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Abstract

The stability of summation values of conditionally convergent series under rearrange-

ments is a classical topic in analysis. Existing studies mainly focus on characterizing

rearrangements that preserve all conditionally convergent series or that preserve the

limit in the ordinary sense. In this paper, we consider a broad class of alternating

series and, from the viewpoint of asymptotic density, introduce a new family of asymp-

totically balanced permutations. It is shown that for these series, both the Abel sum

and the CesUUUro sum remain invariant under such rearrangements.
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1. Úó

Âñ?ê²L­ü���Ú5´©ÛÆ¥4ä]Ô5�²;�K§ÙnØÄ:�J��êÆ

ãúiù(Riemann)�²;ó�"iù­ü½n�Ñµ?ÛýéÂñ�?ê²L?¿�­üÙÚÑ

ØC§?Û^�Âñ�ØýéÂñ�?êÑ�±ÏL­ü��?¿¢ê$�uÑ"ù�(J�«


��4à�/§��ÚÑ
��g,�¯Kµ´Ä�3,�a­ü¦�é,�a^�Âñ�Ø

ýéÂñ�?ê�Ú"

ù�¯KÏÙ���©Û���|ÜA�§g20­V±5©ªáÚXISºkêÆ[�'5

¿�®kõ�­�ïÄ¤J"Levi [1]Çkl|Ü(��Ý�x
U�±Âñ?êÚ�Ü©­ü¶
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,�«�x¶�'nã�ë�Schaefer [3]"�?�

Ú/§Garibay-Greenberg-Reséndis-Rivaud [4] Ú\AÛ*:§ÏLïÄg,êf8�ì?�Ýy

²
µØUC?ÛÂñ?ê��­ü8TÐ´�½g,êf8,«ì?�Ý�­ü8Ü"

þã²;(J��©JÑ�ìC²ï­ü�3���ÉµLevi [1]�Garibay�< [4]�x�´

é¤kÂñ?êþ��ÜÚ���a§�å^��r§=#N�~k��­üö�¶Agnew [2]�
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ìC²ï­üØ2�¦é¤k?ê)�§=�é÷vO�^����?ê§�=�y2Â¦Ú¿

Âe�Ú�ØC§Ïd�Ì�°
����å^�§#N�´L�­ü(�"Ó�§�©�ìC

²ï^�=�¦�K��ìC�Ý��§�©z [4]¥/�¤kf8�Ý0�r^��'§´�é

��?ê�K�(��°Ofz"�©3 [4] Ä:þ^©Û��{éù��­ü8G *¿§�A^
��l/¤k^�Âñ?ê0 ��/�a^�Âñ���?ê0¿����(J��´�2Â

Ú(Abel Ú�CesUro Ú)§Cauchy Ú���¹e¿Ø¤á"

2. ý��£�ÎÒ

�!£��ÝVg¿�ÑN´ÚåÜÂ�PÒ"

2.1. �Ý

�â [5]§�Ñ�Ý��ª½Â"

�P ´��¢Ú8§KÙ�Ý

d(P ) = lim
n→∞

|P ∩ [1, n]|
n

= lim
n→∞

p(n)

n
, (1)

e4��3§Ù¥p(n) ´cn �¥���ê"

��NÚ?ê¥d(P ) = d(N) = 1/2"

2.2. ¼êEÜ�gê(S�)½Â

�¼êf : X → X§ÙEÜgê(S�gê)½ÂXe"

2.2.1. ��êgS�(n ∈ N+)

¼êf EÜl gP�fl (%@S�PÒ§þe©²(�¦^)§½Â�µ

fl = f ◦ f ◦ · · · ◦ f︸ ︷︷ ︸
l g

.

2.2.2. 0gS�(ð�¼ê)

�÷v$�µ45(Xfn ◦ fm = fn+m)§½Â0 gEÜ�ð�¼êµ

f0(x) = x.

