

π(x− jh)/h
(x 6= jh),

1 (x = jh).

(4)

3��: xj = jh?§^u��� Sinc¼ê÷v Kronecker δ5�

S(j, h)(kh) = δjk =

1 k = j,

0 k 6= j.
(5)

½n3 [10]µe¼êu(t) ½Â3��¢ê�þ§Kéuh > 0§k

u(t) ≈
+∞∑
j=−∞

u(jh)S(j, h)(t), t ∈ R. (6)

3.2. «mþ� Sinc��

Xþ¤ã§Sinc ���{3nØþ�3Ã�«mþ¢y%C"�éu½Â3k�«m

L = (a, b)þ�¯K§·�I�æ^�
AÏ��{5�±ù«Cq�A5"ëì©z [11]��{§
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·��Ä¦^ü�ê(SE)C�(9Ù_C�)ÚV�ê(DE)C�(9Ù_C�)òk�«m L = (a, b)

N����¢¶þ§¿3¢¶þ¦^Sinc ���{"

k�«m L = (a, b)þ�ü�êC�ψSE(x)�

t = ψSE(x) =
b− a

2
tanh

(x
2

)
+
b+ a

2
, x ∈ R. (7)

ψSE(x)�_C�
{
ψSE

}−1
(t)�

x =
{
ψSE

}−1
(t) = ln

(
t− a
b− t

)
, t ∈ (a, b). (8)

òSinc Cq�SE C��(Ü§·���Xeúª

u(t) ≈
N∑

j=−N

u
(
ψSE(jh)

)
S(j, h)

(
{ψSE}−1(t)

)
, t ∈ (a, b). (9)

Ù¥

S(j, h)
(
{ψSE}−1(t)

)
= sinc

(
{ψSE}−1(t)− jh

h

)
. (10)

k�«m L = (a, b)þ�V�êC�ψDE(x)�

t = ψDE(x) =
b− a

2
tanh

(π
2

sinh(x)
)

+
b+ a

2
, x ∈ R. (11)

ψDE(x)�_C�
{
ψDE

}−1
(t)�

x = {ψDE}−1(t) = ln

 1

π
log

(
t− a
b− t

)
+

√
1 +

{
1

π
ln

(
t− a
b− t

)}2
 , t ∈ (a, b). (12)

òSinc Cq�DE C��(Ü§·���Xeúª

u(t) ≈
N∑

j=−N

u
(
ψDE(jh)

)
S(j, h)

(
{ψDE}−1(t)

)
, t ∈ (a, b). (13)

Ù¥

S(j, h)
(
{ψDE}−1(t)

)
= sinc

(
{ψDE}−1(t)− jh

h

)
. (14)

3.3. �9ÏÄ¼ê� Sinc���{

du� t→ a½ t→ b�, (9)ªÚ(13)ª�mý¬ªu 0"d�§e u(a) 6= 0½ u(b) 6= 0§K

Sinc���{3à:NCÃ{�Ñ°(�%C(J§)ûd¯K�IO�{´Ú\9ÏÄ¼ê§
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±?�à:?�%CØ�"

ωa(t) =
b− t
b− a

, ωb(t) =
t− a
b− a

. (15)

ò«m L = (a, b)þ� Sinc%C�9ÏÄ¼ê�(Ü§��#� Sinc%C

u(t) = u−N−1ωa(t) +
N∑

j=−N

uj sinc

(
{ψ−1(t)− jh

h

)
+ uN+1ωb(t), (16)

Ù¥ψ�±´ψSE½ψDE§uj = u(ψ(jh))"ò(16)ª¥�u(x)�\�½��§ (1)¥¿��(2N+3)

���:t = ti (i = −N − 1, . . . , N + 1)§Xe¤«

ti =


a (i = −N − 1),

ψ(ih) (i = −N, . . . , N),

b (i = N + 1),

·�����'u��Xêuj (i = −N − 1, . . . , N + 1) ���5�§|"éuj = −N −
1, . . . , N + 1 ¤á",
§du3��:j = ±(N + 1) ?�Ø��5§T�{�¢y���¡"

�
)ûù�¯K§2017c Okayama [12]|^ Sinc¼ê� Kronecker δ �5�§í�
,�

«�9ÏÄ¼ê�?�.Sinc ���{"

uN (t) = u−Nωa(t)+
N∑

j=−N

{uj − u−Nωa(ψ(jh))− uNωb(ψ(jh))}S(j, h)
(
{ψ}−1(t)

)
+uNωb(t), (17)

�
L«{B§·�Ú\Cq�f T SE
N : C(a, b)→ C(a, b)§½Â�

T SE
N [u](t) = u(ψSE(−Nh))ωa(t) + u(ψSE(Nh))ωb(t)

+
N∑

j=−N

{
u(ψSE(jh))− u(ψSE(−Nh))ωa(ψ

SE(jh))

− u(ψSE(Nh))ωb(ψ
SE(jh))S(j, h)

(
{ψSE}−1(t)

)
.

