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Ü�

Abstract

A leaf of a tree is a vertex of degree one and a branch vertex of a tree is a vertex

of degree at least three. Hanh conjectured that for any nonnegative integer k, every

connected claw-free graph of order n with σ2k+3(G) ≥ n− 2 contains a spanning tree T

with |B(T )|+ |L(T )| ≤ 2k + 3 and proved that the conjecture holds when k = 1. In this

paper, we show that every n-vertex connected claw-free graph G with σ6(G) ≥ n − 2

contains a spanning tree with at most six leaves and branch vertices in total. Moreover,

the degree sum condition is best possible.
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1. Úó

�©�?Ø{üã,{üãØ¹��­>.�ãG�º:8�V (G),>8�E(G).é?¿º:u ∈
V (G),©O^NG(u)�degG(u)L«º:u3ãG¥��:8ÜÚº:Ýê.G − uvL«3G¥í�
>uv ∈ E(G)����ã;eu, v´G¥�éØ��º:,KG + uvL«3ü:mV\>uv����

ã.é?¿º:f8X ⊆ V (G),|X|�L8ÜX����ê.G−XL«í�XS¤kº:±9ù
º
:'é��Ü>¤���ã,dº:8Xp��)�fãP�G[X].

eº:f8X ⊆ V (G)¥?¿ü�º:3ãGSþpØ��,K¡X�ãG�Õá8.é?¿��

êk,�Xe½Â:

σk(G) = min

{
k∑

i=1

degG(vi)

∣∣∣∣ {v1, . . . , vk}�G�Õá8
}
.

�T���ä.Ýê�1�º:¡�äT��f,Ýê���3�º:¡�äT�©|º:.©O

^L(T )�B(T )L«äT��f8ÜÚ©|º:8Ü. éu�©¥�½Â�â��PÒ,�ë�©
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Ü�

z [1] Ú©z [2].

½Â1. äT¥?¿ü�º:u, v�mk�=k�^´�ë,T´P�uTv.·�ò8ÜST =⋃
u,v∈B(T )

uTv¡�äT�SÜfä.

½Â2. �T�ãG���)¤ä,v ∈ V (T )§e ∈ E(T ).P>eþ��º:v�ý�'éº:

�ev,äTS>þålv���'éº:�g(e, v).evg(e, v) ∈ E(G),K¡v´>e�éu)¤äT�Û

�:.

½Â3. �T�ãG���)¤ä.e�3>e ∈ E(T ),¦�ü�º:Ó�>e'uT�Û�:,K¡

ùü�º:�éuT���.Ón,e��º:8ÜS?¿ü:�éuTþØ���,K¡Tº:8Ü

�éuT�Õá.

½Â4. é?¿x ∈ L(T ),läT ¥£Ø´»xTbx,ò¤�ãP�H.d�H ´��ä,¿�L(T ) ⊆
B(T ).ùpH = ST �äT �SÜfä.·�¡H ��f�äT �	�©|º:.

�t���ê,e��ãØ±K1,t��p�fã,K¡Tã�ÃK1,tã.ÃK1,3ã¡�Ã9ã.·�

^KnL«n���ã.

