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Abstract

By virtue of the epigraph method of conjugates, this paper introduces new constrain-

t qualification conditions, characterizes Lagrange strong duality between the infinite
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convex optimization problem and its dual problem, derives complementary slackness

conditions and approximate optimality conditions, and generalizes the existing con-

clusions related to duality in convex optimization.
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1. Úó

b�X � Banach�m, T �?¿���I8, N�f, ft : X → R∞ := R ∪ {+∞} þ��mX
þ�ýàe�ëY¼ê, �Ä±eÃ�à`z¯K

(P )
inf f(x),

s.t. ft(x) ≤ 0 ∀t ∈ T.

da¯K9ÙéónØ3¼ê%C, ó§, ²L�+�þk­�A^, Ï
��É�2�Æö

��'5(ëw© [1–8]). ��I8T �k�8�, Zalinescu 3© [9]¥ÏLd4A^�, ïá


Lagrangeréó, Correa�<3© [10] ïÄ
k�à`z�éónØ��`5^�. ��I8T

�Ã�8�, Dinh�<3© [11] [12] òréónØí2��a;ëY�Ã�`z¯K, Fang�<

3© [13] [14]�éÛÜà�m¥Ãe�ëYb��àÃ�5y, JÑ#.�å5�^�, ©O�x


í2 FarkasÚn,r­½éó, KKT ^�9�.�KFéó¤á�¿�^�, fz
®knØ

�cJb�. AO�, Hantoute�<3© [15]¥, tµ
²;.�KFéó¦f, ïá
üa�#

Lagrangeéó¯K, ¿ÏL Slater^�ïá
réó5½n.

Éþã©zéu, �©òUYïÄÃ�à`z¯K, ÏLÚ\#��å5�^�, �xÃ�à`

z¯K�éó¯K�m� Lagrangeréó, ¿í�ÑpÖtµ^�. ��(Ü��e�ëY�g�

©5�, ïá
Cq�`5^�. du#��å5�^�ÃIe�ëY�cJb�, Ïd, �©fz


© [15]�^�, U?
© [15]¥réónØ��'(J.

2. PÒ�½Â

�X � Banach �m, X∗ ´ÙÿÀéó�m, 〈x∗, x〉 L«�¼x∗ ∈ X∗ 3x ∈ X ?�
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�, =〈x∗, x〉 = x∗(x). ‖x‖ L«��x ∈ X ��ê, ?�x, y ∈ X, d�êp��ål½Â

�d(x, y) = ‖x − y‖. �mX �mü ¥Ú4ü ¥P�BX , BX , �A/§ÿÀéó�mX∗ �m

ü ¥P�BX∗ , é?¿x ∈ X!δ > 0§PB(x, δ), B(x, δ)�±x �¥%!δ ��»�m¥�4¥.

PR∞ := R ∪ {+∞}. �©�½: 0 · (+∞) = +∞, (+∞)− (+∞) = +∞. �8(��eI)P�∅, ÷
vinf ∅R = +∞, sup ∅R+

= 0. é8ÜU ⊂ X, ·�^clU L«U �4�, diamUL«8ÜU��»,

=diamU := sup
x1,x2∈U

d(x1, x2). ?�Ú§eU ´X �àf8§KNU (u0) L«U 3u0 :�{I:

NU (u0) = {x∗ ∈ X∗ | 〈x∗, u− u0〉 ≤ 0, ∀u ∈ U}.

8ÜU �«5¼ê½Â�

δU (x) =

0, x ∈ U,

+∞, x /∈ U.

é*¿¢�¼êf : X → R∞, Ù½Â��þã©O�

dom f := {x ∈ X | f(x) < +∞}, epi f := {(x, µ) ∈ X × R | f(x) ≤ µ}.

e¼êf�þãepi f �48, K¡¼êf e�ëY. e¼êf�þãepi f�à8, K¡¼êf �à¼

ê. éx̄ ∈ dom f , f 3x̄ ?�g�©�

∂f(x̄) :=
{
x∗ ∈ X∗

∣∣ f(x)− f(x̄)− 〈x∗, x− x̄〉 ≥ 0, ∀x ∈ X
}
.

�ε ≥ 0, 8Ü

∂εf(x̄) :=
{
x∗ ∈ X∗

∣∣ f(x)− f(x̄)− 〈x∗, x− x̄〉+ ε ≥ 0, ∀x ∈ X
}

¡�f 3x̄ ?�ε-g�©.