3. Ì�(J

�
ïÄ�a��?ê3�a­üe�¦Ú­½5§ùa��I�÷vA½�5�"��¡§

­ü��?ê��K�I�©Ù��éþï¶,��¡I�Ø�ÏÓÒ���é^S§l
;�
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­ü��)#�ÛÜ��"Äud§�Ñù����a�½Â"

½Â3.1. ìììCCC²²²ïïï­­­üüü(Asymptotically Balanced Rearrangement)

����σ : N→ N ¡�ìC²ï­ü§e÷v±eü�^�µ

1) �é^S�±5(Relative Order Preservation)µσ �±ÓÒ��m��é^S"=µ

éu�?ê¥�?¿ü�ÓÒ�(�Ii, j Ó�Ûê½Ó�óê)§ei < j§K3­ü��S�¥§

1i ��,Ñy31j ��c(=σ−1(i) < σ−1(j))"

2) ìC²ï5(Asymptotic Balance)µ�p(n) �­ü��S�(σ(1), σ(2), . . . , σ(n)) éA�

cn �¥����ê(=�?ê��eI3­üS�cn �¥Ñy�gê)§K

lim
n→∞

p(n)

n
=

1

2
. (2)

¤k÷vþã^�����¤�8ÜP�G"
½n3.1. ���?ê

S =

∞∑
n=1

(−1)n−1cn

�Abel Ú�3§=limr→1−
∑

n≥1(−1)n−1cnr
n �3¿�uS"¿�÷vµ

1) (cn)n≥1 �üN4~�ê��cn → 0"

2) �3l ∈ N ±9~ê0 < C1 ≤ C2 <∞§¦�é¿©��nk

C1

nLl(n)
≤ cn ≤

C2

nLl(n)
, Ll(n) := log log · · · log︸ ︷︷ ︸

l g

n,

(PÒLl �1l gS�éê§b½n v
�±-�S�éêk¿Â)"

-σ ∈ G§K���?ê²­üσ��Abel Ú9CesUro Ú��?ê�Ó"

y². k�½PÒ¿Ú\eZ9Ïþ"

�P (K) L«1K���3­üS�¥¤?� �(eI)§=σ(P (K))éA­ü�1K��

�¶Ón½ÂQ(K)�1K�K�3­üS�¥� �"�S�¥1K���w, u�S�e

I2K − 1?(Ï���O�K)¶�3��σ e ��UC�P (K)"dìC²ï5��e¡�Ä�

ìC'Xµ

Ún3.1. 3½Â3.1^�2e§k

P (K) = 2K + o(K), Q(K) = 2K + o(K) (K →∞).

y². d½Â��§­ü��S�3cP (K)�¥TÐ�¹K���§�p(P (K)) = K"

qÏ�ìC²ï5�Ñ
p(n) = 1
2
n+ o(n)§-n = P (K)§��µ

K = p(P (K)) =
1

2
P (K) + o(P (K)).
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òo(P (K)) ��P (K)ε(P (K))§Ù¥�K → ∞ �(l
P (K) → ∞)§ε(P (K)) → 0"�\þ

ª��µ

K =
1

2
P (K) + P (K)ε(P (K)) = P (K)

(
1

2
+ ε(P (K))

)
.

l
ÏL£���µ

P (K) =
K

1
2

+ ε(P (K))
= 2K · 1

1 + 2ε(P (K))
.

|^�VÐm 1
1+x

= 1− x+ o(x)§��µ

P (K) = 2K(1− 2ε(P (K)) + o(ε(P (K)))) = 2K + o(K).

ÓnéK� �Q(K)��Ó(Ø"

e�ÚI�'�cP (K) �c2K �þ?"Ï�cn üN4~�÷vcn ∼ Θ
(
1/(nLl(n))

)
§Kke¡

�Ún"

Ún3.2. ecn üN4~��3C1, C2 ¦�é¿©�n ÷vC1/(nLl(n)) ≤ cn ≤ C2/(nLl(n))§

�m(K) = 2K + o(K)§K
cm(K)

c2K
→ 1 (K →∞).

y². Ø��m(K) = 2K(1 + δK)§Ù¥δK = o(1)"düN5�

c2K(1+δK)

c2K
≤ 1.

|^ü>�ìCþ/e.�O(cn �1/(nLl(n)) Ó�)§k��~êA,B (�lC1, C2 �Ñ)¦�

é¿©�Kµ

A
1

2K(1 + δK)Ll(2K(1 + δK))
≤ c2K(1+δK) ≤ B

1

2K(1 + δK)Ll(2K(1 + δK))
,

±9

A
1

2KLl(2K)
≤ c2K ≤ B

1

2KLl(2K)
.

