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Abstract

By introducing a new constraint qualification, we equivalently characterize weak du-
ality, zero duality, strong duality and Farkas’ lemma between a DC composite opti-
mization problem and its Lagrange dual problem, which generalizes and improves the

relevant conclusions in existing literature.
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1. 5|5

WX,Y, Z &L R Hausdorff #hfh &2 0, X Y*, Z* R RX,Y, Z Wt mHYy
MZ pREHNHERK CY RIS C Z FARF. iLY® := Y U {ooy}, Z°* := Z U {ooz}, H ooy, 0oy
R RY FZ FRTIRT R RS, <g FIIRAIG. &f1:Y - R g1 : Z — R BHEMREL,
fo: X 5 Y NHEK-REG g0 0 X — Z°NES- ML by, o0 X — R ZEMEE, C 22X 1
T, T AMEEIET (TR R ) fabnde. ACHELLNDCE & TR i) &

(P) inf {(fi0f2)(x)— (91 092)(x)}
s. t.x €C, hy(x) —p(x) <0, t€T.

Hg = ¢, = O, ] (P)F AL ™ e FRA R :

(Py) inf {f(x)}

s.t.x el hz)<0,teT.

FHE AR AR 2 AR AN SRR AR 4%, @ ar 7 T JEBRACAL IR X B8, Farkas 513, Hiih %
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55, WCHR [1-4]). #e = 0, WGPyt ADCTE R AL

(P2) inf {f(z) —g(z)}
s. t.xeC, hy(x)) <0, teT.

FIRDCHA A B 52 32 OG0, IR SCER (5] da t B9, DCAR AL 1) BEAEAR AL 3818 5 8 i R #5 =
AR, ZZEA DA FIZE R D CRURN J F & S8 il i e o 1R 7, WoCHR [1-3], [5-9) K H S HE L
BR. 0 —JSAHSCH L ) B B A A I B, KOs i bk, <o Rl I A S bR AN ) i 22 Ak
I B35 5 55 6 T BRI O, IX SR IR BRI FE 51 R T 2B AT 12 %88, WOCHER [10-12] J Ho 225 STk,

Ik, DCE -S4 in) RS 1) R 1 0 e R R S 7 R & SRR, 7530k [13]H,
Fang®§ N BT A W2 G REIDCHLI, IF58 Ha TR IE N &1, 5e8zlm gy (% /58 /40)
YR, X T —NE G RENDC AR R, £ SCER [14], Sun SFufE AL RTE % 44 T
o5 a4 SR B AR R I ) SRSy 25 AF, AR SCER [15]), Sun®E N FH A5 E ™ 40 F2 15 5] AFenchel-
Lagrange XJ A @, H-43 258 0HME 5 L Farkas 5| 21 P4 20 AL 0 2614

TEM I f AK-1BHE g N S-1E3 Hoy () = 0 BRI T, Fang 5GongfE [16]HF H LK+ 15
FEZAX* x {0} x {0} x R 433 125 T8 0 IR W25 1, F45 Ol M 5 Farkas 5] BRI 578 5 %1 1.
NSRS IV, RSB AR X x R RERHH A AME, s (/58 /Faw) Xt
5 (F2g) Farkas Byl fe it ¢ 2 %) ) .

2. B 5EX

WX, Y MZ 2R Hausdorff #hm 8250, X*, Y* MZ* 350X, Y FZ #3578 W,
SR T 55 Hdhwt(X*, X)), w (Y™, Y) Mw*(Z*,2). (a*,z) RRizka* € X* fEx € X ALI1H,
Bl(z*, ) = 2*(z). XD C X, int D, cl D Flcone D4 &K D BIPNHES, WEFMMNMHER. #D =0,
Mcone D = {0}. MW C X*, AW FRxW KIg5-HE. EED AR BRI & Hon i E SN

D% = {2* € X*: (a*,2) > 0, Vx € D},
0, rz e D,
5D(.’IJ) = -
—+00, HE.

W RALE (ATRETCIR) F6hRsE, SRT RE LAET b1 SEAE B 5O LR 25 1), 608 T e B 4
EIRTE
R™ = {X\ = (M)eer € R : BEREHWAN, # 0}.

