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Abstract

Let G be a simple graph. An edge-colored graph G is said to be rainbow if any two

distinct edges of G receive different colors. For a graph G and its subgraph H , the
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anti-Ramsey number of H in G , denoted by AR(G,H) , is defined as the maximum

integer k such that there exists a k-edge-coloring of G containing no rainbow subgraph

isomorphic to H. In this paper, we determine the exact anti-Ramsey number for the

union of P3, P4 and P2 in complete graphs.
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1. Úó

�ãG´��>/Úã, Pc(G)�G¥¤k>�ôÚ�¤�8Ü, é?¿>e ∈ E(G), Pc(e)L

«>e�ôÚ. é>f8E′ ⊂ E(G), Pc(E′)�E′¥¤k>�ôÚ�¤�8Ü. �XÚY�V (G)�

ü�Ø���º:f8, KP[X,Y ]G�G¥¤kë�X�Y¥º:�>�¤�8Ü. eG = Kn,

K{P�[X,Y ]. eX = {v}, K{P�[v, Y ]G. �½>/ÚãKn§-X ⊂ V (Kn), Pl(X) =

c(Kn)\c(Kn−X). �X = {v}�, {P�l(v). ¡|l(v)|�º:v3Kn¥��ÚÝ.º:w�Úº:v�

�=�c(wv) ∈ l(v). d�, ¡w�v��Ú:.

Erdős�<3 [1]¥ÄgÚ\
�.0àê. T¯Kïáå
4�ãØ�.0ànØ�xù.

î8'u�.0àê�ïÄ�7�aãxÐm, Ù¥�)ä, �, ����. ��ã¥����

.0àê®���.)û. Cc5ïÄöïÄd���eZ�©|�ã�¿ã�¤��5Ü�.

Gilboa�Roditty3 [2]¥, �é¿©��n, ïÄ��ãKn¥fã�L ∪ tP2�L ∪ kP3��.0àê,

�Ñ
P3, P4, C3�eZAÏ�ãL�äN(J. Bialostocki� [3](½
¤k>êØ�L4�ã��

.0àê. Jin�Gu [4]�Ñ
AR(Kn,K4 ∪ tP2)�AR(Kn, C3 ∪ tP2)�L�ª. Fang� [5]ïÄ
d

eZ�©|�¿ã�¤�Ü�ã��.0àê, Ù¥�)(Ü�!�5Ü�. d	, �Ñ
���¹

��ó´©|��5Ü���.0àê�Cq�. Xie� [6](½
�n¿©��, ��¹k��ó´

©|��5Ü���.0àê°(�. ��, ©z [7–11]ïÄ
é?¿�n, ��ãKn¥��Ú�a

á´|¤��5Ü��, ��±e½n.

½n1.1. [7] -n1(t) = 5t+11
2

+ 3
t
. é?¿�êt ≥ 2�n ≥ 2t + 7, k

AR(Kn, 2P3 ∪ tP2) =

(t + 1)(2t + 3) + 1, e2t + 7 ≤ n ≤ bn1(t)c,

t(n− t+1
2

) + 1, en ≥ dn1(t)e.
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½n1.2. [12] é?¿��êt ≥ 2 �n = 2t + 7, k

AR(Kn, P3 ∪ P4 ∪ tP2) = (t + 2)(2t + 5) + 1.

�©òïÄP3 ∪ P4����¿ã��.0àê, �Ñ�t ≥ 2�n ≥ 2t + 7�, AR(Kn, P3 ∪ P4 ∪
tP2)�°(�.

2. Ì�(Ø

½n2.1. é?¿�t ≥ 2, n ≥ 2t + 7�n4(t) = 5t
2

+ 3
t+1

+ 8. k

AR(Kn, P3 ∪ P4 ∪ tP2) =

(t + 2)(2t + 5) + 1, e2t + 7 ≤ n ≤ bn4(t)c,

(t + 1)(n− t
2
− 1) + 1, en ≥ dn4(t)e.

��5¿�´, (t + 2)(2t + 5) + 1 = (t + 1)(n − t
2
− 1) + 1��=�n = n4(t). d	,

(t + 2)(2t + 5) + 1 ≥ (t + 1)(n− t
2
− 1) + 1��=�n ≤ n4(t). ·�ò3e!¥y²T½n.

2.1. AR(Kn, P3 ∪ P4 ∪ tP2)�e.

Proof. Äky²e., �EKn�ü«>/Ú.