y3kNõ¤J�7ÃK1,4ã�Ã9ã¥�f½©|º:êþ���)¤ä��35Ðmï

Ä.éuëÏÃK1,4ã,Kyaw��
Xeü�(Ø.3©z [2]¥¦�y
:?¿n�ëÏÃK1,4ãG÷

vσ4(G) ≥ n − 1�,G7�3�fêØ�L3�)¤ä.,	,¦3©z [3]¥y²:?¿n�ëÏ

ÃK1,4ãG,3σ3(G) ≥ n�^�e�3M�î´;éu÷vm ≥ 3��êm,^�σm+1(G) ≥ n− m

2
�

�yG�3�fê�õ�m�)¤ä.©z [4]¥,Kano�<y²:é?¿�K�êk,en�ëÏÃ

9ãG÷vσk+3(G) ≥ n − k − 2,KG�3���fêØ�Lk + 2�)¤ä.Gould�Shull3©

z [5]¥�Ñ:é?¿�K�êk,en�ëÏÃ9ãG÷vσ2k+3(G) ≥ n − 2,KGk©|º:êØ�

Lk�)¤ä.Äuk')¤ä�fêþ½©|º:êþ�®k(Øþ,®kÜ©¤JïÄãä

��f�©|º:�Úk.�)¤ä�35¯K.©z [6]¥,Hay²:�m, k�ü��K�ê�÷

vm ≤ k + 1, en �ëÏÃK1,4ãG÷vσm+2(G) ≥ n − k,KG�3��)¤ä,Ù�f�©|

º:oêØ�Lm + k + 2.Pham Hoang Ha�Nguyen Hoang Trang3©z[7]¥y²:en�ëÏ

ÃK1,5ãG÷vσ4(G) ≥ n − 1,KG�3��)¤ä,§��fÚ©|º:oê�õ�5.Hanh3©

z[8]¥JÑß�:é?¿�K�êk,÷vσ2k+3(G) ≥ n − 2�n �ëÏÃ9ã7�3)¤äT ,÷

v|B(T )|+ |L(T )| ≤ 2k + 3,¿�y²
�k = 1�Tß�¤á,l
��±e(J.

½n1.1. ( [8])�G´n�ëÏÃ9ã.eG÷vσ5(G) ≥ n − 2,KG�3)¤äT ,÷v|B(T )| +
|L(T )| ≤ 5.

�©?�ÚïÄëÏÃ9ã,�ÑëÏÃ9ã�3�f�©|º:oê�6�)¤ä�¿©^

�.=y²Xe½n.

½n1.2. �G´n�ëÏÃ9ã.eG÷vσ6(G) ≥ n − 2,KG�3)¤äT ,÷v|B(T )| +
|L(T )| ≤ 6.

�!���E��~f,±d`²½n¥�ÝÚ^�/σ6(G) ≥ n−20´;�.-D0, D1, D2, D3

�ãK2�o°��.éi = 1, 2, 3,�n�/Ti÷vV (Ti) = {xi, yi, zi}, òyi�Di�¤kº:ë

>,òx1�D0¤kº:ë>.�1 ≤ i ≤ 2�.ë�zi�xi+1.�ª�EÑ�ãG�Ã9ã.O��
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Ü�

�|V (G)| = 17 = n,�σ6(G) = n− 3,,
G Ø�3÷v|B(T )|+ |L(T )| ≤ 6�)¤äT .

2. ½n1.2�y²

�y²½n1.2,�!I�¦^e¡�ÚnÚØä.

Ún2.1( [8]). �T´��ä,KT��fê÷v:

|L(T )| =
∑

x∈B(T )

(degT (x)− 2) + 2.

Ún2.2( [8]). �T�ãG���)¤ä,eL(T )�Õá8,¿�L(T )�éuT�Õá.

dÚn^5�å�fº:���(�,üØ�f�m±9�f´»þ�õ{ë>,±d�y�©

Û�:½Â�äC�ö��Ün5.

½n1.2�G´n�ëÏÃ9ã.eG÷vσ6(G) ≥ n−2,KG�3)¤äT ,÷v|B(T )|+ |L(T )| ≤
6.

y²: �ãG÷v½n1.2�^�.é?¿s ∈ L(T ),À�bs ∈ B(T ),¦�(V (sTbs)\{bs})∩B(T ) =

∅.Pvs = NT (bs) ∩ V (sTbs),zb = NT (b) ∩ ST .�e ∈ E(G),X ⊆ V (G).eX¥�3��º:,Tº:´

>e'uT�Û�:,K¡>e38ÜXS¹kÛ�:.

b�GØ�3�fÚ©|º:oêØ�L6�)¤ä.À�G���)¤äT ,÷v:

(T1) |B(T )|+ |L(T )| ��;

(T2) 3^�(T1)¤á�Ä:þ,|ST | ��.

´�|B(T )|+ |L(T )| ≥ 7,�|B(T )| ≥ 1.

