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Abstract

This paper focuses on nonlinear Volterra quadratic integral equations and conducts
numerical analysis based on the modified Sinc collocation method. Given the difficulty
in directly deriving analytical exact solutions for such integral equations, this work
is the first to apply the modified Sinc collocation algorithm to numerically solve this
class of equations. Relying on the modified Sinc interpolation formula, equidistant
collocation points are selected to discretize the original integral equation, which is
equivalently transformed into a tractable nonlinear system of equations. Two types
of transformations, single exponential (SE) and double exponential (DE), are adopted
to construct discrete schemes, and the numerical performance of the algorithm under
the two transformations is thoroughly compared. Meanwhile, the theoretical results
regarding the existence and uniqueness of solutions are systematically derived, and the
relationships between these theoretical conclusions and existing research findings are
clearly clarified. After rigorous theoretical analysis of error bounds, multiple numerical
examples are carried out for simulation verification, and the results demonstrate that
the proposed algorithm possesses favorable stability, reliability and computational

effectiveness.
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AR BHE TR 5 2R AELRME Volterra B IRy 77 2 (NQVIE) :
u(t) =g(t) + f(t,u(t))/ k(t,s,u(s))ds, a<t<b (1)
0

Horbu(t) —ARRE, g(t)s f(t,ut)) FE(t, s, u(s)) R4 EMIESREL

20114, Maleknejad [1] 8 NFETANB) RUEMRBUEN, JTA 7 —Fh s S0 B8 v 575 2ok
AR A K Volterra #2743 75 f&. Bl Jo il i #  E BRUE B 1 %808 77 vE st It i il 5541
FeoR 7@ v e tE, ATESIE 1 B 25 R AT SE 1.

20154F, Maleknejad [2] 5 NARGF 1 — Mk F- 3B UGE T R SK AR AR L AL AR 70 05 12 I BUE T5 5.
GINEE RN REFI, 2R T TR X — AR RS k. SRR 448 7
e N TRGIRZER ST, Maleknejad 55 N3 b 18— i@ fRZE 5, IRl 4R G X L
WS, HERHSRENMTE. &5, W T EUE RIS UE T %07 IS A R

20165, Abdou [3] SE ABEFE T ERFE AT, BAELSLZIE KL = IR T 12
FAAEME—1E. BEJS, RH Adomian 7} fifE R Uk 77 %8, B A NAEAMERE R R, FFEM T
TR AFAEME— V. e, FENARIFELEZIE AT T BE TS, IFESMER TSN T
WSlRE 2,

20254, Nuraei [4] F]F Chelyshkov & i 77 15K AE Lt Volterra B — k73 7. %0714
FT LR A1 R R Chelyshkov 2 W= LME, HFIH Chelyshkov 2 Iiat e HAE i HE S 7 F7 Al
PR IS BLAE P, R 1 iy L P 3K 3 B0 O SR SR A P £ A B TR0 R, 56k BT 4t 7 VR R ZE R AT
Tortre EJEIRAE T — SRl S DAIE B Z 5 2 A R,

20254F, Mollapourasl [5] 5 AR Sinc JTVEE G A mITIE, R TARLMER T T X E ) =
ARG D7 R AR AU I Hal e — A B B 7 SR IZ AR 23 7 R O BUE A U e ik, JF4aih 1
HE LS, DURZZBUER BRI, RN I0UE 1 30 7 Hr s R IER .

2026 4, Okayama [6]%] T 58 22k Volterra-Fredholm F14) /7 F2 48 F — A& IERL ) Sinc
MCE J7 . 1ZJ71EFIH Sine 1 Kronecker & (15, HBrsih 1 B . HUELR BN, 1%
T3 R AE SEIUME AN B AR T TR AT

PR, ASCHRHAEMZIER Sinc Bt & VAR EARLAE Volterra B — IR 73 J5 e,

2. G AEMSHE—4

KT NQVIE (1) HIAAAENE SME— PRI, STER (1] [5] (7] [8] UEWIRZAR 73 77 R I A7 AE P AN E —
P, AR KT NQVIE (1) /AR 57— 45 .
EI21 [9]: (Banach ZF[EAZNAJHEM) : #{EBanach M H LA —NEGHE T A, WEH Wil
RAu = u TR ME— iR
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HE K