Äk, ���ãKn�fãG = K2t+5. òG�¤k>þ/ØÓ�ôÚ, Kn − E(G)�>/�

«#�ôÚ. ù���Kn�((t + 2)(2t + 5) + 1)->/Ú, �3T/Ú�ªeKn¥Ø�¹Ó�

uP3 ∪ P4 ∪ tP2�çôfã.

y�EKn�1�«>/Ú, òKn�fãG = Kn−(t+1)�¤k>/�Ó�ôÚ. Kn − E(G)�¤

k>^�G¥>ØÓ�ôÚ/¤çô�. ù���Kn�(t(n− t− 1) +
(
t+1
2

)
+ 1)->/Ú, �3T/

Ú�ªeKn¥Ø�¹Ó�uP3 ∪ P4 ∪ tP2�çôfã.

2.2. AR(Kn, P3 ∪ P4 ∪ tP2)�þ.

Proof. én�8B{. �âÚn1.2, �n = 2t + 7�(Ø¤á. y-n ≥ 2t + 8, ¿b�þã½né

��ãKn−1¤á.

-c�Kn�?¿(f(n, t) + 1)->/Ú. b�KnØ�¹Ó�uP3 ∪ P4 ∪ tP2�çôfã. �â½

n1.1, Kn¥�¹Ó�u2P3 ∪ tP2�çôfã, P�H. -H = H1 ∪H2, Ù¥H1 = tP2�E(H1) =

{ei | ei = xiyi, 1 ≤ i ≤ t}. -H2 = 2P3, Ù¥P 1
3 = v1v2v3, P 2

3 = v4v5v6. �Kn���>ê

�|c(Kn)|�çô)¤fãG, �÷vH ⊆ G. -D = Kn − V (H). e¡én��©�/?Ø.

2.2.1. 2t + 8 ≤ n ≤ bn4(t)c

dn1(t) = 5t+11
2

+ 3
t
��, bn4(t)c ≤ bn1(t)c+ 3�

DOI: 10.12677/aam.2026.159386 214 A^êÆ?Ð

https://doi.org/10.12677/aam.2026.159386


��Ó§Mwj

bn4(t)c =



14, et = 2,

5t
2

+ 8, et´óê�t ≥ 4,

5t+1
2

+ 8, et´Ûê�3 ≤ t ≤ 5,

5t−1
2

+ 8, et´Ûê�t ≥ 7.

dd��

|V (D)| = n− (2t + 6) ≤



4, et = 2,

t
2

+ 2, et´óê�t ≥ 4,

t+1
2

+ 2, et´Ûê�3 ≤ t ≤ 5,

t−1
2

+ 2, et´Ûê�t ≥ 7.

d|V (D)| = n− (2t + 6)Ú2t + 8 ≤ n ≤ bn4(t)c��|V (D)| ≥ 2. yéE(D) ∩ E(G)�eã�/

Ðm?Ø.

�/1 E(D) ∩ E(G) 6= ∅.

b�G[V (D)]¥kÓ�uØP2, C39K1,k�	�çôfã, @oTfã¥�¹Ó�uP4�çô

fãF . KP 1
3 ∪ F ∪H1/¤Ó�uP3 ∪ P4 ∪ tP2�çôfã, gñ. dd��G[V (D)]¥�ëÏ©|

��UÓ�uP2, C3½K1,k. ?
k|E(G[V (D)])| ≤ |V (D)|. d	, w,|E(G[V (H2)])| ≤
(
6
2

)
= 15.

dKnØ�¹Ó�uP3 ∪ P4 ∪ tP2�çôfã��, [V (H1), V (H2)]G = ∅�|E(G[V (H1)])| = t.

�x, y ∈ V (D)¦�xy ∈ E(G). keãäó¤á.

äó1. é?¿v ∈ V (D), k|[v, V (H)]G| ≤ 2.

äääóóó1 yyy²²²µµµ é?¿�v ∈ V (D), k[{v1, v3, v4, v6}, v]G = ∅. b�[{x, y}, V (H1)]G 6= ∅. Ø���
5, -yix ∈ E(G), Ù¥1 ≤ i ≤ t. @oxiyixy, P

1
3�H1− ei + v4v5�¿ã/¤Ó�uP3 ∪P4 ∪ tP2�

çôfã, gñ. dd��[{x, y}, V (H1)]G = ∅. b�[{x, y}, V (H2)]G 6= ∅. �âH2�é¡5, Ø

�-v2x ∈ E(G). @ov1v2xy, P
2
3ÚH1�¿ã/¤Ó�uP3 ∪ P4 ∪ tP2�çôfã, gñ. dd�

�[{x, y}, V (H2)]G = ∅. Ïd[{x, y}, V (H)]G = ∅.