Ún2.3 ( [8]). �T´ãG���)¤ä,?�s, t ∈ L(T ),evsvt ∈ E(G),Ksbs /∈ E(G),tbt /∈
E(G).

dÚn�x
ü¡�f�éAº:��3�ã��,Kü¡�f�gØUë��é��féA

�©|º:,^5üØ�f�mª©|��	ë>.

Ún2.4 ( [8]). �T´ãG���)¤ä,é?¿s, t ∈ L(T ),¤ásvt /∈ E(G)�tvs /∈ E(G).

dÚn��
�fº:�,��f�´»º:�m�ë>,;�Ñy¬UC©|º:êþ�>.

Øä2.5 ( [8]). �T�ãG���)¤ä,Pzb = NT (b)∩ST .éuT�?�	�©|º:b,NT (b)\
{zb}S�zb���º:�õkdegT (b)− 3�.

�â©z [8]¥�Øy,���íÑØä2.5¤á.

Øä2.6 ( [8]). �T´ãG���)¤ä,zb = NT (b) ∩ ST .éuT�?¿	�©|º:b,NT (b) \
{zb}¥�3�é��º:.

�â©z [8]¥�Øy,���íÑØä2.6¤á.
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Ü�

du|B(T )|+|L(T )| ≥ 7,�|B(T )| ≥ 1.l©|º:êþ��\:,k��|B(T )| = 1§K|L(T )| ≥
6.�e5�Ä|B(T )| ≥ 2,K|L(T )| ≥ 5,3d©�|B(T )| ≥ 2 �|L(T )| ≥ 6¶|B(T )| = 2 �|L(T )| =
5ü«�¹,
|B(T )| = 1,½ö|B(T )| ≥ 2 þk|L(T )| ≥ 6,¤±üö�3�åy².�e5�

Ä|B(T )| = 3 K|L(T )| = 5,�´|B(T )| = 4 �|L(T )| = 5�ä´Ø�3�,Ïd½n1.2©¤n

«�¹y².�e5y²�¹1

�¹1. |B(T )| = 1,½ö|B(T )| ≥ 2 ¿�|L(T )| ≥ 6.

e|B(T )| = 1,Kk = |L(T )| ≥ 7 − |B(T )| = 6.-B(T ) = {b},L(T ) = {s1, s2, ..., sk}.Ï
�G[b, vs1 , vs2 , vs3 ]�Ã9ã,Ø���5,��vs1vs2 ∈ E(G).�âÚn2.3�Ún2.4��s1b, s2b /∈
E(G),�é?¿j ∈ {3, 4, ..., k},÷vsjvs1 , sjvs2 /∈ E(G).�>bvs1�bvs23L(T )¥þÃÛ�:.�X ⊆
L(T ) �|X| = 6,KX ´V (G) �Õá8,¿�>bvs1�bvs2 3X ¥þØ�3Û�:.

e|B(T )| ≥ 2�|L(T )| ≥ 6,dØä2.6,NT (p) \ {zp}¥�3ü�º:v, v′÷vvv′ ∈ E(G).(

Ü|B(T )| ≥ 2��T���3ü�	�©|º:,�p, q�T�ü�	�©|º:.�s, s′ ∈ L(T ) ÷
vbs = bs′ = p,vs = v,vs′ = v′.�âÚn2.3�Ún2.4��ps, ps′, sv′, s′v /∈ E(G),�é?¿t ∈
L(T ) \ {s, s′},Ñktv, tv′ /∈ E(G).dd,>pv�pv′ 3L(T )¥þÃÛ�:.�X ⊆ L(T ) �|X| = 6,KX

´V (G) �Õá8,¿�>pv�pv′ 3X ¥þØ�3Û�:.