EX1: WXIEL = (a,b), E=Cl(a,b) NEXAEXIEL ERESE A FRBEE, H EUHoE Oy

[ull = sup_|u(t)] (2)
a<t<b

EI2: HROHFE (D)L LU &M (1)-(vil) & (Lad + Lido)As < 18O, W NQVIE (1) 4775 ME
—f# u e C(a,b)o

(i) ¥y : L — R #ELL;
(i) ¥ f:Lx ECR— R &S,
(iii) PA#k,v: L x L x ECR — R &E4:
(iv) f,v,k W2 Lipschitz &fF: FAEMANIEREL,, Ly, FEXMTEL s € L 2,y € E,
|k(t, s, @) = k(t, s,y)| < Lalx —yl,
[f(t,2) = f(t )| < Lafz —yl ;
(v) M =sup{|k(t,s,z)|:t,s € L,z € E};

(vi) Ao =sup{|f(t,z)|:t€ L,z € E}: Xy =sup{|v(t,s,z)|:t,s € L, x € E};

(vii) A3 = max {|a], [b]}-

IEY. QA NABUE, EXNAE - E,

(Au) () = g(t) + F(t, u(t)) / K(t, 5,u(s))ds.

(A)(0) = (An)0) = it 2(0) [ Kt s.2(60)ds = Ft.9(0) [ kit 5,006
= f(t,:c(t))/otk(t,s,x(s))ds — f(t,y(t))/otk(t,s,x(s))ds
= fe) [ ke, 5, 2(5))ds — £t () / k(t,5,u(s))ds
= (#(e.o(0) = 1(t.9te)) [ k(e 5,2(5))ds
o) ( / (e, 2(5)) - k(t,s,y<s>>)ds) ,

Pk, &ATHE
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I42)(0) ~ Aw)O < g 1 2(0) — 0,00 [ .(5)) s

+r§1€aLX|f(t,y(t))/0 [k(t,s,2(s)) = k(t,5,9(s))lds,

< A3Lo) max |x(t) — y(t)| + A3L1Ae max lz(t) — y(t)],

< As(LoAy + Lidg)[|x(t) — y(0)|,

TEFFMN (Lod + LX) < 1K, BREFA ZE EM—AHE4ims. Kk, NQVIE (1) fA7EME—1

figt

3. Sinc ALE 7%
3.1. Sinc F#

Sinc bR EAEBEAN S _E 1 E SO

sin(mx) r 40,
Sinc () = T
1 xz=0.

T h>0Hj=041,42,--- ,£N, FESZEEDAGT# Sinc KECN

sin [r(x — h)/h]
S(j,h)(x) = m(z — jh)/h (x # jh),
! (z = jh).

TERCE M ;= jh &b, FTHH{E R Sinc BR%0H 2 Kronecker § £

1 k=yj,

S(j, h)(kh) = b, = {
0 k+#j.

FH3 [10]: HERKu(t) & SAERATHIE, W TR >0,
+oo

u(t) = Y u(jh)S(,h)(t), teR.

j=—oc0

3.2. Xi8 EAY Sinc KL &

O

®3)

()

(6)

n b prik, Sinc B B 5 AR B B AR S IR X A B SeBLE . BT XA BRIX 8]
L = (a,b) LA, FRATHE ERH]— LR IR A TR R R X AL LR 5 . S EOSTHR [11] 757,
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HE K

A7 B AL T 48 0 (SE) AR 4 (S H AR 46 A XUAR 2 (DE) 22 4 (S Hl AR 4 ) K A IR IX 18] L = (a, b)

S 2 AN Sl b, AR Sl A Sine BEE T
AIRXIE L = (a,b) LR HIEER AR (2) A

t =58 (z) = b ; % tanh (g) +

b+a
2

,r € R.
GSE (x) A (0SB} (8) A
x::{dﬁE}1@)::h1<2j:i),t€(a,®.

FeSinc LTV SSE AZ#ARLS &, FAMGE A

WE

u(t) ~ |

w(®F (i) S, B)({¥°F} (1), t € (ab).