b��3º:u ∈ V (D) \ {x, y}, ¦�|[u, V (H)]G| ≥ 3. @ou��ÚH¥�ü�ëÏ©|��

�Ù¥�����H1¥�©|. b�u�P 1
3Úei��, Ù¥1 ≤ i ≤ t. @oG[V (P 1

3 )∪ V (ei)∪ {u}]¥
�3Ó�uP4�çôfã, Tfã�P 2

3 , H1 − ei + xy�¿ã/¤Ó�uP3 ∪ P4 ∪ tP2�çô

fã, gñ. Ïdu��H1�©|��, Ø�-yiu, yju ∈ E(G), Ù¥1 ≤ i < j ≤ t. @

oxiyiuyj , P
1
3�H1 − ei − ej + v4v5 + xy�¿ã/¤Ó�uP3 ∪ P4 ∪ tP2�çôfã, gñ. d

d��, é?¿�v ∈ V (D), k|[v, V (H)]G| ≤ 2.

Ïd|[V (D), V (H)]G| ≤ 2|V (D)|. k
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|E(G)| =|E(G[V (H1)])|+ |E(G[V (H2)])|+ |[V (H1), V (H2)]G|

+ |[V (D), V (H)]G|+ |E(G[V (D)])|

≤t + 15 + 2|V (D)|+ |V (D)|

=



29, et = 2,

5t
2

+ 21, et´óê�t ≥ 4,

5t
2

+ 45
2
, et´Ûê�3 ≤ t ≤ 5,

5t
2

+ 39
2
, et´Ûê�t ≥ 7.

<2t2 + 9t + 12 = |c(Kn)|

é?¿t ≥ 2þ¤á, gñ.

�/2 E(D) ∩ E(G) = ∅.

�x, y ∈ V (D). w,c(xy) ∈ c(H).

f�/2.1 c(xy) ∈ c(H2).

�âH2�é¡5, Ø�b�c(xy) = c(v1v2). w,[V (D), {v1, v3, v4, v6}]G = ∅.

b�[v1, V (ei)]G 6= ∅, Pv1xi ∈ E(G), Ù¥1 ≤ i ≤ t. @ov1xiyi, P
2
3�H1 − ei + v2v3�¿ã/

¤Ó�u2P3 ∪ tP2�çôfã, P�F . �âb���c(xy) /∈ c(F ), ÄK£�Case 1��/, gñ.

dd��, é?¿1 ≤ i ≤ t, k[v1, V (ei)]G = ∅.

b��31 ≤ i ≤ t, ¦�[{v2, v3}, V (ei)]G 6= ∅. @oG[V (P 1
3 )∪ V (ei)]¥�¹Ó�uP4�çôf

ã, Tfã�P 2
3 , H1 − V (ei) + xy�¿ã/¤Ó�uP3 ∪ P4 ∪ tP2�çôfã, gñ. dd��, é

?¿�1 ≤ i ≤ t, k[{v2, v3}, V (ei)]G = ∅.

nþ��,é?¿�1 ≤ i ≤ t,k[V (P 1
3 ), V (ei)]G = ∅. Ïdé?¿�1 ≤ i ≤ t,k|[V (ei), V (H2)]G| ≤

6, l
|[V (H1), V (H2)]G| ≤ 6t.

d	, é?¿�1 ≤ i < j ≤ t, k[V (ei), V (ej)]G = ∅. ÄKG[V ({ei, ej})]¥�¹Ó�uP4�ç

ôfã, Tfã�P 1
3 , H1 − V ({ei, ej}) + v4v5 + xy�¿ã/¤Ó�uP3 ∪ P4 ∪ tP2�çôfã, g

ñ. Ïd|E(G[V (H1)])| = t.

b�[V (H1), V (D) \ {x, y}]G 6= ∅. �w ∈ V (D) \ {x, y}¦�wyi ∈ E(G), Ù¥1 ≤ i ≤ t. @

oxiyiw,P
2
3�H1 − ei + v2v3�¿ã/¤Ó�u2P3 ∪ tP2�çôfã, P�F . w,c(xy) /∈ c(F ).