�T�?¿���I8(�±´Ã�8, Ø�ê8), 8ÜT��Nk�f8�¤�xP�

F(T ) := {S ⊂ T | |S| <∞},

Ù¥|S| L«8ÜS �Äê. 3f8�¹ Se, F(T ) �¤½�8. �½�x¼ê{ft}t∈T§·�Ú
\© [16]�Ã¡Ú: (∑

t∈T

ft

)
(x) := lim sup

S↑T,|S|<∞

∑
t∈S

ft(x), x ∈ X. (2.1)

½Â 2.1 [16] �U ⊂ X �f8, T �?¿�I8, {ft}t∈T ´½Â3�mX þ�*¿¢�¼êx.
¡

ΛU
(
{ft}t∈T

)
:= lim inf

S↑T, |S|<∞
diam{xt}t∈S→0

inf
xt∈U (∀t∈S)

∑
t∈S

ft(xt), (2.2)

�¼êx38ÜU þ���e(..

DOI: 10.12677/aam.2026.159379 127 A^êÆ?Ð

https://doi.org/10.12677/aam.2026.159379


gW

½Â 2.2 [16] e¼êx{fi}i∈T ÷v

inf
U

∑
t∈T

ft ≤ ΛU
(
{ft}t∈T

)
, (2.3)

K¼êx38ÜU þ��e�ëY.

é?¿x ∈ X, 4�limS↑T, |S|<∞
∑

t∈S ft(x)�3, K{PT4��
∑
t∈T

ft. w,k

ΛU
(
{ft}t∈T

)
≤ inf

U

∑
t∈T

ft. (2.4)

Ïd, ª(2.3)�±��Ò.

Ún 2.1 [15] ¼êx{ft}t∈T 38ÜU þ��e�ëY, ��=�:

lim sup
S↑T, |S|<∞

(
inf
U

∑
t∈S

ft − ΛU
(
{ft}t∈S

))
≤ 0,

inf
U

∑
t∈T

ft ≤ lim inf
S↑T, |S|<∞

inf
U

∑
t∈S

ft.

Ún 2.2 [15] �x̄ ∈ dom
∑
t∈T

ft ´Ã¡Ú¼ê
∑
t∈T

ft �4�:. e�3~êδ > 0, ¦�é?

¿t ∈ T§ft �àe�ëY¼ê�3B(x̄, δ) þke., Ó�¼êx{ft}t∈T 3B(x̄, δ) þ��e�

ëY, Ké?¿ε > 0 ±9?¿k�f8S0 ∈ F(T ), �3k�f8S ∈ F(T ) ÷vS0 ⊂ S, ±9

:xt ∈ B(x̄, ε) (∀t ∈ S), ¦�eãüª¤á.∑
t∈S

(
ft(xt)− ft(x̄)

)
≤ 0, (2.5)

0 ∈
∑
t∈S

∂ft(xt) +BX∗ .

eT ´k�8, ª(2.5)�O���²;�/ª:

|ft(xt)− ft(x̄)| ≤ 0 (t ∈ T ).

3. Ã�à`z¯K�éó5

�Ä±eÃ�à`z¯K

(P )
inf f(x),

s.t. fk(x) ≤ 0 ∀k ∈ N+.
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Ù¥¼êfk : X → R∞´½Â3Xþ�ýà¼ê, N+´�N��ê8. P�1��

C := dom f0 ∩
{
x ∈ X | fk(x) ≤ 0, ∀k ∈ N+

}
6= ∅.

e¡Ú\© [15]¥�üa Lagrange¼ê, é?¿x ∈ X, �K¦fλ∞, λ1, λ2, · · · ∈ R+, ±9?

¿m = 0, 1, 2, . . . ,

L(x, λ, λ∞) := f(x) +
∑
k∈N+

λkfk(x) + λ∞f∞(x), (3.1)

Lm(x, λ) := f(x) +
m∑
k=1

λkfk(x) +
+∞∑

k=m+1

λkf
+
k (x). (3.2)

Ù¥λ = (λ1, λ2, . . . )§f
+
k := max{fk, 0} L«¼êfk ��Ü, λ∞f∞�Ã��I�åµee.�K

F¼êéA�Ã¡ìC�,�

f∞(x) := lim sup
k→∞

fk(x) (x ∈ X). (3.3)

�½�m = 0 �, ª(3.2) ¥�1��k�Ú���0. é?¿x ∈ X, j ∈ N+, Ã¡ÚPÒ½Â�

∑
k>j

λkfk(x) := lim sup
n→+∞

n∑
k=j+1

λkfk(x). (3.4)

�â Lagrange¼ê(3.1)Ú(3.2), �±���¯K(P ) �ü�éó¯K

(D) sup
λ∈`1+, λ∞∈R+

inf
x∈X

L(x, λ, λ∞),

(Dm) sup
λ∈`∞+

inf
x∈X

Lm(x, λ).