é?¿v, x ∈ V (G)§vx ∈ E(G) �¿�^�´v �>xxv �Û�:,Ù¥xv = V (xTv) ∩
NT (x).Ïd,òv À�Û�:�T ¥>�êþ�uº:v 3ãG p�Ýê. dþãy²��,ãG¥�

3�����6��Õá8X,Ó�3E(T )¥�3ü^>,�ö3XSÑØ�3Û�:.(ÜX��Õ

á5±9ùü^>3X¥ÃÛ�:�5�,k

degG(X) =
∑
v∈X

∣∣{e ∈ E(T ) : v �e�Û�:}
∣∣ ≤ |E(T )| − 2.

u´íÑ

σ6(G) ≤ degG(X) ≤ |E(T )| − 2 = |V (T )| − 1− 2 = n− 3,

ù�½n1.2�K�^��¤gñ.

�e5y²�¹2 |B(T )| = 2 �|L(T )| = 5.�âØä2.5©ü«f�¹Ðmy²,ùü«f�

¹þ�ké�G���Õá8X,�e5y²X'uT�Õá.��3äT ¥é�ü^>,�ùü^>

3X ¥þØ�3Û�:,��æ^aq�¹1���y²,�Ñgñ.

�¹2. |B(T )| = 2 �|L(T )| = 5.

�âØä2.5,NT (b) \ {zb}�õk1�º:�zb ��,@okü«�¹NT (b) \ {zb} Svkº:
�zb ��½NT (b) \ {zb} ¥�3��º:�zb��.Ïd©ü«f�¹Ðmy².

f�¹1.NT (b) \ {zb} Svkº:�zb ��.

-L(T ) = {s1, s2, s3, s4, s5}.�B(T ) = {p, q},degT (p) = 3,degT (q) = 4,bs1 = bs2 = p,bs3 =

bs4 = bs5 = q.Pvi = vsi ,Ù¥i ∈ {1, 2, 3, 4, 5}.dØä2.5�Øä2.6��zpv1, zpv2, zqv3, zqv4, zqv5 /∈
E(G),�v1v2, v3v4, v4v5, v3v5 ∈ E(G).
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Ü�

é?¿j ∈ {3, 4, 5},eqsj ∈ E(G),�i ∈ {3, 4, 5}\{j},�EäT ′ = T +{psj , vivj}−{qvj , qvi},K
kB(T ′) = B(T ),L(T ′) = L(T ) \ {sj},l
|B(T ′)| = |B(T )|,|L(T ′)| < |L(T )|.ÏdT ′ ��
^
�(T1),u´qs3, qs4, qs5 /∈ E(G).Ón��ps3, ps4, ps5 /∈ E(G).

é?¿j ∈ {1, 2},eqsj ∈ E(G),�EäT ′ = T + qsj − pvj ,KkB(T ′) = B(T ) \ {p},L(T ′) =

(L(T ) \ {sj}) ∪ {vj},l
|B(T ′)| < |B(T )|,|L(T ′)| = |L(T )|,ÏdT ′ ��
^�(T1),�qs1, qs2 /∈
E(G).duv1v2 ∈ E(G),�âÚn2.3��ps1, ps2 /∈ E(G).ÏdX = {s1, s2, s3, s4, s5, q} ´G�Õá
8.

Øä2.7 X'uT�Õá.

�âÚn2.2,L(T ) = {s1, s2, s3, s4, s5}'uT�Õá.Ïd�Iy²:é?¿i ∈ {1, 2, 3, 4, 5},8
Ü{q, si}'uT�Õá.$^�y{,b½�3i ∈ {1, 2, 3, 4, 5}¦�q�si�éuT���,K�3>e ∈
E(T ),÷vqg(e, q) ∈ E(G),sig(e, si) ∈ E(G).�e5©ü«�¹?Ø.

(i) g(e, q) 6= g(e, si).

w,keq = g(e, si)�esi = g(e, q),u´qesi , sieq ∈ E(G).

éi ∈ {1, 2},dpsi /∈ E(G) ��e 6= pvi.£ÄK,ee = pvi,KíÑpsi ∈ E(G),gñ.¤�E

äT ′ = T +{qesi , sieq}−{e, pvi},KkB(T ′) = B(T )\{p},L(T ′) = (L(T )\{si})∪{vi},=|B(T ′)| <
|B(T )|,|L(T ′)| = |L(T )|,ÏdT ′ ��
^�(T1).