Ïdq£�Case 1��/, gñ. dd��[V (H1), V (D) \ {x, y}]G = ∅. d	, é?¿�1 ≤
i ≤ t, k|[V (ei), {x, y}]G| ≤ 2, ÄKG[V (ei) ∪ {x, y}]¥�¹Ó�uP4�çôfã, �Tfã�P 2

3 ,

H1 − ei + v2v3�¿ã/¤Ó�uP3 ∪ P4 ∪ tP2�çôfã, gñ. dd��|[V (H1), V (D)]G| =

|[V (H1), {x, y}]G| ≤ 2t.

b�é?¿u ∈ V (D), k[u, {v2, v5}]G = ∅. du[V (D), {v1, v3, v4, v6}]G = ∅, �âb��
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�[V (H2), V (D)]G = ∅. Ïd|E(G[V (H2)])|+ |[V (H2), V (D)]G| ≤ 15, ?


|E(G)| =|E(G[V (H1)])|+ |E(G[V (H2)])|+ |[V (H1), V (H2)]G|

+ |[V (H), V (D)]G|+ |E(G[V (D)])|

≤t + 15 + 6t + 2t

<2t2 + 9t + 12 = |c(Kn)|

é?¿t ≥ 2þ¤á, gñ.

Ïd���3��º:u ∈ V (D), ¦�[u, {v2, v5}]G 6= ∅. �âH2�é¡5, Ø�-uv2 ∈
E(G). w,v1v3 /∈ E(G)�[{v1, v3}, {v4, v6}]G = ∅. b�v4v6, v1v5, v3v5 ∈ E(G). @ov4v5v6v1,

uv2v3�H1�¿ã/¤Ó�uP3∪P4∪tP2�çôfã,gñ. dd��|{v4v6, v1v5, v3v5}∩E(G)| ≤ 2.

Ïd|E(G[V (H2)])| ≤ 9, ?
|E(G[V (H2)])|+ |[V (H2), V (D)]G| ≤ 9 + 2|V (D)|. ��

|E(G)| =|E(G[V (H1)])|+ |E(G[V (H2)])|+ |[V (H1), V (H2)]G|

+ |[V (H), V (D)]G|+ |E(G[V (D)])|

≤t + 9 + 6t + 2t + 2|V (D)|

=



35, et = 2,

10t + 13, et´óê�t ≥ 4,

10t + 14, et´Ûê�3 ≤ t ≤ 5,

10t + 12, et´Ûê�t ≥ 7.

<2t2 + 9t + 12 = |c(Kn)|

é?¿t ≥ 2þ¤á, gñ.

f�/2.2 c(xy) ∈ c(H1).

Ø���5, -c(xy) = c(e1). b�[{v1, v3, v4, v6}, V (e1)]G 6= ∅. �âH2Úe1�é¡5,

-x1v1 ∈ E(G). @ox1v1v2v3, P
2
3�H1 − e1 + xy�¿ã/¤Ó�uP3 ∪ P4 ∪ tP2�çôfã,

gñ. dd��[{v1, v3, v4, v6}, V (e1)]G = ∅.

w,[V (D), {v1, v3, v4, v6}]G = ∅. Ïd|[V (D), V (H2)]G| ≤ 2|V (D)|.

äó2. [V (D), V (H1)]G 6= ∅.

äääóóó2 yyy²²²µµµ b�[V (D), V (H1)]G = ∅. e[V (D), V (H2)]G = ∅, K[V (D), V (H)]G = ∅. ®
�|E(G[V (H1)])| ≤ 2t2 − 3t + 2, |[V (H1), V (H2)]G| ≤ 12t − 8�|[V (D), V (H2)]G| ≤ 2|V (D)|. w
,|E(G[V (H2)])| ≤

(
6
2

)
= 15, K

|E(G)| =|E(G[V (H1)])|+ |E(G[V (H2)])|+ |[V (H1), V (H2)]G|

+ |[V (D), V (H)]G|+ |E(G[V (D)])|

≤2t2 − 3t + 2 + 15 + 12t− 8

<2t2 + 9t + 12 = |c(Kn)|
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é?¿t ≥ 2þ¤á, gñ. dd��[V (H2), V (D)]G 6= ∅.

Ïd���3��º:u ∈ V (D), ¦�[{v2, v5}, u]G 6= ∅. �âH2�é¡5, -uv2 ∈ E(G). w

,v1v3 /∈ E(G)�[{v1, v3}, {v4, v6}]G = ∅. b�v4v6, v1v5, v3v5 ∈ E(G). @oG[V (H2) ∪ {u}]¥�¹
Ó�uP3 ∪ P4�çôfã, �Tfã�H1�¿ã/¤Ó�uP3 ∪ P4 ∪ tP2�çôfã, gñ. Ï

d|{v4v6, v1v5, v3v5} ∩ E(G)| ≤ 2, ?
|E(G[V (H2)])| ≤ 9.