Ù¥

`1 =

{
λ = (λk)k∈N

∣∣∣∣λk ∈ R+,
∞∑
k=1

|λk| < +∞

}
,

`∞ =

{
λ = (λk)k∈N

∣∣∣∣λk ∈ R+, sup
k∈N+

|λk| < +∞

}
.

`1+§`∞+ ©O�L`
1§`∞ �mS¤k�K���¤�f8. Pv(D)Úv(Dm) ©O�éó¯

K(D)Ú(Dm) ��`�.

�ïÄÃ�à`z¯K�Ùéó¯K�m� Lagrangeéó, �©ÄkÚ\±e�å5�^�.

½Â 3.1 e

epi(f + δC)∗ =
⋃

(λ1,λ2,... )∈`1+
λ∞∈R+

epi

f +
∑
k∈N+

λkfk + λ∞f∞

∗ ,
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K¡XÚ{fk : k ∈ N+}÷v conical (WEHP)f ^�.

e¡�½nïá
¯K(P ), ¯K(D)Ú¯K(D)m�m�éX.

½n 3.1 ��¯K�`�v(P) > −∞. Ké?¿m = 0, 1, . . . , k

v(D) ≤ v(Dm) ≤ v(P). (3.5)

d	, eXÚ{fk : k ∈ N+}÷v conical (WEHP)f ^�, Kréó¤á, =v(D) = v(Dm)§�éó

¯K(D) �(Dm) þ�3�`). d�

v(P) = max
(λ1,λ2,... )∈`1+, λ∞∈R+

inf

f0 +
∑
k∈N+

λkfk + λ∞f∞


= sup

(λ1,λ2,... )∈`∞+
inf

(
f0 +

m∑
k=1

λkfk +
+∞∑

k=m+1

λkf
+
k

)
.

(3.6)

eλ = (λ1, λ2, . . . ) ∈ `1+§λ∞ ∈ R+´(D) ��`), K

λ̂ :=
(
λ1, . . . , λm, λm+1 + λ∞ + α, λm+2 + λ∞ + α, . . .

)
(3.7)

�(Dm) ��`), Ù¥eλ∞ > 0, Kα = 0. ��Kα = 1.

Proof. ª(3.5)¥�����Ø�ªg,¤á, yy²1��Ø�ª.

�λ = (λ1, λ2, . . . ) ∈ `1+, λ∞ ∈ R+Úλ̂ =
(
λ1, . . . , λm, λm+1 + λ∞+α, λm+2 + λ∞+α, . . .

)
£Ù

¥eλ∞ > 0, Kα = 0. ��Kα = 1¤, w,λ̂ ∈ `∞+ . ?�x ∈ dom f∞, eλ∞ = 0, K

L(x, λ, λ∞) ≤ f(x) +

m∑
k=1

λkfk(x) +

+∞∑
k=m+1

(λk + α)f+
k (x) = Lm(x, λ̂).

eλ∞ > 0, Ké?¿ε > 0, �3eIj > m ÷vf∞(x) < fj(x) + ε/λ∞, u´

λjfj(x) + λ∞f∞(x) < (λj + λ∞)fj(x) + ε.

ex /∈ dom f∞, Klim sup
k→+∞

fk(x) = +∞, Ïd

L(x, λ, λ∞) < f(x) +

m∑
k=1

λkfk(x) +
∑
k>m,
k 6=j

λkfk(x) + (λj + λ∞)fj(x) + ε

≤ f(x) +
m∑
k=1

λkfk(x) +
+∞∑

k=m+1

(λk + λ∞)f+
k (x) + ε

= Lm(x, λ̂) + ε.
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-ε ↓ 0, ��L(x, λ, λ∞) ≤ Lm(x, λ̂), l


Lm(x, λ̂) = f(x) +
m∑
k=1

λkfk(x) +
+∞∑

k=m+1

(λk + α+ λ∞)f+
k (x) = +∞.

nþn«�/, þkL(x, λ, λ∞) ≤ Lm(x, λ̂). dd�íÑv(D) ≤ v(Dm).