éi ∈ {3, 4, 5},�k ∈ {3, 4, 5} \ {i}§Ke ∈ qTsi.£ÄK,ee /∈ qTsi,Keq = esi ,�)gñ.¤

2dqsi /∈ E(G) ��e 6= qvi.�EäT
′ = T + {qesi , sieq, vivk} − {e, qvi, qvk}, KkB(T ′) =

B(T ),L(T ′) = L(T ) \ {si},l
|B(T ′)| = |B(T )|,|L(T ′)| < |L(T )|,�T ′ ��
^�(T1).

(ii)g(e, q) = g(e, si).

-a := g(e, q) = g(e, si),Kasi ∈ E(G),aq ∈ E(G).duL(T ) ´Õá8,��a /∈ L(T ).d

	,ei ∈ {3, 4, 5},K7ka 6= p.£ÄK,b�a = p Ò¬íÑpsi ∈ E(G),�)gñ.¤ea ∈ pTq ,K

�i ∈ {3, 4, 5},k ∈ {3, 4, 5} \ {i},�EäT ′ = T + {asi, vivk} − {qvi, qvk},KkB(T ′) = (B(T ) \
{q})∪{a},L(T ′) = L(T )\{si},l
|B(T ′)| = |B(T )|�|L(T ′)| < |L(T )|,ÏdT ′ ��
^�(T1).u

´a /∈ pTq,��3j ∈ {1, 2, 3, 4, 5} \ {i},¦�º:a ∈ sjTbsj .Pc = NT (a) ∩ aTsj .Ï�G[a, si, q, c]
�Ã9ã,�®�qsi /∈ E(G),Ïd7kcsi ∈ E(G) ½öcq ∈ E(G).e¡©ü«f�¹?Ø.

(ii-a) i ∈ {3, 4, 5}.

ej ∈ {1, 2},�Eä

T ′ =

T + {aq, csi} − {ac, pvj} ecsi ∈ E(G),

T + {asi, cq} − {ac, pvj} ecq ∈ E(G),

KkB(T ′) = B(T ) \ {p},L(T ′) = (L(T ) \ {si}) ∪ {vj},l
|B(T ′)| < |B(T )|§|L(T ′)| = |L(T )|.Ï
dT ′ ��
^�(T1).�j ∈ {3, 4, 5} \ {i}.

ecsi ∈ E(G)§�EäT ′ = T + {aq, vivj , csi} − {qvi, qvj , ac},KkB(T ′) = B(T ),L(T ′) =

L(T ) \ {si},l
|B(T ′)| = |B(T )|,|L(T ′)| < |L(T )|,ÏdT ′ ��
^�(T1).u´7kcq ∈ E(G). d
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Ü�

uG[q, zq, vi, c] �Ã9ã,�zqvi /∈ E(G),�cvi ∈ E(G) ½czq ∈ E(G).

ecvi ∈ E(G),�EäT ′ = T + {cvi, asi} − {qvi, ac},KkB(T ′) = B(T ),L(T ′) = L(T ) \ {si},l

|B(T ′)| = |B(T )|,|L(T ′)| < |L(T )|,¤±T ′ ��
^�(T1).Ïdcvi /∈ E(G),?
íÑczq ∈ E(G).

�k ∈ {3, 4, 5} \ {i, j},�EäT ′ = T + {czq, asi, vivk} − {qvk, qvi, ac},KkB(T ′) = (B(T ) \
{q}) ∪ {zq},L(T ′) = L(T ) \ {si},l
|B(T ′)| = |B(T )|,|L(T ′)| < |L(T )|, ÏdT ′ ��
^�(T1).

(ii-b) i ∈ {1, 2}.

ej = {1, 2} \ {i},�Eä

T ′ =

T + {aq, csi} − {ac, pvj} ecsi ∈ E(G),

T + {asi, cq} − {ac, pvj} ecq ∈ E(G),

KkB(T ′) = {q},L(T ′) = (L(T ) \ {si}) ∪ {vj},l
|B(T ′)| < |B(T )|,|L(T ′)| = |L(T )|,ÏdT ′��

^�(T1).u´j ∈ {3, 4, 5}.

