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Abstract

By virtue of the epigraph method of conjugates, this paper introduces new constrain-

t qualification conditions, characterizes Lagrange strong duality between the infinite
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convex optimization problem and its dual problem, derives complementary slackness
conditions and approximate optimality conditions, and generalizes the existing con-

clusions related to duality in convex optimization.
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1. 5|5

fB8EX 9 Banach 18, T 9ERARSHEAREE, WU S, fi 0 X — Roo == RU {400} HNZIX
RN TSR A, 5 R A TR DA

P) inf f(x),
st fi(x) <0 VteT.

W S ) R R OB BEAR AR IR BUE T, TR, USSR A BN, B — B2 2R E
I RE(SE X [1-8]). 4TatrET NABRER, Zalinescu 7E3C [9]H il i 7 ¢ Fr 26 1F, @2 T
Lagrange X ff, Correa 5§ A7ESC [10] 78 T A R MR AG BIXRHEE 1R 5 B AR 4R, UTabr T
NTCBREERS, Dinh %8 NTESC [11] [12] ¥ om0HEBEHE & 2K BOES L LR AL i) 8, Fang 2 A
FESC [13) [LA)EF A R0 2% [B) H O R 2 SRR B i T SR BRI, B 3T B 2 RS 2% A, 43 il %
THES Farkas 51 H 5RA2 @ 5T, KKT 2545 A hiks B H B L R 240, 5890 T oA Hig
(AT HE . R, Hantoute 55 ANTESC [15]H, Fadth 74 #hy k% B H W3R 7, 357 7 P 8408
Lagrange X a8, Filid Slater 41FHE T 1 50T 1 i FE.

52 FIRSCHR IR K, A SCR ARSI FU TR LA 1), S 51K L RO 2 A, 20 Te 2T AR
AT R 04 ) 2 RV F) Lagrange S5, JFHES I L AMA BRI, a4 6—BUN FE 85 1M
SRR, AL TR SRR T A ARG AR R T SR AT SRR B, PRI, A SCasi
T3 [15] B ZAT, B0k T ST [15]H s AR 1A A B

2. BB 5EX

WX N Banach ZE[6], X* & HAp I B2, (o5, 2) RNZ He* € X* ffr € X &K
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B, Bl(z*,z) = a*(z). |z Rntime € X WHEH, EWNe,y € X, HEEHFEFHEEE X
Hd(z,y) = ||z — yl|. FEX FFFRALERFI BALERIC A By, Bx, AR, Ao 82310 X fF
BN ERIC/EBx- , AHMEEr € X. 6 > 0, icB(x,0), Bz, 0)Nbhe AR, § NFEERIFFER S A ER.
PCR, := RU {400}, ALLI5E: 0 (+00) = 400, (+00) — (+00) = +o0. ZH(AIH Nx)iclED, i
/Binf Op = +oo, supPr, = 0. XWEEU C X, FATHAU FRU HHE, diam URRESGUNEAR,
Bldiam U := sup d(z1,x0). #—3, HU X W THE, WNy(ug) RARU fEug mEHE:

z1,22€U

Ny(ug) ={z* € X* | (", u —up) <0, Yue U}.

€ S NN A G

0, xzeU,
ou(z) =
+oo, z ¢ U.

SRR S « X — Roo, HE 3085 LES 51N
dom f:={z € X | f(z) <400}, epif:={(z,p) € X xR f(z) < p}.

A BRI B Eepi f OISR, WIFRERES TS & R E-lept £, MIFREREL S vl Bk
. Xz € dom f, f £z KWK A

of (@) :={a" € X* | f(x) — f(T) — (a",o—T) >0, Vo € X}.
e >0, A

0.f(z) = {a" € X*

flx)—f(z)—{(z",x—Z)+e >0, VacEX}

FRASf ez e~k
WTERAREIRIRE (T LR LIRE, AvTHUER), AT A R i kicF

F(T) = {S c TS| < oo},

Hrp|S| Fonfeas ML ETEUSWMET, F(T) MEUE R, 455E REEL filier, AT
A [16] 775 A

(th)(@ := limsup th(x z e X. (2.1)

teT STT,|S|<e0 o

EX 2.1 [16] WU € X NP8, T MEESEWE, {filer £ XAERMFX ERY 7055 R Hik.