-N

S0.1) (10%F) 74 (0) =sine (L 02T

AWK L = (a,b) ERIXFEEALHYPE (2) H

b+a
2

t = YPE(z) = b—a tanh (g Sinh(a:)) +

c€R.
2 &

YPE () A e {yPEY T (1) A

P [; os (=2 i+ {2 (1= ;)}1 ie

KiSinc TS DE &AL &, FAREW T 2K

N

u(t) = Y u(@PR(iR)) S, ) ({$PF 1), t e (a,b).

j=—N

Hrp

S(j.h) ({¢PF} (1)) = sinc (W R jh) |

3.3. HHBNE BB Sinc BLEH X

(7)

(8)

(9)

(10)

(11)

(a,b). (12)

(14)

M4t — a8t — b, (9)XMA3)XNAMSET 0. I, 7 u(a) # 0B u(d) #0, N
Sinc Bt & 77 VETE I i BT TC V45 HORS B IR E T 45 Y, gk 1L 0 1) R PR o D77 125 2 51 N B 2 o
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DA IE 3 ri AL H IR IT AR 72

b—t t—a
=3 wy(t) = P (15)

X IH L = (a,b) LK Sinc 1&1T 55 Bh R R BUR LS &, 13 2IHTH) Sinc @i

wa(t)

ult) = umv-seant) + 3 agsine (YDZI) ), (16)

j=—N
Forbyp WTRLZYSE 8P, u; = u(y(jh)). #(16) i w(z) NG ERTTRE (1) IR E (2N +3)
MiLBEst =t (i=—-N-1,...,N+1), WK

b (i=N+1),

BAVEE—ARTFTRMAS, = —N —1,...,N+1) IR tFj = -N -
1,...,N+1 L. R, HTERES = (N +1) A8k, %0770 S 24 %8,

AT fEPRIZAN A, 2017 4F Okayama [12)F)H Sinc BR%L 1) Kronecker § 1, #ES 75—
by 4 Bh 3% pR B A2 IE T Sine L & 712

wn () = u-nwa()+ > {uy = unwa((ih)) — unen((ih)} G ) ({2371 0) +unwn(®), (17)
NT RoREME, EAIGINERET TSE : Ca,b) — C(a,b), EXN
TRE[)(8) = u(@*F (= Nh)wa(t) + u(@™ (Nh)wn(t)
+ D {u@™GR) — u@ (= NR)wa (W (jh) (18)

= w(* (N R)wp (5 (iR))S (5, h) ({3 (1)) -
[, HSE B HADE 8, BATSNEMET TP : C(a,b) —» Cla,b), EXLH

T ul(t) = w(@PF (= Nh))wa(t) + u(y = (NR))ws(t)

+ > {@PEGh) — u(@PE (=N R)wa (5 (i) (19)

EX2 [12]: Wo N Lo <1 WIEFE, D NHL(a,b) C D FHFEBEE XK. M, (D) £l L
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SAF (20) BB S € HC(D) MRS, FAERKC, /AN D, f

[u(=) — u(a)] < Clz — al*,  [u(®) — u(z)] < Clb— 2| (20)

D Jy i AR X
Dy={¢ €C:|Im(| < d}

LA S BpPF WU RIRIX I, Hod NIEHE L BA B D FiL LU ARz —

P¥(Dy) = {z = ¢°"(C) : ¢ € Da}

YPE(Da) = {2 = 9"P(¢) : ¢ € Da}.

T8 T M (D) %, 5 IERSE-Sine S5DE-Sine I ARSI & B0 R iR,
EIE3 [13]: Wu € M, (SF(Dy)), HH0 <d <7 N NIEBH, HKh #% FRIEH

=\ o
MAFAESN BRNFEHRC, #15

lu — TEu|| cap < CVN e VrdaN, (22)

EIB4 [13]: Wu € M, (Y PE(Dy)), HH0<d< /2. N NIEEE, BKh & TR

b= log(2dN/«)

N (23)
WEAESN EREHRC, (i
[ = TR ullcap) < Ce TN/ TosRAN/@), (24)
3.4. Sinc FEMRAT AR
EIE5 [13]: W EX ST (Dy) WIS, HA0 <d <n, MFEFHM Mo, #15
u(2)| < Mz —al*7Hb— 27" (25)

SE-Sinc 5DE-Sinc ANE R & H T A E R BUE A 50, RS g B T .