FIRY FRRT) iR, B

R = {AeRD )\ >0, VteT}.
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Lsupp A= {t €T : \ # 0}, WEH

(A u) = Z Aty = Z Ay,

teT tEsupp A

Hru e RT, X e RD. %K £Y AN, Y 2K FrE WP, X TY FimTF<g, &
XY IR IC ooy . ILY® := Y U {ooy }, WXy e Y, Ay <x ooy. B f: X = REH
MR, S f B, A ROE SO 2 MR R H o3

epif:={(z,r) € X xR: f(x) <r},

dom f:={x e X : f(x) < +oo},
[ (z") == sup{(z*,z) — f(x): v € X}, Va" € X™.

BAR, fr B RS R R, epl f* /255 1 ISR, Wl f M cleo f M ERIR f IR RS R R
e ALK OMIIES)
epi(clf) = cl(epif), epi(cl(cof)) = cl(co(epif)).

HHSCHR[ [14], EEE 2.3.1 (iv)] H0
fr=(cf)" = (cl(cof))", [ <clcof) <clf < f. (1)
BeAk, #Fcl f REMI, BSCHR[ [17), © 3 2.3.4] F,
fr=df. (2)
HYoung-Fenchel A% T, B
flz)+ f*(z) > (x,z"), V(z,z") € X x X™. (3)
5 foh: X — RAFEEHBEE dom f Ndom b # 0, N
epi f* +epih* C epi (f + h)*, (4)
f<h= f*>h"<epif* Cepih* (5)
R ML, XHER 2* € X*, r € R, FHIERLAT:
epi(f +a* +r)" =epif*+ (¢, —r). (6)

W0, R Y = R, SHMER My, 12 €Y, My <k vo WA fily) < folx), WFREREf 2K
S WL EXEES, X — Y A RGE XIBAK - EES B Ndomf, = {2z € X ¢ fo(z) € YV}
Mlepig fo := {(2,y) € X XY 1y € fo(x) +k}. Fdomfo # 0, WHKfo FEREL Fepiy fo 2 ML, W
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Wfe K - EEMERS. TN, 2 € X At e [0,1], &
fg(tl‘1 + (1 - t)l‘z) SK tfg(l‘l) + (1 - t)fg(l‘g).
MIFR fo K - ML XFy* € domfy, X (y*f2)(1): X =R N

<y*7f2(x)>’ %xedomﬁ,
—+o00, He.

(" f2)(x) := {

3. Farkas5 |18 X LagrangeX{{&
Wp € X+, FEUW N &M KIDCE & LRI )

(PP) inf {(fl o fo)(w) — (g1 092)(x) — (p,x)}
s. t.xeC, h(z)—pi(x) <0, teT,

ZY{x € C: hi(x) — pe(x) <0, t € T} BINATHEEEA B XN
A:={ze€C:h(x)—pi(z) <0, Vt€T}. (7)

TS 1) T Lagrange X 45 [A] @5

DpP sup inf ®P(u, \),
(D) /\ER%:T |t (1, A) (8)
:/H\:EF',U = (’LL,[E*, 8,1)), s = (St)teT’
H* := domg; x dom g; x Hdomcp,’f x dom f;, 9)
teT

Hor: H* xRY) - R & LT

(1, A) = g1 (u) + (ug)"(x) + Y Mpi(s7) — i (v)

teEsupp A

—<vf2+5c+ Z )\tht)*(:r*—f—p—i- Z )\ts;k).

tEsupp A tEsupp A
Hp =0 I, A (PP) B (P), XL ) Dy

(D) sup inf ®(u,N),

(1) REH™*
AERY

itv(P), v(PP),v(D) Hlv(DP) 43 5l 7R I @(P), (PP), (D) & (DP) KM, MW i E(P) 5w
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(D) BB R R Segh B E L.

M
) #0(P) > o(D), WFK (P55 (D) 2 8550 8 o,
i) #o(P) = o(D), WHRIAE(P) 5 (D)2 A EAHE L,

iv) HXMEEp € X+, [AE(P,) 5 Al B(Dy,) 2 18] /0 55 X 1 (F2 0 . 90 f8) B Sz, UK 1)

(
(
(iii) Z0(P) = v(D)ELS(D) # 0, WIFKIE(P) 5 (D)2 ] o 18 e,
(i
)

F(P) 5 1) (D) 2 18] FRAS SE 55500 (X A, 0t 4 ) R AZ.