*	1. é?¿2 ≤ i ≤ t, k|[V (ei), V (H2)]G| ≤ 8.

***			1 yyy²²²µµµ b��32 ≤ i ≤ t, ¦�|[V (ei), V (H2)]G| ≥ 9. Ø���5, -|[V (e2), V (H2)]G| ≥
9. db���, |[{v1, v3, v4, v6}, x2]G| ≥ 3½|[{v1, v3, v4, v6}, y2]G| ≥ 3. �âe2�é¡5, b

�v1x2, v3x2, v4x2 ∈ E(G). d	, k|[{v1, v3, v4, v6}, y2]G| ≥ 1, Pv4y2 ∈ E(G). d�, y2v4v5v6,

uv2v3�H1 − V (e2) + v1v4�¿ã/¤Ó�uP3 ∪ P4 ∪ tP2�çôfã, gñ. Ïdé?¿2 ≤ i ≤ t,

k|[V (ei), V (H2)]G| ≤ 8. �

�â[{v1, v3, v4, v6}, V (e1)]G = ∅Ú*	1, k|[V (H1), V (H2)]G| ≤ 8t− 4. b��32 ≤ i ≤ t, ¦

�|[V (e1), V (ei)]G| ≥ 3. Ø���5, -|[V (e1), V (e2)]G| ≥ 3. @oG[V ({e1, e2})] − e1¥�¹Ó�

uP4�çôfã, Tfã�P 1
3 , H1− e1− e2 + v4v5 + xy�¿ã/¤Ó�uP3 ∪P4 ∪ tP2�çôfã,

gñ. dd��é?¿2 ≤ i ≤ t, k|[V (e1), V (ei)]G| ≤ 2. Ïd|E(G[V (H1)])| ≤ 2t2 − 3t + 2. d	,

|E(G[V (H2)])| ≤ 9�|[V (D), V (H2)]G| ≤ 2|V (D)|, ?


|E(G)| =|E(G[V (H1)])|+ |E(G[V (H2)])|+ |[V (H1), V (H2)]G|

+ |[V (D), V (H)]G|+ |E(G[V (D)])|

≤2t2 − 3t + 2 + 9 + 8t− 4 + 2|V (D)|

=



33, et = 2,

2t2 + 6t + 11, et´óê�t ≥ 4,

2t2 + 6t + 12, et´Ûê�3 ≤ t ≤ 5,

2t2 + 6t + 10, et´Ûê�t ≥ 7.

<2t2 + 9t + 12 = |c(Kn)|

é?¿t ≥ 2þ¤á, gñ. Ïdäó2¤á.

d[V (H1), V (D)]G 6= ∅, ��V (D)¥���3��º:u, ¦�[u, V (H1)]G 6= ∅. Ø�-uyj ∈
E(G), Ù¥1 ≤ j ≤ t. d�, H1¥�¹çôfãP3 = xjyju. e[{v1, v3}, {v4, v6}]G 6= ∅, KH2�¹Ó

�uP4 ∪P2�çôfã, Tfã�xjyju, H1−V (ej)�¿ã/¤Ó�uP3 ∪P4 ∪ tP2 �çôfã, g

ñ. Ïd[{v1, v3}, {v4, v6}]G = ∅. b�v1v3, v2v4, v2v6 ∈ E(G). @ov1v3v2v4, xjyju�H1 − V (ej) +

v5v6�¿ã/¤Ó�uP3 ∪ P4 ∪ tP2�çôfã, gñ. dd��|{v1v3, v2v4, v2v6} ∩ E(G)| ≤ 2. �

âH2�é¡5, Ón��|{v4v6, v1v5, v3v5} ∩ E(G)| ≤ 2. Ïd|E(G[V (H2)])| ≤ 9.