TG, k) I o —nd Ly L [am)
e = {3+ 28 | T, “
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(26) N Si(z) AIEZRG, &N
(/ ELHIdt

EH6 [13]: WK X HYSE (D) WEHT, HHSHd R0 <d <7, HAEEFHHRM Mo, f§
132 (25) R AT 2 € S8 (Dy) Mor. WN NIEEESL, BKh #%2(21)=VER. WAFESN LXK
wWHO, 15

N

/ u(s)ds — Y u(y T (ih)) (V5F) (h) J(j, h) ((5F)7H(1))| < Ce VN (27)

j=—N

max
te(a,b]

NT FREE, RAVSGEBFRAETVE - O((a,b]) — C([a, b])

N

VREul(t) = > u(@S(ih) (v5F) (5h) J(, h) (0%F)71(1)) . (28)

j=—N

EIET [18]: Wk Hu 78K IKQPE(Da) WRHT, Joh BHd Wik < d < m HAFFEHHM
Mo, KI5 RA Az € YPB(Dy) ML, BN NIESH, HKh #(23) kM. WL
5N FRMHHC, 58

max < C’We*ﬂ'dl\’/ log(2dN/a)

/ “ds— > w ($PEGm) (¢PF) Gm 7GR (PP ) | <

tela,b] | J, P
(29)
[FIHL, SE BHEHADE 4, BA1E NIEBESETVRE - C(a,b) — C(a, b)
N
VRE[u)(t) = > u(WS (k) (v5F) (5h) J(, h) (¥5F)71(2)) - (30)
j=—N

4. BEHER

FERTEPIH, AN A T — B IER)Sine B E J7EAN Sine NEM S AR FRF, N1 &R
AHRAE, BATESIAN TS T T MR T Ve AN PRAE 207 1503 BT X 5 A
(1) BEAE A

WP:Cla,b) — Ca,b) ZH g LR T

(Pu)(t) = f(t,u(t))/o k(t, s, u(s))ds. (31)

4.1. SE-Sin=E##&3

455 SE-Sinc NEMR T AN, [FEE T (Pu)(t) KR HHE 0N
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PR (u)(t) = £(t u(t)) Z (9% (G, u(@ () (¥7°) (Gh) TG R (%) 71 0). (32)

¥ (32) AU T TI® RN TR (1) FIFRCT u; fERCE St = ¢SB(jh) (j = —N,...,N) B4k
S AR ek
USE KSE FSE GSE (33)

Hor
(K52)ij = k(i 0B (R), w@E (1)) (5F) () TG, k) (%) (1)) i = —=N,... N, j = =N,...,N, (34)
USE, FSE §1 GSE Jyn e, & 30H

URY = [u(@™ (=Nh),...,u(@® (Nm))]",

T

FYP = [f(@(=Nh), u(@>F (=Nh))),..., f P (Nh), u(@ > (Nh))))]

G = [g(¥*"(=NR)), ..., g( (V)]

4.2. DE-Sin= &&=,

KiSE A ¥ ADE Aefle, REIET (Pu)(t) FIEEU% I~

PRE)() = f(tu®) Y k(L EGR), u(@®(jh))) (¥PF) (ih) (4, h) (WPE)7H(E),  (35)

j=—N

¥ (35) XM T TRE AT (1) HARBIRT u; R E fit; = oPE(jh) (j = —N,...,N) ¥
Lt R
UDE KDE FDE GDE (36)

Mo
(KPP)ij = k(i PP (ih), w2 (1)) (¢°F) (1) TG, ) (PF) 7 (1)), i=—N,...,N, j=—N,...,N,
UPE, FDPE 1 GPE Ryn 4, & XN
UPE = [u(PP(=Nh)),..., u(@ E(Nh))],

EPP = [f(PP (~Nh), u(@PP(~Nh))), ... f@ (N, u(@ P (N 1)),

GR® = [g(¥PE(=Nh)),...,g(¥"E(NR))]".
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5. RED
FIS: Wu € Mo (0¥(Dy), K0 <d<m ac (0,1). BEMgfh iEEmE2 b %0 )-
(vii), BN WM, HKh BARCD)ER. WHEESN EXHHEC > 0,

max |u(t) — uSP(t)] < OV N e~ VrdeN,

a<z<b

IERR: HEH(6), fFEFHC, >0, (15

N
| [ ket = X KOO0 GRS GRIG () 0)| < Cue VT
NI}

|Pu — PYFu| < LlCle*MN, (38)
FIH Lipschitz &1 (iv) M2&AE(v)s (vi), A
| PR u(t) — PREuiy (1)]