*/J\

AU({ft}teT) =  liminf inf th Z), (2.2)

ST, |S|<oo  z:€U ( VtES)
diam{z; }1es—0

NERBORELEGU ER—BURH A
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EX 2.2 [16] & HRBUE{ fi}ier WL

irl}fift < AU({ft}teT)’

teT

MR BGAEEEU E—BUF kL.

Xﬁ{f%l’ S X, *&BEHIHSTT’ |S|<oo ZteS ft(fﬂ)ﬁﬁ, ')_'\'Jf?rﬁaiﬂ‘&ﬁﬁfﬂ Z ft-

teT

Av({fiteer) < ill}fifr

teT

Ak, 3X(2.3) T DA EE
5138 2.1 [15] BREUE{ fi hier FEERU E—8UFF0ESE, 1 HAY:

tesS

lim su inf —A <0,
STT,\S\<poo ( U th U({ft}tes)) <

igf; fe < liminf inf» " fi.
S

STT, |S|< U
1T, |S|<oo tes

B

(2.3)

(2.4)

5138 2.2 [15] ¥z € dom > f, REF MK é&th IR L EAFAE R R > 0, X T

teT

Bt e T, f, N FRESERBHEDB®,)) L?ﬁ?ﬁ ) i} BR B fo heer TEB(2,6) E—3UF ¥
HEL MXHERe > 0 LAEBEERTEES, € F(T), FEARTES € F(T) WS, C S, BLK

Mz, € B(Z,e) (Vt € 8), 15 NPT,

Z(ft(xt) - ft(g_f)) <0, (2-5)
tesS
0e Z@ft(xt) + BX*'
tesS
HT RAMRE, X (2.5)0 B # v EL A
[fe(x) = fi(2) <O (t€T).
3. FERCAEALIE) R Y X & 1%
18 LT o R A ] e
inf f(x),
(P)
st fr(x) <0 VkeN,.
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HA B f 0 X — RoorB 8 XAEX ERIF N4, N 2R ERBAUE. ida 1Ty

C:=domfoN{z € X | fu(z) <0, Vk € N} } # 0.

TNHEGIASC [15]F P Lagrange B3, XM TRz € X, FERMFTF A, A1, Ao, - - € Ry, LRAT

.
=Em=0,1,2,...,

L A ) = f(@) + 3 Mful@) + Ao foo ), (3.1)
m +oo

L(z,A) = f(2) + > Meful@)+ D> Mfi(2). (3.2)
k=1 k=m+1

Hrbd = (A, Ao, )s f = max{ fi, 0} FRRBRES, BVIEED, A fo N EBRIEARZI ARAE L T S B
1 R HO6S 82 4 76 55 e 30E, H.

foolz) = liiri)sup fe(x) (x € X). (3.3)

295 Hm = 0 i, (3.2) FHIE DA RAPUER0. SMEEr € X, j € Ny, BH LS E LR

i)\kfk(x) := lim sup Z A fr(z). (3.4)

k>j n—-+oo k=j+1
HU4E Lagrange 5 40(3.1)F1(3.2), 77 LA 1l 5 (P) (974188 il

(D) sup inf L(z, A\, As),

A€l Aoo€Ry TEX

D,, sup inf L,,(x, ).
(Dim) jun (z,A)

Hrp
)\k € RJW Z‘)‘k| < +OO}7

k=1

0 = {)\ = O‘k)keN

A € Ry, sup [M\g| < -I—oo}.
keNL

> = {A = (Ak)ken

0, 2 gy AREReY, o BN T A AR T R T ido(D)Fu(D,,) g3 x4 )
B(D)F(D,,) HIHAIE.

B FETE R M e Ak 1] - LA A 2 [E] 1) Lagrange X%, ASCE S 51 AN BLR 2951 JE3E 244

EN 3.1 #

epi(f +oc) = | epi (f+ZAkfk+Aoofw) ,

(A1,A2,...)€0] keN
Ao €R 4
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MFRRG{ fr. : k € N H# & conical (WEHP), 2514
IR E BN 1 R (P), 18] (D) E (D)., Z 18] I 5.
EIE 3.1 WA E R E(P) > —oo. MXMEEmM =0,1,..., A

v(D) < v(D,,) < v(P). (3.5)

WA, 5 RG fr + k € NoHHJE conical (WEHP); 414, WSESHE AL, Mlo(D) = v(D,y,), HXHE
(D) 5(D,,) WFAER AL, st

P) = inf A Moo foo
v(P) = ™ Az,...I)ne% N in (f0+keZN kfr + Ao f )
+ (3.6)
= sup inf f0+z)\kfk+ Z Akfk) :
(A1,A2,... )€LY k=m+1
A= (A, Ao, ... ) €65, Ao € RyZ(D) WIS, T
A= (s A At + Aoo + @ Amga + Ao F L) (3.7)

ND,,) K&, HHE N >0, Ma=0. kRZMWa = 1.