(18)

Ón§òSE C�O��DE C�§·�Ú\Cq�f T DE
N : C(a, b)→ C(a, b)§½Â�

T DE
N [u](t) = u(ψDE(−Nh))ωa(t) + u(ψDE(Nh))ωb(t)

+

N∑
j=−N

{
u(ψDE(jh))− u(ψDE(−Nh))ωa(ψ

DE(jh))

− u(ψDE(Nh))ωb(ψ
DE(jh))S(j, h)

(
{ψDE}−1(t)

)
.

(19)

½Â2 [12]µ�α �÷vα ≤ 1 ��~ê§D �÷v(a, b) ⊂ D �üëÏE«�"Mα(D) L«÷v
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^� (20)�¼êu ∈ HC(D) �¤�8Ü§�3~êC§¦�é¤kz ∈ D§k

|u(z)− u(a)| ≤ C|z − a|α, |u(b)− u(z)| ≤ C|b− z|α. (20)

d?D �dE�G«�
Dd = {ζ ∈ C : | Im ζ| < d}

²C�ψSE ½ψDE N����«�§Ù¥d ��~ê"·�b� D÷v±eü«/ª��

ψSE(Dd) = {z = ψSE(ζ) : ζ ∈ Dd}

½

ψDE(Dd) = {z = ψDE(ζ) : ζ ∈ Dd}.

éuáuMα(D) �¼ê§?�.SE-Sinc �DE-Sinc Cq�Âñ5½nXe¤«"

½n3 [13]µ�u ∈Mα(ψSE(Dd))§Ù¥0 < d < π"-N ���ê§Ú�h UeªÀ�

h =

√
πd

αN
. (21)

K�3�N Ã'�~êC§¦�

‖u− T SE
N u‖C(a,b) ≤ C

√
N e−

√
πdαN . (22)

½n4 [13]µ�u ∈Mα(ψDE(Dd))§Ù¥0 < d < π/2"-N ���ê§Ú�h UeªÀ�

h =
log(2dN/α)

N
. (23)

K�3�N Ã'�~êC§¦�

‖u− T DE
N u‖C(a,b) ≤ Ce−πdN/ log(2dN/α). (24)

3.4. SincØ½È©úª

½n5 [13]µ�¼êu 3«�ψSE(Dd) S)Û§Ù¥0 < d < π§K�3~êM Úα§¦�

|u(z)| ≤M |z − a|α−1|b− z|α−1. (25)

SE-Sinc �DE-Sinc Ø½È©´^uCqO�Ø½È©�ê�úª§ÙÂñ5½nXe¤«"Ù

¥§J(j, h) ½Â�

J(j, h)(t) = h

{
1

2
+

1

π
Si

[
π(t− jh)

h

]}
, (26)
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[Lx

(26)ª¥Si(x) ��uÈ©§½Â�

Si(x) =

∫ x

0

sin t

t
dt.

½n6 [13]µ�¼êu 3«�ψSE(Dd) S)Û§Ù¥ëêd ÷v0 < d < π§��3~êM Úα§¦

�^�(25)ªé¤kz ∈ ψSE(Dd) ¤á"�N ���ê§Ú�h U(21)ªÀ�"K�3�N Ã'�

~êC§¦�

max
t∈[a,b]

∣∣∣∣∣
∫ t

a

u(s) ds−
N∑

j=−N

u
(
ψSE(jh)

)(
ψSE

)′
(jh) J(j, h)

(
(ψSE)−1(t)

)∣∣∣∣∣ ≤ Ce−√πdαN . (27)

�
L«{B§·�Ú\CqÈ©�fVSE
N : C([a, b])→ C([a, b])

VSE
N [u](t) =

N∑
j=−N

u
(
ψSE(jh)

)(
ψSE

)′
(jh) J(j, h)

(
(ψSE)−1(t)

)
. (28)

½n7 [13]µ�¼êu 3«�ψDE(Dd) S)Û§Ù¥ëêd ÷v0 < d < π§��3~êM

Úα§¦�^�(25)ªé¤kz ∈ ψDE(Dd) ¤á"�N ���ê§Ú�h U(23) ªÀ�"K�3

�N Ã'�~êC§¦�

max
t∈[a,b]

∣∣∣∣∣
∫ t

a

u(s) ds−
N∑

j=−N

u
(
ψDE(jh)

)(
ψDE

)′
(jh) J(j, h)

(
{ψDE}−1(t)

)∣∣∣∣∣ ≤ C log(2dN/α)

N
e−πdN/ log(2dN/α).