�*	1�í�aq��, é?¿�2 ≤ i ≤ t, k|[V (ei), V (H2)]G| ≤ 8. dþã©Û�

�[{v1, v3, v4, v6}, V (e1)]G = ∅, Ïd|[V (H1), V (H2)]G| ≤ 8t− 4.
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b��3º:u ∈ V (D), ¦��32 ≤ i ≤ t, k|[u, V (ei)]G| = 2. e�3u′ ∈ V (D) \ {u}¦
�[u′, V (ei)]G 6= ∅, KG[V (ei) ∪ {u, u′}]¥¹kÓ�uP4�çôfã. Tfã�P 1

3 , H1 − ei + v4v5�

¿ã/¤Ó�uP3 ∪ P4 ∪ tP2�çôfã, gñ. dd��[V (D) \ {u}, V (ei)]G = ∅. ?

k|[V (D), V (ei)]G| ≤ 2. eé?¿�v ∈ V (D), k|[v, V (ei)]G| ≤ 1, Kk|[V (D), V (ei)]G| ≤ |V (D)|.
Ïdé2 ≤ i ≤ t, k|[V (D), V (ei)]G| ≤ max{2, |V (D)|} = |V (D)|.

äó3. |[V (e1), V (H1 − e1)]G|+ |[V (D), V (e1)]G| ≤ 2t− 2.

äääóóó3 yyy²²²µµµ Äk�Ä[V (D), V (H)]G¥�>. k|[V (e1), {x, y}]G| ≤ 2, ÄKG[V (e1) ∪ {x, y}]¥
�¹Ó�uP4�çôfã, Tfã�P 1

3 , H1 − V (e1) + v4v5�¿ã/¤Ó�uP3 ∪ P4 ∪ tP2�

çôfã, gñ. b��3º:u ∈ V (D) \ {x, y}, ¦�[u, V (e1)]G 6= ∅, Py1u ∈ E(G). @

oF = H − V (e1) + y1u/¤Ó�u2P3 ∪ tP2�çôfã�÷vc(xy) /∈ c(F ), l
£�Subcase

2.1��/, gñ. dd��[V (D) \ {x, y}, V (e1)]G = ∅.

�ü�ØÓ�º:x′, y′ ∈ V (D) \ {x, y}. w,c(x′y′) ∈ c(H1). b�c(x′y′) = c(e1), @

o[V (e1), V (D) \ {x, y}]G = ∅, ÄKò£�Subcase 2.1��/, gñ. Ïd�32 ≤ i ≤ t,

¦�c(x′y′) = c(ei). dd��[V (e1), V (ei)]G = ∅, ÄKò£�Subcase 2.1��/, gñ. Ï

d|[V (e1), V (H1 − e1)]G|+ |[V (D), V (H)]G| ≤ 2(t− 1) + 2− 2 = 2t− 2.

�ÄG[V (H1)] ∪ [V (D), V (H)]G¥�>. b��32 ≤ i < j ≤ t, ¦�|[V (ei), V (ej)]G| = 4.

b�[V (D), V (ei)]G 6= ∅�[V (D), V (ej)]G 6= ∅, Ø�Pyiw, yjw
′ ∈ E(G), Ù¥w,w′ ∈ V (D). @

owyixixj , P
1
3�H1 − ei − ej + v4v5 + yjw

′�¿ã/¤Ó�uP3 ∪ P4 ∪ tP2�çôfã, gñ. Ï

d[V (D), V (ei)]G = ∅½[V (D), V (ej)]G = ∅. ?
k|[V (D), V ({ei, ej})]G| ≤ |V (D)|.

-h = |{{ei, ej} : |[V (ei), V (ej)]G| = 4, 2 ≤ i < j ≤ t}|. w,0 ≤ h ≤
(
t−1
2

)
. nÜþã©Û,

k|E(G[V (H1)])|+ |[V (D), V (H)]G| ≤ 2t−2 + 3
(
t−1
2

)
+ t+h+ (t+ 1)|V (D)|−min{h, t−1}|V (D)|.

b�0 ≤ h ≤ t− 1. k|E(G[V (H1)])|+ |[V (D), V (H)]G| ≤ 3
2
t2 − 3

2
t + 1 + (t + 1)|V (D)|+ h−

h|V (D)|. -f(h, t) = 3
2
t2 − 3

2
t + 1 + (t + 1)|V (D)|+ h− h|V (D)|. �êh ≥ 0, �hO��, f(h, t)î

�4~. Ïdf(h, t)3h = 0������ 3
2
t2 − 3

2
t + 1 + (t + 1)|V (D)|. dd��

|E(G)| =|E(G[V (H1)])|+ |E(G[V (H2)])|+ |[V (H1), V (H2)]G|

+ |[V (D), V (H)]G|+ |E(G[V (D)])|

≤9 + 8t− 4 +
3

2
t2 − 3

2
t + 1 + (t + 1)|V (D)|

=
3

2
t2 +

13

2
t + 6 + (t + 1)|V (D)|

=



37, et = 2,

2t2 + 9t + 8, et´óê�t ≥ 4,

2t2 + 19
2
t + 17

2
, et´Ûê�3 ≤ t ≤ 5,

2t2 + 17
2
t + 15

2
, et´Ûê�t ≥ 7.