Proof. 3 (3.5) " R Ja — MAENXE R ML, PUEMEE — AL

B = (A, Mgy ) €08, Aog € RLAIA = (Ao, Ay At + Ao + 0 Az + Ao+, ) (B
HE A >0, Ma =0. kRZMa=1) , B\ € (2. ARz € dom foo, £ Ao = 0, N
“+o0

L(z, A Moo +Z/\kfk + > e+ ) (@) = Ln(x, ).

k=m+1

Fdoo > 0, MFHTEe > 0, FE1E THRG > m 2 foo () < fi(2) +6/Aa0, T4
A fi(@) + Ao foo () < (N + Ac) fi(2) + €

#ix ¢ dom fo, Wlimsup fi(z) = 400, F I

k—4o00

LA ) < f@)+ 3 Mful@) + 3 Mefil@) + Oy + Aoo) fi (@) +

k=1 k>m,
k#j
m —+o0
)+ Mefe(@)+ Y kA i (@) + e
k=1 k=m+1
= Lp(z,A\) +¢
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Ae L0, MTRL(2, A\ Aoo) < L (2, N), AT

m +oo
Lo(2,A) = f(@) + > Mefu@) + D O+ o+ A) fif (z) = +oo.
k=1 k=m+1

Lk L ZREIE, WA L(x, M\ Ao) < L (2, A). HIEATHEH0(D) < 0(D,y,).
PR RIEW Y RGBSy, : k € Ny }# 2 conical (WEHP); 24, v(P) < v(D). Ritko(P) =
r € R, HJFREBHEMMERE XL, MMEEr e X, H
(f+5c)(:r) >r, VrelX.
A
(0,—7) € epi(f +dc)".

BT HR{ fi. : k € Ny; foo H#fi & conical (WEHP), %14, A

epi(f+dc) = |J epi (f+ZAkfk+Aoofm) .
yeel

(A1,A2,... keNy
)\xGR+

FRAFEHFTA = (M, Aay...) €L, Ao € Ry, fH15

(0, ~r) € epi (f + 3 i+ Aoofoo) .
keN,
R E e X, SR ek Ho 2
(f + 3 Mfi + A foo) (0) < —r.
keN,
T b L 50 ok H0E RTA
inf {f(:v) £ Nfilo) + Aoofoom)} >

keEN,

AR 18 o) @ B AR AEE X, v(D) > r = v(P). 4if Lk CIEATERX (D) < v(D,,) < v(P), BRI

&
v(D) = v(D,,) = v(P).
PRI, Ao X 18 (D) (R AR, MEXHE I A(D, ) I O

I 3.1 ke RFE(P) B—ME, & RS { fr - k € Ny Hl 2 conical (WEHP), 261F, W
(1) AHERE (D) FERMBLEN = (A1, A2, .. ), Ao, fHFF
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fo(Z) = inf (fo +§)\kfk + )‘oofoo) . (3.8)

kEN,
B0, (D) WAL SR, DR TR ez IR, B B RMATh & AF AT

)\kfk(a?) =0, Vk € N+ @) {OO} (39)

(i) AHERm = 0,1,..., SHBEE(D,,) FFERAM, Ao, .. ), 1573

fo(z) = inf (waAkfw Z Akfk> (3.10)

k=m+1

e, XA E(D,,) KSR, FR TH RS e AIE], BER > HAMA S S A AL
)\kfk(d_?) =0, Vk=1,...,m. (3.11)

Proof. FAANS5EIEE 30 5o e PR 3. 100 B4k, FiuE I sE 3
HTz e X ZJE M E(P) MR, YoHERE e Ny B f(z) <0, H

foo(Z) = limsup fr(Z) <O0.

