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Abstract

Taking the fundamental quadratic inequality over real numbers as the starting point,
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this paper rigorously generalizes it to the class of complex normal matrices. Based on

the spectral decomposition theorem and the unitary invariance of the Frobenius norm,

we systematically establish a series of inequalities including trace inequalities, single-

matrix norm inequalities, generalized product-type inequalities, weighted inequalities

and sum inequalities for multiple matrices, which constructs a complete generalization

framework.
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1. Úó

Ø�ª´©Û!$Ê!VÇ!²LêÆ�Ø%óä [1]"Ý
2�A^uê�O�!&Ò?n!

ÅìÆS§Ý
Ø�ª´Ý
Ø�Ø%ïÄSN [1, 2]"ò¢êØ�ªJ,�Ý
Ø�ª§´Ä:

êÆ�A^êÆ�­�����"

É,�ò�âõAÛþ�Ø�ªí2�Ý
jØC�êØ�ª [1]¶BhatiaÚ\?¿Ý
�¤

ÿÐ [2]¶AndoïáYoungØ�ª�Ý
/ª [3]¶Sababheh?�Ú[z [4]"Frobenius�êÏjØ

C!´O�!Ôn¿Â²(§�2�^uÝ
Ýþ��{µ� [5–7]"

ykïÄõà�þ�a!Young.Ø�ª [8–12]§éÄ:�gØ�ª�XÚzÝ
í2��"

�©±�gÄ�Ø�ª�Ä:§én�E��5Ý
�Ñõ�?î�í2§?�©z [13]¥�í�

Õ¦§´Ly²NX"

2. ý��£

½Â2.1 (Ý
�ê). éA ∈ Cn×n§e‖ · ‖F÷vµ

1. �K5µA 6= 0 =⇒ ‖A‖F > 0¶A = 0 ⇐⇒ ‖A‖F = 0¶

2. àg5µ∀k ∈ C§‖kA‖F = |k|‖A‖F¶

3. n�Ø�ªµ‖A+B‖F ≤ ‖A‖F + ‖B‖F¶
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4. ¦{�N5µ‖AB‖F ≤ ‖A‖F‖B‖F"

K‖ · ‖F�Cn×nþ�Ý
�ê"

½Â2.2 (Frobenius�ê).

‖A‖F =

√∑
i,j

|aij |2 =
√

tr(AHA) =

√√√√ n∑
i=1

σ2
i (A)

eA����555ÝÝÝ


§Kσi(A) = |λi(A)|§=

‖A‖F =

√√√√ n∑
i=1

|λi|2.

½Â2.3 (�5Ý
). eAHA = AAH§KA�jé�zµ

A = U diag(λ1, . . . , λn)UH , UHU = I.

Ún2.1. Frobenius�ê´jjjØØØCCC���êêêµ∀jÝ
U, V§‖UAV ‖F = ‖A‖F§�÷v�Ü�êú
n [1, 7]"

3. Ì�(Ø

Ún3.1 (¢êØ�ª). é?¿¢êx!�K¢êt§k

x2 + t ≥ 2
√
t |x|.

y². ò�ý���

x2 − 2
√
t|x|+ t =

(
|x| −

√
t
)2
.

d¢ê²���K5§
(
|x| −

√
t
)2 ≥ 0é?¿x ∈ R! t ≥ 0ð¤á§£�=��Ø�ª"��=

�|x| =
√
t��Ò¤á"

½n3.1 (�5Ý
,Ø�ª). �A ∈ Cn×n��5Ý
§t ≥ 0§K

tr(A2 + tI) ≥ 2
√
t | trA|.

y². d�5Ý
Ì©)§�A�A���λ1, λ2, . . . , λn§KA
2 + tI�A���λ2

i + t"

d,�½Âµ

tr(A2 + tI) =

n∑
i=1

(λ2
i + t), trA =

n∑
i=1

λi.
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éz�A��§dÚn3.1�Å�Ø�ªµ

λ2
i + t ≥ 2

√
t |λi|.