Ïd
c2K(1+δK)

c2K
≥ A

B
· Ll(2K)

(1 + δK)Ll(2K(1 + δK))
.

�Ll(·) ´úC¼ê(zgS�éêþ�úC¼ê�EÜ)§�δK → 0 �

Ll(2K)

Ll(2K(1 + δK))
→ 1.
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Ïdþe.þ%C1§�Ñ
cm(K)

c2K
→ 1"Ón���m(K) < 2K ��/(δK < 0) �¤á§�(

Ø¤á"

UHardy (ë� [6] ¥'uAbel ¦Ú�­ü�ð�ª)�²;ð�µé��σ ∈ G�?¿0 < r <

1§k
N∑
n=1

aσ(n)r
n −

N∑
n=1

anr
n =

N∑
n=1

(
Aσ(n)−A(n)

)
rn(1− r),

Ù¥A(n) =
∑n

k=1 ak§Aσ(n) =
∑n

k=1 aσ(k)"(d?·�=Ú^ð�ª/ª§Ø­Ey²¶éu�

�ÎÒ�/§�ran = (−1)n−1cn �\")

dd�ò­üc�Abel Ü©Ú���¤eZ´u�O�{�"e¡·���éT{���O

¿yÙ3kN →∞ 2r → 1− �4�e�0l
Abel Ú�±"

-an = (−1)n−1cn"duσ �±�KÒ§A(n) �Aσ(n) 3Ûó �þ������É�±^

���K��ÛÜ­ü5£ã"

r��üÕP�+c2k−1 �S�§K�üÕP�−c2k �S�¶3­ü¥§1K ��� u 
�P (K)§1K �K� u �Q(K)"

�	Aσ(n)−A(n)§

Aσ(n)−A(n) =
∑

K:P (K)≤n

cP (K) −
∑

K:2K−1≤n

c2K−1 −
( ∑
K:Q(K)≤n

cQ(K) −
∑

K:2K≤n

c2K

)
.

òT�ª�\Hardy ð�¿�S(�S�Ü{53e©?n)§��­üc�Ü©Abel Ú��

�L«�

∆N,r :=

N∑
n=1

(
Aσ(n)−A(n)

)
rn(1− r) = (1− r)

∑
K≥1

(
ΦK,N (r)

)
,

Ù¥z��ΦK,N (r) deZgcm �¦È��gr
· �5|Ü�¤¶�Bu�O§^�\o÷�v


�þ.5��∆N,r"

5¿�|Aσ(n)−A(n)| Ø�Lcn �¥�Kæ��E¤�ýé��Ú§��é?¿nµ

|Aσ(n)−A(n)| ≤
∑

K:|P (K)−(2K−1)|≤n

|cP (K) − c2K−1|+
∑

K:|Q(K)−2K|≤n

|cQ(K) − c2K |.

Ïd

|∆N,r| ≤ (1− r)
N∑
n=1

∑
K:P (K)≤n

|cP (K) − c2K−1| rn + (1− r)
N∑
n=1

∑
K:Q(K)≤n

|cQ(K) − c2K | rn.

�
?n∆N,r§k�N → ∞"5¿�ª¥�z��Ñ��K§Ïdé�½0 < r < 1§�
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dTonelli ½n��¦ÚgS¿�N →∞§��

|∆N,r| ≤ (1− r)
∑
K≥1

|cP (K) − c2K−1|
∑

n≥P (K)

rn + (1− r)
∑
K≥1

|cQ(K) − c2K |
∑

n≥Q(K)

rn.

O�AÛ?ê¿��(1− r) Ïf§��

|∆N,r| ≤
∑
K≥1

|cP (K) − c2K−1| rP (K) +
∑
K≥1

|cQ(K) − c2K | rQ(K).

