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Abstract

Taking the fundamental quadratic inequality over real numbers as the starting point,
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this paper rigorously generalizes it to the class of complex normal matrices. Based on
the spectral decomposition theorem and the unitary invariance of the Frobenius norm,
we systematically establish a series of inequalities including trace inequalities, single-
matrix norm inequalities, generalized product-type inequalities, weighted inequalities
and sum inequalities for multiple matrices, which constructs a complete generalization

framework.
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1. 5|5

AEXRSHT. B MR KFFECANZOLA 1) BT ZNHETERETRE. F908,
PLERe2 2], JEREA SRR M O AN A (1,2 5 SBROAEIRTH R FEA S, A
ERSIVETEEINEE S G LR

FENBUR AR - JURTMEASEHE R B AR EHA S [1]; Bhatia5] AMEEFERE 57 B
i [2]; Ando# 7 Young AFE AR [3]; Sababhehiff — P44k [4]. Frobeniusyi £ K A
L Gt VIBE S, B0 TR R B EEVEE [5-7).

DA T 2 RAEEZE. Young AN SR [8-12], Atk = ANSE U R GG FEHE S D
ALV ZIRIEAATFEANIAL, Xnb &7 LRSS 2 2 R8T, B 1ESCHR [13] R3S
G, FEIEIR R,

2. Fi&ER

ENX2.1 (GEFETERD). A e Com, 2| - || pith s
1 3ERM: A#0 = [|A]lp>0; A=0 < [|A]|r =0;
2. FRM: Yk eC, |[kA|r = k|| Al r;
3. ZAXRFX: A+ B|r < ||Allr + |1Bllr:
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4. Rixtast: |AB|p < || Al p|Bllr

W[ - || p A Crxm b8 F2 582K
ENX 2.2 (Frobeniusiti%y).

1Al F = Z Jaij |? = Vir(ATA) = | 3~ o?(A)
i=1

FARERFEE, Mo (A) =|N(A)], BP

1AIE = | D Nl
i=1

ENX2.3 (IEMAERE). FATA = AAT, WATHAL:
A =Udiag(\y,...,\)U?, UPU =1.
313E2.1. FrobeniusTe A B AR LR K: VEH#EEU,V, (|[UAV|r = |Al|lp, Hi#ZAEIFEHN

2 (1,7,

3. ERLEIL

513E3.1 (AN, M EE e, FAFEHL, A
22+t > 2Vt |zl

TEBR . ORE A Ty A5 2
22— 2\/E|x\ 4+t= <|x] — \/;f) .

Hb&iﬁ(iFﬁEl’HEﬁ e, (| — \/E)2 > O EEr € Ryt > 0fERL, IS HE AR, 4 HAY
Mz = SRR, O

EIE3.1 (IEMHFIEAEN). 2A € C A EHLERE, ¢ >0, W
tr(A2 +tI) > 2v/t|tr A|.

IEBA. HIERUAEREIS i, WARIRHIEE AN, Ae, oo s Ay WIAZ + tTHVRFIEEAN? + to
AL AR 5E -

n

tr(A®+tI) =Y (A7 +1), trA= Z)\

i=1
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XHRFAMRIEE, 5] B3 15 B A RS

Mt > 2Vt |\

Xti=1,..., niRZIK A

n

S0 +0) > 2ViY Al

i=1

H 2B =M AER:

n

SN = Do N| =t Al
=1 =1
RS E B A
tr(A2 +tI) > 2v/t|tr A|.
O
EIE3.2 (A EFrobeniusii A% ). & A € Cn A EMFERE, ¢ >0, N
|A? +tI||p = ||2VE A .
IER. HIERUERE X ML, FAET R MU S
A =Udiag(\y,..., \)U™.
THEA
A? 4 tI = Udiag(\3 +t,...,\2 + t)U".
FH Frobenius i £ P4 AR
1A%+ tT]|p = | Y N2 +12, [2VEAllR = | D 12VEN
=1 i=1
FHEIEES. 1, |A2 +¢] > |2v/EN], “FI7 RANFHFF 5 B O

EIE3.3 (TR JEHAERN). %A, X e C"H EMFERE, t>0, N
|A’X +tX|p > |2Vt AX||p.

IR, ZEMEREUART: A2X +tX = (A2 +tD)X.
SFABXS A = UNUH, WA% 4t = UN +tD U, RS

(A2 4+t X =U(N* +tHUP X,
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HEAZYE, 4B=U"X,

(A% +tDX = DN+ t]2[by]2.

%]

[F B U
I2VIAX |7 = D 12VEN by 12
4,7
HIAZ +£[2 > [2VEN[2H by |2 > 0, BIRAEAHSLEF, BURAGAMAL. 0

EIE3.4 (NSHUMBGEEAER). ZA € CV A EHIERE, t),t, >0, N
t1 A% + toI|| > 2tk | All .

B, HUSHRAAER: t2® + 1ty > 20|
'f—E)\q%FﬁE{E'/fﬂE‘tl‘)\zP + t2 2 2\/t1t2|)\i|o

FH P AN AR -
[t A% + taI)|p = | D [0A2 + 122, JAllr = | D 1Al
=1 =1

5 SR G T 7 BNE. O

o

EIE3.5 (ZHFEMATEHAEN). A, .. A, € CUP AR EAIER, ¢ >0, A

m

>4,

k=1

D IAR +t||r > 2V
k=1

F

B, BT EE3.2, XSEANAH| AL+t F > 2V Ayl pe

Xk =1,...,mKAH:
SOAR +tlr = 2VE Y [ Axllr.
k=1 k=1
HFrobenius{i B = AANERXY || Axllr > || 2 Axllpr BEZRNIE. O

4. HEFEH
B TR

A 0.6525 0.7404 ¥ — 0.6592 0.3489
0.0867 0.4179]|° 0.4808 0.7261]

DOI: 10.12677/aam.2026.159375 85 I FH#e e t J


https://doi.org/10.12677/aam.2026.159375

i

48

Sl =0, 1,2, 3, 47 5 Frobeniusii 8, FrA 45 R340 & e #3.1 - 3.5.
5. 518

ASCOASEHOIE B —IRA SOV A R L, RGE T — M hn A S QR A 2 501
SEREHE T AR U I A 1) R A SR FOE I R R Ve B AN R FESRAR S R B A
FA BRERBIMBAER, YA AEE M 2RSSR A TERET, F5h
JE S TR Al SRR R N R SR, B IR T AN A b LR R A 1) e Al
RS RSBl v E’M‘%UIE%% BRI > i e B, PG AR VE O B DL GBI BOR, # IR
—ODHER M, AR 4SRRI PTRLUR AT H RN T AR IS B R A, RMESh I RS
AR E A E U&I%ﬁ%ﬁﬁ%ﬁ/zﬁﬁmié%ﬁﬁ Ao

EEUlH

A K R AE BT IZRI H (dxsex2025391).
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