PRk, AR T 1) 8 (P) f) Farkas 51 BE & GHE 0] @, 75 X+ x R SURFAESEUNT -

K:=epi(fiofs—gi0gs+04)

J= { N (epi(vf2+5c+ > /\tht>*+(0,f1*(V))

(T) cH* tEsupp A
AERY K pp

tEsupp A

5|38 3.2 p € X*, r € R, MU N8 :
(i) (p,r) € KH{HN Ho(PP) > —r.

Y Alsiiei(sn) = (27,01 (w) + (ugz)*(x*)> }

(i) (p,r) € THHMYG0(DP) > —r, HAEEN e R, XHMEEp € H*, fiffv € domfr (§453

PP <:u7 /\) -, (11)
by = (u, 2%, 27), H*AOP {1(9), (10)20E X.
Proof. (1)HR45 1978 (PP) & LA 1F
v(PP) = _(fl ofy—gi10092+ 5,4)*(]?)-
I, &8 F 2R RROT.
(i) [=] W(p,r) € T, WAFFEN € ]Rf), MAEEMu = (u,2*,s7) € H*, v € domf; B
(p,7) € epi <vf2 +oo+ Y. )\tht> + (0, fi (v))
tEsupp A
Yo Alster(s)) = (27,91 (W) + (uge) " (2*),
tEsupp A
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Ij]\ljﬁ<aa 7”1) € epl (Uf2 + 5C + ZtEsupp)\ /\tht> ,TE//{%

(p,?“) = (avrl) 0 fl Z )‘t Stvgpt St ) ( *7gik(u)+ (UQQ)*(m*)7
tesupp A
&I
Z Aesy —a”, (12)
tEsuppA
H
rtgi(w) + (ug) (@) + D Ai(sy) =+ fi(v). (13)
tEsupp A

A (0fz 4 00 + P cmuppr Aihe) (@) < 715 HiE0(12), (13) RATFH

r+ g7 (u) + (ug2)” z Mgy (s7)
tEsupp A

> (vhrior X Atht) (@) + £ (0)
tEsupp A

- <Uf2+5c—|— Z /\tht) <p+zr* + Z >\t5:> + f1(v).
tesupp A tEsupp A

o
91 (u) + (ug2)” Z Ay (s7) = f1(v)
tEsupp A
— <vf2+5c+ Z /\tht) (P"‘x* + Z Ats?) =

teEsupp A tEsupp A

Hw(DP) > —r, HAHE 4 € H*, 171X € R W2 o7 (1, \) > —
[«] B ¥v(DP) > —r HXHMEE N € H*, fF1EX € ]R VRSP (u, N) > —r, T

(’Uf2 =+ 6C + Z )\tht> (3’;* +p+ Z AtS:)

tEsupp A tEsupp A
< g7 (u) + (ug2)” Z Aepr(sy) — fi(v) +,
tEsupp A
Rl
(404 30 Asie gl + () @)+ X Aesi(oh) — () +7)
tEsupp A tEsupp A (14)
€ epi(vf2+5c+ Z /\tht> )
tEsupp A

pei ALK

ﬁ
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> )\tsf+<p+x*—l— > Ats;k), (15)

tEsupp A tesupp A
r=fi(v) —gi(u) — (ug2)” Z Mgy (s7)
tEsupp A
(16)
+ (gT(U)Jr uga) (@) + D> Mpi(s)) — fi(v )+T’>~
tEsupp A

X (14), (15), (16) A4

(p,r) €epi (”Ufg +dc + Z /\tht> + (0, fi (v))
tEsupp A (17)

D Alsheisn) = (27, g5 (u) + (uge)* (@)

tEsupp A

M (19) XX E R € H* WAL,

(p,r) € ﬂ epi(vf2+5c+ Z /\tht> + (0, f1(v))

pneH* tEsupp A

Do Aelsiiei(s) = (27,91 () + (uge)*(27)).

tEsupp A

Kt (p,7) € J

EIE 3.3LL T Ay
(i) A E(P) A RE(D) A B 50 E RO 2 HA M T C K.
(ii) W (P) i (D) 835 %HE AL 2 BAT N ({0} x R) € £ ({0} x R).

Proof. fIE(i), (ii) 7] B[RRI 1.