�e5�k ∈ {3, 4, 5} \ {j},�Eä

T ′ =

T + {aq, csi, vjvk} − {ac, qvj , qvk} ecsi ∈ E(G),

T + {asi, cq, vjvk} − {ac, qvj , qvk} ecq ∈ E(G), ,

KkB(T ′) = B(T )§L(T ′) = L(T ) \ {si},l
|B(T ′)| = |B(T )|,|L(T ′)| < |L(T )|,�T ′��
^
�(T1).

Øä2.8 >pv1�pv2 ´äT �>,�ü^>3X ¥þØ�3Û�:.

eéj ∈ {1, 2} kqvj ∈ E(G),�EäT ′ = T + qvj − pvj ,KkB(T ′) = {q},L(T ′) = L(T ),l


|B(T ′)| < |B(T )|§|L(T ′)| = |L(T )|,ÏdT ′ ��
^�(T1).�qv1, qv2 /∈ E(G). d	®�v1v2 ∈
E(G),(ÜÚn2.3�Ún2.4��ps1, ps2 /∈ E(G),¿�é?¿i ∈ {3, 4, 5}�j ∈ {1, 2},Ñksivj /∈
E(G).dd��,>pv1 �pv2 3X SþÃÛ�:.

�e5�y²��¹1Ón,l
�½n1.2�K�^��gñ.

f�¹2.2 NT (b) \ {zb}¥�3��º:�zb��.

-L(T ) = {s1, s2, s3, s4, s5}.Ø��B(T ) = {p, q},degT (p) = 3,degT (q) = 4,bs1 = bs2 =

p,bs3 = bs4 = bs5 = q,�zqv5 ∈ E(G).é?¿i ∈ {1, 2, 3, 4, 5},Pvi = vsi .dØä2.5�Øä2.6�

�zpv1, zpv2, zqv3, zqv4 /∈ E(G),¿�v1v2, v3v4 ∈ E(G).

éj ∈ {1, 2},eqsj ∈ E(G),�EäT ′ = T + qsj − pvj ,KkB(T ′) = {q},L(T ′) = (L(T ) \ {sj})∪
{vj},l
|B(T ′)| < |B(T )|,|L(T ′)| = |L(T )|,ÏdT ′ ��
^�(T1),�qs1, qs2 /∈ E(G).

éi ∈ {3, 4},�EäT ′ = T + {psi, v3v4} − {qv3, qv4},KkB(T ′) = B(T ) \ {q}§L(T ′) =

L(T ) \ {si},l
|B(T ′)| < |B(T )|,|L(T ′)| < |L(T )|,¤±T ′ ��
^�(T1),Ïdps3, ps4 /∈ E(G).(

Üv3v4 ∈ E(G) �Ún2.3,��qs3, qs4 /∈ E(G).

e¡y²qs5 /∈ E(G),$^�y{,b�qs5 ∈ E(G).dØä2.5��zbv4 /∈ E(G),duG[q, s5, v4, zq]
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´Ã9ã,K7ks5zq ∈ E(G) ½s5v4 ∈ E(G). es5zq ∈ E(G),�EäT ′ = T + s5zq − qzq,K

kB(T ′) = B(T ),L(T ′) = L(T ) \ {s5},l
|B(T ′)| = |B(T )|,|L(T ′)| < |L(T )|,¤±T ′ ��
^
�(T1),Ïds5zq /∈ E(G). u´s5v4 ∈ E(G),�EäT ′ = T + s5v4 − qv4,KkB(T ′) = B(T ),L(T ′) =

L(T )\{s5},l
|B(T ′)| = |B(T )|,|L(T ′)| < |L(T )|,¤±T ′��
^�(T1). nþqs5 /∈ E(G),�X =

{s1, s2, s3, s4, s5, q} ´G�Õá8.

Øä2.9 X'uäT�Õá.