(29)

Ón§òSE C�O��DE C�§·�Ú\CqÈ©�fVDE
N : C(a, b)→ C(a, b)

VDE
N [u](t) =

N∑
j=−N

u
(
ψSE(jh)

)(
ψSE

)′
(jh) J(j, h)

(
(ψSE)−1(t)

)
. (30)

4. lÑ�ª

3c¡ü!¥§·�0�
�«?�.�Sinc ���{Ú SincØ½È©úª"Ó�§�
L

«�{B§·��Ú\
Cq�f T ÚCqÈ©�f V"�!·�ò¦^T�{�EÑ�é�§
(1)�ê�)"

� P : C(a, b)→ C(a, b)´deª½Â�¦È�f

(Pu)(t) = f(t, u(t))

∫ t

0

k(t, s, u(s))ds. (31)

4.1. SE-SinlÑ�ª

(ÜSE-Sinc Ø½È©úª§���f (Pu)(t)�lÑ�ªXe
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PSE
N (u)(t) = f

(
t, u(t)

) N∑
j=−N

k
(
t, ψSE(jh), u(ψSE(jh))

)(
ψSE

)′
(jh) J(j, h)

(
(ψSE)−1(t)

)
. (32)

ò (32)ªÚCq�f T SE
N �\�§ (1)¥��'u uj 3��:tj = ψSE(jh) (j = −N, . . . , N)��

�5�§|

USE
n −KSE

n · FSEn = GSE
n . (33)

Ù¥

(KSE
n )ij = k

(
ti, ψ

SE(jh), u(ψSE(jh))
)(
ψSE
)′

(jh) J(j, h)
(
(ψSE)−1(ti)

)
, i = −N, . . . , N, j = −N, . . . , N, (34)

USE
n !FSEn Ú GSE

n �n ��þ§½Â�

USE
n = [u(ψSE(−Nh)), . . . , u(ψSE(Nh))]T,

FSEn =
[
f(ψSE(−Nh), u(ψSE(−Nh))), . . . , f(ψSE(Nh), u(ψSE(Nh)))

)]T
,

GSE
n =

[
g
(
ψSE(−Nh)

)
, . . . , g

(
ψSE(Nh)

)]T
.

4.2. DE-SinlÑ�ª

òSE C�O��DE C�§���f (Pu)(t)�lÑ�ªXe

PDE
N (u)(t) = f

(
t, u(t)

) N∑
j=−N

k
(
t, ψDE(jh), u(ψSE(jh))

)(
ψDE

)′
(jh) J(j, h)

(
(ψDE)−1(t)

)
, (35)

ò (35)ªÚCq�f T DE
N �\�§ (1)¥��'u uj 3��:tj = ψDE(jh) (j = −N, . . . , N)�

��5�§|

UDE
n −KDE

n · FDEn = GDE
n . (36)

Ù¥

(KDE
n )ij = k

(
ti, ψ

DE(jh), u(ψDE(jh))
)(
ψDE

)′
(jh) J(j, h)

(
(ψDE)−1(ti)

)
, i = −N, . . . , N, j = −N, . . . , N,

(37)

UDE
n !FDEn Ú GDE

n �n ��þ§½Â�

UDE
n = [u(ψDE(−Nh)), . . . , u(ψDE(Nh))]T,

FDEn =
[
f(ψDE(−Nh), u(ψDE(−Nh))), . . . , f(ψDE(Nh), u(ψDE(Nh))

)]T
,

GDE
n =

[
g
(
ψDE(−Nh)

)
, . . . , g

(
ψDE(Nh)

)]T
.
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5. Ø�©Û

½n8µ�u ∈ Mα(ψSE(Dd))§Ù¥0 < d < π§α ∈ (0, 1)"�¼êg,f ,k ÷v½n2 ¥�^�(i)-

(vii)§�N ���ê§Ú�h Uúª(21)À�"K�3�N Ã'�~êC > 0§¦�

max
a<x<b

|u(t)− uSEN (t)| ≤ C
√
N e−

√
πdαN .

y²µd½n(6)§�3~êC1 > 0§¦�

max
a<t<b

∣∣∣∣∣
∫ t

a

k(t, s, u(s)) ds−
N∑

j=−N

k
(
t, ψSE(jh), u(ψSE(jh))

)
ψSE′(jh)J(j, h)

(
(ψSE)−1(t)

)∣∣∣∣∣ ≤ C1e
−
√
πdαN .

l


|Pu− P SE
N u| ≤ L1C1e

−
√
πdαN , (38)

|^Lipschitz ^�(iv) 9^�(v)!(vi)§k∣∣P SE
N u(t)− P SE

N uSEN (t)
∣∣

≤
∣∣f(t, u(t))− f(t, uSEN (t))

∣∣ · ∣∣∣∣∣
N∑

j=−N

k
(
t, ψSE(jh), u(ψSE(jh))

)
(ψSE)′(jh)J(j, h)

∣∣∣∣∣
+
∣∣f(t, uSEN (t))

∣∣ · N∑
j=−N

∣∣k(t, ψSE(jh), u(ψSE(jh))
)
− k
(
t, ψSE(jh), uSEN (ψSE(jh))

)∣∣ · ∣∣∣(ψSE
)′

(jh)J(j, h)
∣∣∣ .

|^Ø¼êk.±9 Cauchy-SchwarzØ�ª§�

M1 =

(
h

N∑
j=−N

|
(
ψSE

)′
(jh)|2|J(j, h)|2

)1/2

, M2 = λ1M1.