éi = 1, . . . , nÅ�¦Úµ
n∑

i=1

(λ2
i + t) ≥ 2

√
t

n∑
i=1

|λi|.

dEên�Ø�ªµ
n∑

i=1

|λi| ≥

∣∣∣∣∣
n∑

i=1

λi

∣∣∣∣∣ = | trA|.

éá� =�

tr(A2 + tI) ≥ 2
√
t | trA|.

½n3.2 (üÝ
Frobenius�êØ�ª). �A ∈ Cn×n��5Ý
§t ≥ 0§K

‖A2 + tI‖F ≥ ‖2
√
t A‖F .

y². d�5Ý
jé�z§�3jÝ
U¦�

A = U diag(λ1, . . . , λn)UH .

O��

A2 + tI = U diag(λ2
1 + t, . . . , λ2

n + t)UH .

dFrobenius�êjØC5µ

‖A2 + tI‖F =

√√√√ n∑
i=1

|λ2
i + t|2, ‖2

√
tA‖F =

√√√√ n∑
i=1

|2
√
tλi|2.

dÚn3.1§|λ2
i + t| ≥ |2

√
tλi|§²�¦Ú¿m�=y"

½n3.3 (¦È.2Â�êØ�ª). �A,X ∈ Cn×n��5Ý
§t ≥ 0§K

‖A2X + tX‖F ≥ ‖2
√
t AX‖F .

y². �ýJ�úÏfµA2X + tX = (A2 + tI)X"

éAjé�zA = UΛUH§KA2 + tI = U(Λ2 + tI)UH§�\�

(A2 + tI)X = U(Λ2 + tI)UHX.
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djØC5§-B = UHX§K

‖(A2 + tI)X‖F =

√∑
i,j

|λ2
i + t|2|bij |2.

Ónmýµ

‖2
√
tAX‖F =

√∑
i,j

|2
√
tλi|2|bij |2.

d|λ2
i + t|2 ≥ |2

√
tλi|2�|bij |2 ≥ 0§Å�¦Ú�Ø�Ò�±§��Ø�ª¤á"

½n3.4 (Vëê\��êØ�ª). �A ∈ Cn×n��5Ý
§t1, t2 ≥ 0§K

‖t1A2 + t2I‖F ≥ 2
√
t1t2 ‖A‖F .

y². dVëêÄ�Ø�ªµt1x
2 + t2 ≥ 2

√
t1t2|x|"

�\A���t1|λi|2 + t2 ≥ 2
√
t1t2|λi|"

djØC5µ

‖t1A2 + t2I‖F =

√√√√ n∑
i=1

|t1λ2
i + t2|2, ‖A‖F =

√√√√ n∑
i=1

|λi|2.

²�¦Ú�m�=y"

½n3.5 (õÝ
Úª�êØ�ª). �A1, . . . , Am ∈ Cn×n�Ó��5Ý
§t ≥ 0§K

m∑
k=1

‖A2
k + tI‖F ≥ 2

√
t

∥∥∥∥∥
m∑

k=1

Ak

∥∥∥∥∥
F

.

y². d½n3.2§éz�Akk‖A2
k + tI‖F ≥ 2

√
t‖Ak‖F"

ék = 1, . . . ,m¦Úµ
m∑

k=1

‖A2
k + tI‖F ≥ 2

√
t

m∑
k=1

‖Ak‖F .

dFrobenius�ên�Ø�ª
∑
‖Ak‖F ≥ ‖

∑
Ak‖F§éá=y"

4. ê��~

����5Ý


A =

[
0.6525 0.7404

0.0867 0.4179

]
, X =

[
0.6592 0.3489

0.4808 0.7261

]
.
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©O�t = 0, 1, 2, 3, 4O�Frobenius�ê§¤k(Jþ÷v½n3.1õ3.5.
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