(=] WA G A L, BIMERp € X7 u(PP) > o(DP). W(p,r) € J, 131 H3.2 (ii)
Ho(DP) > —r. HEE TR L(PP) > —r, FIHIBITE3.2 (1) E(p,r) € K, BTHT C K L.

[«<] BT C K, #Hv(PP) = +oo, B BIRMAL. FHw(PP) < +oo, FIRIFIEIEHv(PP) > v(DP).
Bk (PP) < o(DP), MIAEAESHr € R #30(PP) < —r < o(DP).

EHU(DP) R X, A e He, f77Ex e R R (11), H131 3.2 (i) B(p,r) € J, #EM
H(p,r) € K, &5 5123.2 (1) Bv(PP) > —r, Hou(PP) < —r FJE. #v(PP) > v(DP), & HAE.

TEIR 3.4LL T A AL :
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(i) A (P) F1i)@(D) 2 [A] A sE TRHE ALY BACHK = clT.
(ii) 18 (P) i) #(D) 18] i 20 B or 24 HAHK N ({0} x R) = cl7 N ({0} x R).

Proof. {IE(i), (i) 7 HH [FIEE AT 7.
[=] B xv(PP) = v(DP), HER3.3 1157 C K. HTK 255 HH, WA

g C K. (18)
J9uE (1) A FFUEH

KCJ. (19)
W (p,r) € K, B3I1H3.2 (i) A Hv(PP) > —r, && 1 Bv(PP) = v(DP) WA v(DP) > —r. {LHLe > 0,
WA € H, f77EN € R (48

9 (1) + (uga)* (@) + > Ngi(s) = fi(v)

tEsupp A

+ (vfo 4+ dc + Z Ahe) (2" +p+ Z Aisp) > —r —e.

tEsupp A tEsupp A

B 51 3.2 (ii) A5 (p,r +¢) € J. B, (p,r) € T, Mifi(19) sUkAL, 454 (18) RATEK = clJ.
(<] Rz, BREK = clJ WAL, HIERS.3 fHu(PP) > v(DP). #v(DP) < v(PP), WAF{Er € R,

ZE
=

v(DP) < —r < v(PP).

51 #E3.2 (1) 3 (p,r) € K, FIHK = 1T 13 (p,r) € 1T HMHAFAE—DMEN{ (p,7,)} C T
fr, = —ro S5E5IE3.2 (i), W e H, 1N e R f#i145

g (1) + (uge)" (@) + D Aepi(s7) = fi(v)

tEsupp A
+ (vfs +dc + Z Athe)" (" +p+ Z \eST) >y = =T
tEsupp A tEsupp A
Blo(DP) > —r, Ho(DP) < —r FJ&, Klitko(PP) = v(DP). O

EIE 3.5LL Ay AT,
(i) [FEU(P) A1) (D) 2 I8) F e s AHE R 24 HAN M T = K.
(ii) 1)@ (P) i) E(D) 18] Ao i sor 24 BACHT N ({0} x R) = KN ({0} x R).

Proof. {IE(i), (i) 7[RI EE AT 7.
[=] Wp € X*, BRha g smp oL, Blo(PP) = o(DP). HIERS.3 (1) MKAaE mxt ik n 453
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B, R FEC C 7. B(p,r) € K, #5153.2 () w50, o(PP) > —ro . HiERE S0 (81 T
4, v(Dr) > —r, HAH{EEp € B, #AFEN € R W2 (n)) > —r. 45451 532 (i) 7
B (p,r) € J. HWILK C 7, &5 (20) R, 14T = K.

<] T =K, WEHT C K, HEFHI3.3 (i) 55208 B RAL. Ho(PP) = —oco, ML BIRMK
Ki(p,—r) € J, 5132 (i), (TfH0(DP) > v, HAHERL € H*, 7151 € RY, W2

DP (1, A) > 7. (21)

LELTIREYE, WHHo(PP) = 0(DP) = r, AXMEREL € H*, 777EN € RY, W2 (21) 38 Bk, FaE i
XHABRAL, 7E FRASHIE.