�Iy²�k-N →∞ (mýþ.3N →∞ 4��3)2-r → 1− �mýªu0"

�½?¿��ε > 0§dLemma 3.1§�3K0¦�é¤kK ≥ K0kP (K) ∈ [2K(1−ε), 2K(1+

ε)] �ÓnéQ(K)"

rÚ©�üÜ©µK ≤ K0 �k��ÚK > K0 ���"cöé4�1�Ø�¤¯K(Ï�k

�Ú¦±r,? 3r → 1− �E�k�~ê)¶'�3u����"

é��§|^üN5�Lemma 3.2§�K →∞ �

|cP (K) − c2K−1| ≤ |cP (K) − c2K |+ |c2K − c2K−1|.

�düN5c2K−c2K−1 ≤ 0 (Ùýé��c2K−1−c2K ≤ c2K−1)§2|^c2K ∼ c2K−1 ∼ Θ(1/(KLl(K)))§

�

|cP (K) − c2K−1| = o
(
c2K
)

+O
(
c2K−1

)
= O

(
c2K
)
.

u´éu�K§�3~êM ¦�

|cP (K) − c2K−1| ≤M c2K .

ÓnéK��|cQ(K) − c2K | �k�Ó�þ."�\þ.¿Ü¿üÚ§���3~êM ′ ¦�

|∆N,r| ≤M ′
∑
K≥1

c2K r
2K(1−ε) + (k.�k��).

(ùp¦^
rP (K) ≤ r2K(1−ε) �P (K) ≥ 2K(1− ε)§¿^aq�O��Q(K) �")

y3|^c2K ≤ C2/(2KLl(2K))§é�Ú�O�

∑
K≥K0

c2K r
2K(1−ε) ≤ C

∑
K≥K0

1

KLl(K)
r2K(1−ε).

du��½r ∈ (0, 1) �ε > 0 �§�r2K(1−ε) �êP~§mý?êýéÂñ§��r → 1− Ù

Úª�u0 ��Ý�±�?¿��µ�/ª/§k-r ∈ (0, 1) �C1§é?¿δ > 0 �3K1 ¦

�
∑

K≥K1

1
KLl(K)

r2K(1−ε) < δ (Ï��ê�Ì�)"Ïd�k�N → ∞ (±¦k��äØK�)2
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-r → 1−§mý�Ú�?¿�"k��3r → 1− ���k�~ê§ØK�4��0 �(Ø"

nþ§·���

lim
r→1−

lim
N→∞

∆N,r = 0.

=­ü��Abel Ü©Ú3r → 1− �4��u­üc�Abel 4�S"�Abel Ú�±"

,��¡§·�ÏLTauberian½nî�y²CesUroÚÓ��±ØC"

£�Hardy-Littlewoodü>Tauberian½n [6]µe¢?ê
∑
an�AbelÚ�3��uS§��3

~êK > 0¦�é¿©��nkan ≥ −K/n§KT?ê�CesUroÚ�3��uS"

éu­ü��?ê
∑∞

n=1 aσ(n)§d½n^�cn ≤ C2/(nLl(n)) ≤ C2/n§(ÜÚn3.1¥­ü�

��eI� �Ó�(|σ(n)| = Θ(n))§���3~êM > 0¦�é¿©��nk:

|aσ(n)| = c|σ(n)| ≤
M

n
,

g,÷vü>^�aσ(n) ≥ −M/n"

c©®y­ü�?ê�AbelÚ��?ê��§(ÜþãTauberian½n§­ü�?ê�CesUroÚ

7,�3§��AbelÚ��Ó�§=��?ê�CesUroÚ��"

��½ne�­üÓ��±AbelÚ�CesUroÚ"

��§Þ~`²ù��­ü�7�±�ÜÚ"

~3.1 (ìC²ï­ü�7�±�ÜÚ). �Ä^�Âñ��?ê

∞∑
n=1

(−1)n−1√
n

,

d4ÙZ]�O{��T?ê^�Âñ§�3(½��ÜÚ"

e¡�E÷v½Â3.1�ìC²ï­üσ§¦�­ü��?êÜ©ÚØ2Âñ§=�ÜÚØ�

±"