< 2t2 + 9t + 12 = |c(Kn)|
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é?¿t ≥ 2þ¤á, gñ.

Ïdkt ≤ h ≤
(
t−1
2

)
. d�,k|E(G[V (H1)])|+ |[V (D), V (H)]G| ≤ 3

2
t2− 3

2
t+1+(t+1)|V (D)|+

h − (t − 1)|V (D)| = 3
2
t2 − 3

2
t + 1 + 2|V (D)| + h. -g(h, t) = 3

2
t2 − 3

2
t + 1 + 2|V (D)| + h. é¼

êg(h, t)�hO�
O�. Ïdg(h, t)3h =
(
t−1
2

)
= 1

2
t2− 3

2
t+ 1������2t2− 3t+ 2 + 2|V (D)|.

Ïd

|E(G)| =|E(G[V (H1)])|+ |E(G[V (H2)])|+ |[V (H1), V (H2)]G|

+ |[V (D), V (H)]G|+ |E(G[V (D)])|

≤9 + 8t− 4 + 2t2 − 3t + 2 + 2|V (D)|

=2t2 + 5t + 7 + 2|V (D)|

=



33, et = 2,

2t2 + 6t + 11, et´óê�t ≥ 4,

2t2 + 6t + 12, et´Ûê�3 ≤ t ≤ 5,

2t2 + 6t + 10, et´Ûê�t ≥ 7.

< 2t2 + 9t + 12 = |c(Kn)|

é?¿t ≥ 2þ¤á, gñ.

2.2.2. n = bn4(t)c+ 1.

dun = bn4(t)c+ 1 ≥ 2t+ 11, ��|c(Kn)| = (t+ 1)(n− t
2
− 1) + 2. �â½n1.1, k|c(Kn)| >

AR(Kn, 2P3∪(t+1)P2). ÏdKn¥�3Ó�u2P3∪(t+1)P2�çôfã,P�H ′. -H ′ = H ′1∪H ′2,
Ù¥H ′1 = (t+1)P2�E(H ′1) = {e′i | e′i = x′iy

′
i, 1 ≤ i ≤ t+1}. -H ′2 = 2P3,Ù¥P 3

3 = a1a2a3�P 4
3 =

a4a5a6. �Kn���>ê�|c(Kn)|�çô)¤fãG′�÷vH ′ ⊆ G′. -D′ = Kn − V (H ′),

k|V (D′)| ≥ 3.

b�Kn¥Ø�3Ó�uP3 ∪ P4 ∪ tP2�çôfã. �â8Bb���, Kn−1¥Ø�¹Ó�

uP3 ∪ P4 ∪ tP2�çôfã. Ïd|c(Kn−1)| ≤ (t + 2)(2t + 5) + 1. é?¿�v ∈ V (Kn), k

|l(v)| ≥ (t + 1)(n− t

2
− 1) + 2− (t + 2)(2t + 5)− 1

= (t + 1)n− 5

2
t2 − 21

2
t− 10

=



4, et = 2,

t− 1, et´óê�t ≥ 4,

3
2
t− 1

2
, et´Ûê�3 ≤ t ≤ 5,

1
2
t− 3

2
, et´Ûê�t ≥ 7.
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dt ≥ 2��, é?¿v ∈ V (Kn), k|l(v)| ≥ 2. w,[x′1, V (H ′2)]G′ = ∅�[x′1, V (H ′1 − y′1)]G′ = ∅.
ÏdV (D′)¥�3��º:w, ¦�x′1�Úw. d[w, V (H ′ − V (e′1))]G′ = ∅�[w, V (D′)]G′ = ∅��,

|l(w)| = 2�x′1Úy′1�w��Ú:. w,, D′ − w¥Ø�3º:�Úx′1, ÄKG[V (D′) ∪ {x′1, y′1, w}]�
¹Ó�uP4�çôfã, �Tfã�P 3

3 , H ′1 − e′1�¿ã/¤Ó�uP3 ∪ P4 ∪ tP2�çôfã, gñ.

Ïd|l(x′1)| = 2�y′1Úw�x′1��Ú:.