�e5y²�XÚ{fk : k ∈ N+}÷v conical (WEHP)f ^��, v(P ) ≤ v(D). Ø��v(P ) =

r ∈ R, d�¯K�`�½Â, é?¿x ∈ X, k

(
f + δC

)
(x) ≥ r, ∀x ∈ X.

Ïd

(0,−r) ∈ epi
(
f + δC

)∗
.

dux{fk : k ∈ N+; f∞}÷v conical (WEHP)f ^�, k

epi
(
f + δC

)∗
=

⋃
(λ1,λ2,... )∈`1+

λ∞∈R+

epi

f +
∑
k∈N+

λkfk + λ∞f∞

∗ .
u´�3�|¦fλ = (λ1, λ2, . . . ) ∈ `1+, λ∞ ∈ R+, ¦�

(0,−r) ∈ epi

f +
∑
k∈N+

λkfk + λ∞f∞

∗ .
�âþã½Â, �Ý¼ê÷v f +

∑
k∈N+

λkfk + λ∞f∞

∗ (0) ≤ −r.

2d�Ý¼ê½Â��

inf
x∈X

f(x) +
∑
k∈N+

λkfk(x) + λ∞f∞(x)

 ≥ r.
�âéó¯K�`�½Â, v(D) ≥ r = v(P ). (Üþã®yØ�ªóv(D) ≤ v(Dm) ≤ v(P ), éá

�

v(D) = v(Dm) = v(P ).

Ïdλ, λ∞´éó¯K(D) ��`). λ̂´éó¯K(Dm) ��`).

íØ 3.1 b�x ´¯K(P ) ���), eXÚ{fk : k ∈ N+}÷v conical (WEHP)f ^�, K

(i) éó¯K(D) �3�`)λ = (λ1, λ2, . . . ), λ∞,¦�
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f0(x̄) = inf

f0 +
∑
k∈N+

λkfk + λ∞f∞

 . (3.8)

?�Ú, é¯K(D) �?¿�`), þãe(.þ�3x̄ ?��, �pÖtµ^�¤á:

λkfk(x̄) = 0, ∀k ∈ N+ ∪ {∞}. (3.9)

(ii) é?¿m = 0, 1, . . . , éó¯K(Dm) �3�`)(λ1, λ2, . . . ), ¦�

f0(x̄) = inf

(
f0 +

m∑
k=1

λkfk +
+∞∑

k=m+1

λkf
+
k

)
. (3.10)

?�Ú, é¯K(Dm) �?¿�`), þãe(.þ�3x̄ ?��, �Ü©pÖtµ^�¤á:

λkfk(x̄) = 0, ∀k = 1, . . . ,m. (3.11)

Proof. ü�(Ø�1�Ü©þ�½n 3.1���íØ, e¡y²1�Ü©.

dux̄ ∈ X ´�¯K(P ) ��`), �é?¿k ∈ N+ kfk(x̄) ≤ 0, �

f∞(x̄) = lim sup
k→+∞

fk(x̄) ≤ 0.

�(λ1, λ2, . . . ) ∈ `1+, λ∞ ∈ R+ ´éó¯K(D) ��|�`), (Üª(3.8)��

f0(x̄) ≤ f0(x̄) +
∑
k∈N+

λkfk(x̄) + λ∞f∞(x̄),

�n� ∑
k∈N+

λkfk(x̄) + λ∞f∞(x̄) ≥ 0.

(Üλk ∈ `1+, λ∞ ∈ R+, �z��λkfk(x̄) ≤ 0, λ∞f∞(x̄) ≤ 0, Ïd�U

λkfk(x̄) = 0, ∀k ∈ N+ ∪ {∞},

Ó�ª(3.8)¥�e(.3x̄ ?��.

Ón, ém = 0, 1, . . . , e(λ1, λ2, . . . ) ∈ `∞+ ´éó¯K(Dm) ��`), (Üª(3.10)k

f0(x̄) ≤ f0(x̄) +
m∑
k=1

λkfk(x̄) +

+∞∑
k=m+1

λkf
+
k (x̄),

z{�
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m∑
k=1

λkfk(x̄) +
+∞∑

k=m+1

λkf
+
k (x̄) ≥ 0.

é¤kk = m+ 1,m+ 2, . . . , f+
k (x̄) = max{fk(x̄), 0} = 0, u´

m∑
k=1

λkfk(x̄) ≥ 0.