k——+o00

B(A1, A2, ... ) €04, Ao € Ry RXSEFE (D) H—HE AL, 456 0(3.8) 15

keNy

B
keNy
BB € 0, Moo € Ry, HEE—T0N, f,(ZT) <0, Ao foo(Z) <0, RILHAE

Arfi(@) =0, Vk €N, U{oo},

[E] i 20 (3.8) I A S AE T ALHL ).
[FBE, Xm = 0,1,..., H(\i, Ag,...) € £° RXMBREE(D,,) MFEM, 45K (3.10)8

m +oo
fo®) < fo@) + D Mfe@ + Y S (@)

k=m++1

RAGESS
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m +oo
Do Mfu(@ 4+ Y NS (@) =0
k=1

k=m-+1

MHHE=m+1,m+2,..., ;7 (Z) = max{fx(z),0} =0, T2&
Z)\kfk(fl_?) > 0.
k=1

Atk =1,....,m, B, € €2, fir(Z) <0, B fr(Z) < 0. BRALFTTH
)\kfk(.’i‘):(), k‘:1,...,m,

H(3.10) T T ALz AR O

4. TR IERR B &= 01 S5

EH 4.1 Wz ZJE S (P) FIRIME. & RG{fr : k € NLH#Z conical (WEHP), 264F, HXS
(D) FFAERMMN = (M1, A, .. ), Moo, WAL FIBPISRIEA:

(i) f BB fr (B € Ny U{oo}) 77 MIZEARIAN FES HA T,
(i) BREOR{f, Mefu | k€ Ny U {oo}} fET HIZEARIRAN — R 2 IELE,
VU EL A 5t 26 A1 BROL.

HXMERe > OMME R IR HM, SAFETEEHN > M, VLS, € B(z,e) (k=0,1,...,n),
Too € B(Z,¢), 1113

F@o) + D Mefu(@r) + Ao foo (To0) < fo(@),

k=1
0 € 0f (o) + > MeOfu(@r) + Ao foo (o) + EBx. (4.1)
k=1
HRZI5E X (k € N, U {oo} )it
)\kafk(ﬂfk) = Ndomfk. (xk)

Proof. B &5 AF (1) A (1) B R(D) FI—HEN = (A, Aay...) € 4, Ao € Ry MRAEHERS.L, 2
FERES + 2 Mefe + Moo foo TEX RIS JEMR/N AT, H I AMA TS AR BT

k‘GN+
5 #2.2 , MAEEe > 0 fIM > 0, fFfEn € N, K, € B(z,e) (k = 0,1,...,n) ,
Too € B(Z,¢), [fifdn > M H
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f(wo) + ZAkfk ) + Ao foo (To0) — ZAkfk — Ao foo(T) <0,

k=1

0 € df(xo) + Z MO (1) 4+ Ao foo (Too) + eBx-.

k=1

F@o) + D Mefu(@r) + Ao foo (o) < f(2),

k=1

0 € f (o) Zxkafk 1) + AooOf oo (Too) + €Bx-.

k=1

EIR 4.2 Wz AR FE(P) KM #HRGE{fr : k € Ny H# A conical (WEHP), 51, HAF
TEAE SR m, SRR F (D, ) FAIERMMN = (A1, Ao, ... ) € €55, i T IR 4% 251

Q) £~ Nefe (k=1,....m), \efi (k=m—+1,m+2,...) fEx FIFEALIN T ELL,

(i) BRBEE{f, Mfe (k=1,....m), \efid (k=m+1,...)} iz MFESBILA — R PiE4E,
JUJE 43 LA M Bt 2% AL BT

HEXAERe > 0, R LM > m FIEBHEM, SAFEEEESY > M, L& Sr €
B(z,e) (k=0,1,...,n), {5

3 Nefelen) + D it (@) < f(2),

k=m+1
n

0 € 0f(wo) + > MeOfu(wr) + Y Medfif (wr) + eBx-. (4.2)

k=1 k=m+1
Hf2e N, =0 (k € Ny )
)\kafk(xk) = )\k(()f,j(xk) = Ndomfk (xk)

Proof. I A AEG)AIGE) MR 194N = O, de, ). BIRHES3.1, 2 REHS +
wa Z MNefETEX BIIA RN, LAY FAMA TSR R, X b3 bR $OS FH 5] 52,2,

k=m+1

Eﬂ Tﬁiﬂﬁﬁ%'%é‘é
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