O
IR E 2[R A E Farkas 5] 2.
EHE 3.6 7 =K BOLY HACEMMERE e e R, p e X*, LU ar@&E:
(i) (fi o fo)(x) = (910 g2)(x) > (p,x) + a,z € A.
(it) R e H*, £i7EN e RY) fifif3
(1, ) > a. (22)

Proof. [=] WJ = K, WHEH3.5 (i) oI5 FEmE L. #(G) AL, Wo(PP) > a, diH e
WA v(PP) = v(DP) > a, W(il) WAL, Rz, #5(ii) oL, MK (22) &H

sup inf ®P(u,A) > a.
/\eRf) neH™

Blo(DP) > a, T HIESESERXHE AT 0 (PP) > a, MITI(D) HL.
[«] (i) S(i) &b, h5lE3.2 aig = K.

O
[A EE AT 15 LA T B Farkas 5] #.
HEE 3.7 7 1 ({0} x R) = KN ({0} x R) Bor 4 AU AHER M € R, LLF 4 B2
(i) (fiof2)(x) = (g10g2)(x) > a,x € A
(it) XH4F 4 e H*, 157Ex € R {13
®(p, \) > a. (23)
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4. 455

Mo, = 0, AE(PP) F AT ZADCHAL R
(PY) xienjl {(fio fo)(x) = (g1 092)(x) — (p, )},
KA = {z e C:h(z) <0, t € T}, MR LagrangeX i 7l A

DY sup inf ®F(u,N),
1 1
/\E]REFT) pneEHY

Hrp = (u,2*,v), Hi :=domg; x dom gj x dom f;,

7 (1, N) = g7 () + (uge)"(27) = fi(v) = (Wfa+ 00+ Y Ahe)*(z" + p).

tEsuppA

Mp = OFF, 7] (PY) 14k ln R i) & (P,)

(P1) inf {(f10 f2)(z) — (g1 092)(2)},

reA;

I PR A T LAy

D sup inf ®q(u, A),
D) sup inf 91(0)

N4 HPIANRFIE R :
Ki:=epi(fiofo—gioga+04,)

Ti= U (N evi(oftdot 3 M) +050) (0,67 (0) + (ug2)" (2) )

AERSFT) peEHY tEsuppA
AIHERT DL AN E HE

TEIE 4.1 DUR A koL

(i) 1) (P ) v R (D ) 2 18] (A S5 8 Ao 4 B4 7 C K.

(ii) R (P )R] (D ) 2 18] (R 350 A7 24 HAX 4 70 0 ({0} x R) € Ky 0 ({0} x R).
EIE 4.2 DU R A fipor.

(1) I (P ) A i @ (D ) 2 18] (1) £ 58 AR AL 2 BA A T = K.

(ii) 5 R (P ) R TA) 8 (D ) 2 8] (R 30 A AR OZ 24 HAX 4 70 0 ({0} x R) = K10 ({0} x R).
EIE 4.3 7 =Ky o2 AV ER e € R, p € X*, LU @& i

() zeA = (fiof2)@)—(g1092)(x) = (p,2) +a.

(i) W EEAp € Hy, 7N € R 45308 (1, \) > a.
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Vi

EIE 4.4 710 ({0} xR) = K1 N ({0} x R) BOLY HAUS AT Ea € R, LLF i SN

(i) z€e A = (fiofo)(z)—(91092)(2) > a.
(it) WA € Hy, 276N € R 430, (1, A) > a

7 4.5 AT R (Py) 15930 [16] (P ), B0 5 3CER [16]4H A FIDCE & U4 17 R,
AR AL TR ) AR T RFIE SR E X, SCHR [16] TP S5 1R B AR SO R AR, kDA
Ioed 1K AN B L S Farkas 5] B

sip SR

AW T DC A& @ Lagrange X i SFarkas 5| B, @ #iEE ST 5K 1331% 1
RSB, EXHE. SR ROL SN A, FEEE LS N ) Farkas 51 EE. ATfS 45 R BEIE H T 6 R4
23], A& T IE PR 425 (8], AR SCHE 0 2% 1 B R A B SR M, (HTE— RS TR T M DL B3R IE, X
TEER PR A T AT BRI, B — P SKKT R4 S BUE BE. e T AT T
KICHEZEHETDC E A W B 21, BF FUXT B I BUE 098 B LU S, m) g a2z %0 e S g 4 1 )
EDC RASETE )2 BLRY, [R] I PR S T S B 360 6 78 43 2% A

S 3CHR
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