ék = 1, . . . ,m, kλk ∈ `∞+ , fk(x̄) ≤ 0, �λkfk(x̄) ≤ 0. éá��

λkfk(x̄) = 0, k = 1, . . . ,m,

�ª(3.10)¥�e(.3x̄ ?��.

4. Ã�à`z¯K��`5^�

½n 4.1 �x̄ ´�¯K(P ) ��`). eXÚ{fk : k ∈ N+}÷v conical (WEHP)f ^�, �é

ó¯K(D) �3�`)λ = (λ1, λ2, . . . ), λ∞, ÷veãü^^�:

(i) f ±9λkfk (k ∈ N+ ∪ {∞}) 3x̄ �,��Se�ëY�ke.,

(ii) ¼êx{f, λkfk | k ∈ N+ ∪ {∞}} 3x̄ �,��S��e�ëY,

KpÖtµ^�¤á.

�é?¿ε > 0Ú?¿��êM , o�3��ên > M , ±9:xk ∈ B(x̄, ε) (k = 0, 1, . . . , n),

x∞ ∈ B(x̄, ε), ¦�

f(x0) +

n∑
k=1

λkfk(xk) + λ∞f∞(x∞) ≤ f0(x̄),

0 ∈ ∂f(x0) +

n∑
k=1

λk∂fk(xk) + λ∞∂f∞(x∞) + εBX∗ . (4.1)

Ù¥�½�(k ∈ N+ ∪ {∞})�
λk∂fk(xk) = Ndom fk(xk).

Proof. �÷v^�(i)Ú(ii) �¯K(D) ��|)λ = (λ1, λ2, . . . ) ∈ `1+, λ∞ ∈ R+. �âíØ3.1, x̄

´¼êf +
∑
k∈N+

λkfk + λ∞f∞ 3X þ��Û4�:, �pÖtµ^�¤á.

dÚn2.2 , é?¿ε > 0 ÚM > 0, �3n ∈ N+, 9:xk ∈ B(x̄, ε) (k = 0, 1, . . . , n) ,

x∞ ∈ B(x̄, ε), ¦�n > M �
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f(x0) +
n∑
k=1

λkfk(xk) + λ∞f∞(x∞)− f0(x̄)−
n∑
k=1

λkfk(x̄)− λ∞f∞(x̄) ≤ 0,

0 ∈ ∂f(x0) +
n∑
k=1

λk∂fk(xk) + λ∞∂f∞(x∞) + εBX∗ .

=

f(x0) +
n∑
k=1

λkfk(xk) + λ∞f∞(x∞) ≤ f(x̄),

0 ∈ ∂f(x0) +
n∑
k=1

λk∂fk(xk) + λ∞∂f∞(x∞) + εBX∗ .

½n 4.2 �x̄ ´�¯K(P ) ��`). eXÚ{fk : k ∈ N+}÷v conical (WEHP)f ^�, ��

3�K�êm, ¦�éó¯K(Dm) �3�`)λ = (λ1, λ2, . . . ) ∈ `∞+ , ÷veãü^^�:

(i) f!λkfk (k = 1, . . . ,m), λkf
+
k (k = m+ 1,m+ 2, . . . ) 3x̄ �,��Se�ëY,

(ii) ¼ê8
{
f, λkfk (k = 1, . . . ,m), λkf

+
k (k = m+ 1, . . . )

}
3x̄ �,��S��e�ëY,

KÜ©pÖtµ^�¤á.

¿�é?¿ε > 0, ?¿÷vM > m ���êM , o�3��ên > M , ±9:xk ∈
B(x̄, ε) (k = 0, 1, . . . , n), ¦�

f(x0) +

m∑
k=1

λkfk(xk) +

n∑
k=m+1

λkf
+
k (xk) ≤ f(x̄),

0 ∈ ∂f(x0) +

m∑
k=1

λk∂fk(xk) +

n∑
k=m+1

λk∂f
+
k (xk) + εBX∗ . (4.2)

Ù¥�½�λk = 0 (k ∈ N+)�K

λk∂fk(xk) = λk∂f
+
k (xk) = Ndom fk(xk).

Proof. �÷v^�(i)Ú(ii) �¯K(Dm) ��|)λ = (λ1, λ2, . . . ). �âíØ3.1, x̄ ´¼êf +
m∑
k=1

λkfk +
+∞∑

k=m+1

λkf
+
k 3X þ��Û4�:, �Ü©pÖtµ^�¤á. éþã¼êA^Ún2.2,

=���¤I(Ø.
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