D k(LS GR), w(@SE () (5 ()T (G, h)

j=-N

<[ F(tu(t) = F( )] -

N

AP DD (e GR), u@ ) — k(695G uRE W GRD) |- | (552 (GR)IGB)|.

j=—N

A% eR B0 LA ) Cauchy-Schwarz A&, %

N 1/2
= (h > I(wSE)’(jh>|2|J(j,h>|2> My =\ M.

j=—N

i
|PYEu — PREUSE| < (LoMy + LidoMy)|u — uSE. (39)

Lk = LoMy + Lido My, 254(38)-(39), 12
N TR, (LA 4+ Lidg)As < 1, W fRiEx < 1. MFEEHEEC > 0, 15

lu — uSF| < CV/N e VrdalN,

EI9: Wu e M,(yPE(Dy)), HHF0<d<n/2, ac(0,1). g, f.kWLE X1 FRIZME®G)-(vi),
W N CNIERER, DK #5R(23) k. WAESN EXRMERC > 0, i1
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u— UN | < Ce —mdN/ Iog(QdN/a)

6. HIELIL

AR R T SCA 28 Sine Be B 7V T SR Volterra B — KA 7 RE AT IBA AR I
THUE S BRI UE T iR A R E AT St Dy e 2 WSR2 SORC B mAC I i KR Z W R

ERF = max | [u(x;) - u(WS(h)]

BRP = max fu(e;) = u(yPE(iR))|.

6.1. HEEH 1

IS BAME—FEHAR u(t) = % (R AEZR M — WK Volterra #3743 J5 &
u(t) = g(t) + (1 — ) In(L + u(t)) /Ot st + u(s)ds,
Hor

1'10 t th t3 tll
=" - In(1+— L.
O T ( +10>< +110>

Table 1. Comparison of maximum errors for SE and DE transformations with different node numbers N in
Example 1

= 1. HH 1 SEAM S DEA AL AR T SN T KR ZE N L

N ERE ERP

5 1.134318e—05 4.523137e—05
15 2.777786—07 1.447600e—07
25 1.963923¢—08 5.097937¢—10
35 2.291409¢—09 1.056660e—11
45 3.598237e—10 6.777912¢—14

6.2. HEEH 2

18 BAME ARSI u(t) = e ARk —IK Volterra #17r J7 12

u(t) =e' t\l/(‘?( (e7"+1) —In2) +\/u(t/ Olt

1+ u(s
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ot
il
Pt

6.3. BEHEFIRER T

F VR 1 Z2 2RE 253 @R 7O LR AR, fERCE BN = 5, 15,25, 35,45 B, fiH
Frig & IER Sine B B 5543 2 P EUE M SRR Th g B RASEIRIEW R BEEE M
NN WEEBIE R, BUEM- SRR 2 A 1R 25 200 PRIs ) R Rk s, RIE7E X [A) b 0% 2 f%
GUEE TR o MR FEVR IO B, BT ik MAUE R A Re % SR IR P = i v & 1,
AT IR T 1z R BUE AR e M S & T R

10 . .
—O— SE it
—8— DE 25
100
408
=
ﬁ
]].E\{ 10-10 L
10—12 L
5 15 25 35 45

N
. . 6.25
Figure 1. Values of En for Example 1 with &« =1 and d = —— under
m
different N
1 a=1, d= 52 BEH 1 ERF N FH By A

Table 2. Comparison of maximum errors for SE and DE transformations with different node numbers N in
Example 2

* 2. 5 2 SEAH S DEAHAE A R AN T K RIRZE X H

N ERE ER®

5 3.314819¢—04 8.979462e—05
15 1.131379¢—05 2.276004e—08
25 9.918509e—07 1.531975e—11
35 1.343643e—07 6.439294e—14
45 2.366093¢—08 4.973799¢—14
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—O6— SE i
—8— DE ZFif:

=
~

1078 ¢

RYEXT T

=N
B

,10—10 L

,10—12 L

1074 : ' ' ' '
5 15 25 35 45
N

Figure 2. Values of En for Example 2 with « =1 and d = 625 under different NV
T
2. a=1, d= %2 W5 2 AR N Fi By i

B2 SRR
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