K

|P SE
N u− P SE

N uSEN | ≤ (L2M2 + L1λ2M1)|u− uSEN |. (39)

-κ = L2M2 + L1λ2M1§(Ü(38)-(39)§�

(1− κ)|u− uSEN | ≤
(
C1

√
N + λ2C2

)
e−
√
πdαN .

�N ¿©��§d^�(L2λ1 + L1λ2)λ3 < 1§��yκ < 1"l
�3~êC > 0§¦�

|u− uSEN | ≤ C
√
N e−

√
πdαN .

½n9µ�u ∈Mα(ψDE(Dd))§Ù¥0 < d < π/2§α ∈ (0, 1)"�g,f ,k ÷v½Â1 ¥�^�(i)-(vii)§

� N ���ê§Ú�h Uª(23)À�"K�3�N Ã'�~êC > 0§¦�
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|u− uDE
N | ≤ Ce−πdN/ log(2dN/α).

6. ê�¢�

�!òA^c©0��Sinc ���{O���5Volterra.�gÈ©�§�Cq)"ÏLe

Zê��~5�y�{�k�5Ú��5"�½þ�xÂñA5§½Â��:?���Ø�Xe

ESE
N = max

−N≤j≤N

∣∣u(xj)− u(ψSE(jh))
∣∣ .

EDE
N = max

−N≤j≤N

∣∣u(xj)− u(ψDE(jh))
∣∣ .

6.1. ê��~ 1

�Ääk��°() u(t) = t10

10
���5�g VolterraÈ©�§

u(t) = g(t) +

(
x

1 + x

)
ln(1 + u(t))

∫ t

0

st+ u(s)ds,

Ù¥

g(t) =
x10

10
− t

1 + t
ln

(
1 +

t10

10

)(
t3

2
+
t11

110

)
.

Table 1. Comparison of maximum errors for SE and DE transformations with different node numbers N in
Example 1

L 1. �~ 1 SEC��DEC�3ØÓ!:êNe���Ø�é'

N ESE
N EDE

N

5 1.134318e−05 4.523137e−05
15 2.777786e−07 1.447600e−07
25 1.963923e−08 5.097937e−10
35 2.291409e−09 1.056660e−11
45 3.598237e−10 6.777912e−14

6.2. ê��~ 2

�Ääk��°() u(t) = et���5�g VolterraÈ©�§

u(t) = et +
t
√
et

10

(
ln
(
e−t + 1

)
− ln 2

)
+
√
u(t)

∫ t

0

0.1t

1 + u(s)
ds.

DOI: 10.12677/aam.2026.158353 289 A^êÆ?Ð

https://doi.org/10.12677/aam.2026.158353


[Lx

6.3. ê��~�(J©Û

L 1Úã 1!L 2Úã 2©OÐ«
éA�n��~§3��:êN = 5, 15, 25, 35, 45 �§¦^

¤J�?�. Sinc���{���ê�)�°()�é'(J"L�êâ�ßL²µ�X��:

�êN �ÅÚO�§ê�)�°()�m�Ø�¥yÑ¯��eüª³§=¦3«mà:ùaD

Úê��{N´Ñy°Ý��� �§¤J�{�ê�)�,U
�°()�±p°Ý�¬ÜÝ§

¿©�y
T�{�ê�­½5�%CUå"

Figure 1. Values of EN for Example 1 with α = 1 and d =
6.25

π
under

different N

ã 1. α = 1§d = 6.25
π
��~ 13ØÓ N e� EN �

Table 2. Comparison of maximum errors for SE and DE transformations with different node numbers N in
Example 2

L 2. �~ 2 SEC��DEC�3ØÓ!:êNe���Ø�é'

N ESE
N EDE

N

5 3.314819e−04 8.979462e−05
15 1.131379e−05 2.276004e−08
25 9.918509e−07 1.531975e−11
35 1.343643e−07 6.439294e−14
45 2.366093e−08 4.973799e−14
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Figure 2. Values of EN for Example 2 with α = 1 and d =
6.25

π
under different N

ã 2. α = 1§d = 6.25
π
��~ 23ØÓ N e� EN �
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