ò�!K�U«¬©|µPcm ¬\O��ê�Sm = m3§K1m ¬�¹���ê�Nm =

Sm − Sm−1 = 3m2 − 3m+ 1¶z¬S��!K�êþ��§þ�Nm"é1m ¬SÜ��§kU�

eIl���ü�¤k��§2U�eIl���ü�¤kK�"

ü���N(�Xeµ

(+,+, . . . ,+︸ ︷︷ ︸
N1 ���

), (−,−, . . . ,−︸ ︷︷ ︸
N1 �K�

), (+,+, . . . ,+︸ ︷︷ ︸
N2 ���

), (−,−, . . . ,−︸ ︷︷ ︸
N2 �K�

), . . .

�yìC²ï5µ é?¿¿©��n§�Ùá31m ¬S§K���Ý�ÅÄÌÝ÷v∣∣∣∣p(n)

n
− 1

2

∣∣∣∣ ≤ Nm

2Sm−1
∼ 3m2

2m3
=

3

2m
→ 0 (m→∞),
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Ïd lim
n→∞

p(n)

n
=

1

2
¶Ó�­ü�±ÓÒ��é^S§�σ ∈ G§áu�©½Â�ìC²ï­üa"

�y�ÜÚØ�±µ 31m ¬���Ü\\!K�ÿ�\\�§Ü©Ú��ÛÜ¸�"d�

�Ü©Ú�ìC�O

p∑
k=1

1√
2k − 1

∼
√

2p (p→∞)§d�Ü©Ú÷v

Sn =

Sm∑
k=1

1√
2k − 1

−
Sm−1∑
k=1

1√
2k

∼
√

2Sm −
√

2Sm−1

∼
√

2 · 3

2

√
m =

3√
2
·
√
m→ +∞ (m→∞).

Ón§z¬K��Ü\\�§Ü©Ú£á�K�ÛÜ4�§�Ì�m O�ªuÃ¡"�­ü��

?êÜ©ÚS�Ãk�4�§Ø�±�?ê��ÜÚ"

ùL²µéuÏ�P~úu1/n �^�Âñ��?ê§=¦­ü÷vìC²ï^�§�Ã{�

±�ÜÚ¶
�©½nCX�?ê(Ï���1/(nLl(n)))ÏP~�¯§3da­üe�ÜÚ¢S�

�±ØC§�©òØ%(Ø�½�2ÂÚØC5§´�
CX�°��­üa�¦Ú|µ"

4. (Ø�Ð"

�©JÑ
#�­üaG§y²�a��?ê3Tae�Abel Ú��iÛÚ�±§¿�Ñ�

~`²Ù�7�±CauchyÚ"Ð«Ñ3�½��Ý^��åe§^�Âñ�ØýéÂñ�?ê�

¦Ú1�Eäk�½�­½5"3dÄ:þ§��Ä±e�
��µ

1. ìC²ï^���x�7�5" �©�(JL²§÷v½n3.1���?ê3�é^S�±5

�ì?²ï5eéuAbel Ú´ØC�",
ù«¿©^�´Ä3,«¿Âe´/A��`0

�§=´ÄUé��f�7�^�ºeUé�7�^�§ò¦�'ØC5�(����ß"

2. ��Banach �m¥�­ü¯K" éîª�m�?ê�­ünØ®k�þDÚ§,


3Banach �m¥§ýéÂñ5!fÂñ5�^�Âñ5äk�õAÛ(��K�"3��(

�#N��/e§ìC²ï.­ü´ÄEU�±Abel Ú½fAbel Ú§´����&¢�¯

K"

3. Ù¦2Â¦Ú�{�­½5ÿÐ" �©=�éAbelÚ�CesUroÚü«²;2Â¦Ú/ªy²


�Ú5§
2Â¦ÚnØNX¥��¹Euler¦Ú!Borel¦Ú!Riesz¦Ú��X�rf�

É��K¦Ú�{"�©¤æ^�ìC�Ý�O(ÜTauberian½n�©Ûµeä�ûÐ��
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