�w′ ∈ V (D′) \ {w}. w,c(ww′) ∈ c(H ′). dy′1 �Úx′1��, c(ww′) 6= c(e′1). b��

32 ≤ i ≤ t + 1, ¦�c(ww′) = c(e′i). d�, x′1y
′
1ww

′, P 3
3�H ′1 − e′1 − e′i + a4a5�¿ã/¤Ó�

uP3 ∪P4 ∪ tP2�çôfã, gñ. Ïdc(ww′) ∈ c(H ′2). �âH ′2�é¡5, Ø�-c(ww′) = c(a1a2).

d�, x′1y
′
1ww

′, P 4
3�H ′1 − e′1�¿ã/¤Ó�uP3 ∪ P4 ∪ tP2�çôfã, gñ.

2.2.3. n > bn4(t)c+ 1.

�|c(Kn)| = (t+ 1)(n− t
2
− 1) + 2, �â½n1.1, |c(Kn)| > AR(Kn, 2P3 ∪ (t+ 1)P2). ÏdKn¥

�¹Ó�u2P3 ∪ (t + 1)P2�çôfã, P�H ′. -H ′ = H ′1 ∪H ′2, Ù¥H ′1 = (t + 1)P2�E(H ′1) =

{e′i | e′i = x′iy
′
i, 1 ≤ i ≤ t + 1}. -H ′2 = 2P3, Ù¥P 3

3 = a1a2a3�P 4
3 = a4a5a6. �Kn���>ê

�|c(Kn)|�çô)¤fãG′, �÷vH ′ ⊆ G′. -D′ = Kn − V (H ′), k|V (D′)| ≥ 3.

én�8B{, b�Kn¥Ø�¹Ó�uP3 ∪ P4 ∪ tP2�çôfã. �â8Bb�, Kn−1¥�Ø

�¹Ó�uP3∪P4∪tP2�çôfã,Ïd|c(Kn−1)| ≤ (t+1)(n−1− t
2
−1)+1. é?¿v ∈ V (Kn),k

|l(v)| ≥ (t + 1)

(
n− t

2
− 1

)
+ 2− (t + 1)

(
n− 1− t

2

)
− 1 = t + 2 ≥ 4.

é?¿v ∈ Kn,k|l(v)| ≥ 4. �4.2.2¥�í�aq��, [x′1, V (H ′2)]G′ = ∅, [x′1, V (H ′1−y′1)]G′ =

∅�[x′1, V (D′)]G′ 6= ∅,Px′1w ∈ E(G′), w ∈ V (D′). w,[w, V (H ′−V (e′1))]G′ = ∅�[w, V (D′)]G′ = ∅.
Ïd|[w, V (H ′)]G′ | = |[w, V (e′1)]G′ | ≤ 2, ?


4 ≤ |l(w)| ≤ |[w, V (H ′)]G′ |+ |[w, V (D′)]G′ | ≤ 2,

gñ. y..

3. o(�Ð"

�©ïÄ
��ã¥���P3, P4�¿ã¤�¤��5Ü���.0àê, ¿�Ñ�t ≥
29n ≥ 2t + 7�, AR(Kn, P3 ∪ P4 ∪ tP2)°(�. �©ò¹küa©|��5Ü�í2�¹kn

aØÓ©|��5Ü�. d	, �Y�ïÄ�±òP3 ∪ P4 ∪ tP2�(J?1í2, ïÄ��ã

¥lP3 ∪ kP4 ∪ tP2��.0àê°(�.

DOI: 10.12677/aam.2026.159386 221 A^êÆ?Ð

https://doi.org/10.12677/aam.2026.159386


��Ó§Mwj

ë�©z

[1] Erdös, P., Simonovits, M. and Sós, V.T. (1975) Anti-Ramsey Theorems. In: Hajnal, A., Rado,

R. and Sós, V.T., Eds., Infinite and Finite Sets: To Paul Erdös on His 60th Birthday, North-

Holland Publishing Company, 633-643.

[2] Gilboa, S. and Roditty, Y. (2015) Anti-Ramsey Numbers of Graphs with Small Connected

Components. Graphs and Combinatorics, 32, 649-662.

https://doi.org/10.1007/s00373-015-1581-y

[3] Bialostocki, A., Gilboa, S. and Roditty, Y. (2015) Anti-Ramsey Numbers of Small Graphs.

Ars Combinatoria, 123, 41-53.

[4] Jin, Z.M. and Gu, J.Q. (2024) Rainbow Disjoint Union of Clique and Matching in Edge-Colored

Complete Graph. Discussiones Mathematicae Graph Theory, 44, 953-970.

https://doi.org/10.7151/dmgt.2483
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