�âÚn2.2,L(T ) = {s1, s2, s3, s4, s5}�éuäT�Õá.Ïd�Iy²:é?¿i ∈ {1, 2, 3, 4, 5},
{q, si}�éuäT�Õá. $^�y{,b��3i ∈ {1, 2, 3, 4, 5},¦�º:q�si�éuäT���,K

�3>e ∈ E(T ),÷vqg(e, q) ∈ E(G) �sig(e, si) ∈ E(G).e¡©ü«�¹?Ø.

(i) g(e, q) 6= g(e, si).

w,keq = g(e, si),esi = g(e, q),u´qesi ∈ E(G),sieq ∈ E(G).

éi ∈ {1, 2},dpsi /∈ E(G) ��e 6= pvi.�EäT
′ = T + {qesi , sieq} − {e, pvi},KkB(T ′) =

B(T ) \ {p}§L(T ′) = (L(T ) \ {si}) ∪ {vi},l
|B(T ′)| < |B(T )|,|L(T ′)| = |L(T )|,ÏdT ′ ��
^
�(T1).

éi ∈ {3, 4, 5},7ke ∈ qTsi.(Üqsi /∈ E(G) ��e 6= qvi.éi ∈ {3, 4, 5},�Eä

T ′ =

T + {qesi , sieq, v3v4} − {e, qv3, qv4}, i ∈ {3, 4}

T + {zqv5, s5eq, qes5} − {e, qzq, qv5}, i = 5

KkB(T ′) = B(T ),L(T ′) = L(T ) \ {si},l
|B(T ′)| = |B(T )|,|L(T ′)| < |L(T )|,�T ′ ��
^
�(T1).

(ii) g(e, q) = g(e, si).

-a := g(e, q) = g(e, si),Kasi ∈ E(G)�aq ∈ E(G). duL(T ) ´Õá8,Ïda /∈ L(T ).Ød
�	,ei ∈ {3, 4, 5},K7ka 6= p.£ÄK,1ea = p, �i ∈ {3, 4} �,�EäT ′ = T + {psi, v3v4} −
{qv3, qv4},KkB(T ′) = {p},L(T ′) = L(T ) \ {si},l
|B(T ′)| < |B(T )|,|L(T ′)| < |L(T )|,¤±T ′ �
�
^�(T1). �i = 5�, G[p, q, s5, v2]�Ã9ã,�®�qs5 /∈ E(G),�s5v2 ∈ E(G)½qv2 ∈ E(G).

es5v2 ∈ E(G),�EäT ′ = T + s5v2 − pv2,KkB(T ′) = {q},L(T ′) = L(T ) \ {s5},l
|B(T ′)| <
|B(T )|,|L(T ′)| < |L(T )|,¤±T ′ ��
^�(T1). eqv2 ∈ E(G),�EäT ′ = T + qv2 − pv2,K

kB(T ′) = {q},L(T ′) = L(T ),l
|B(T ′)| < |B(T )|,|L(T ′)| = |L(T )|,ÏdT ′ ��
^�(T1). nþ

íÑpq ∈ E(G) ½ps5 ∈ E(G),�)gñ.Ïdé?¿i ∈ {3, 4, 5},Ñka 6= p.¤

ea ∈ pTq§Ki ∈ {3, 4},�EäT ′ = T + {v3v4, asi} − {qv3, qv4},KkB(T ′) = (B(T ) \ {q}) ∪
{a},L(T ′) = L(T ) \ {si},l
|B(T ′)| = |B(T )|,|L(T ′)| < |L(T )|,ÏdT ′ ��
^�(T1).

éi = 5,Pa− = NT (a) ∩ aTp,a+ = NT (a) ∩ aTq. duG[a, a−, q, s5] ´Ã9ã,�qs5 /∈
E(G),Ïda−s5 ∈ E(G) ½öa−q ∈ E(G). ea−s5 ∈ E(G),�EäT ′ = T + {a−s5, aq, zqv5} −
{a−a, qzq, qv5},KkB(T ′) = B(T ),L(T ′) = L(T ) \ {s5}§l
|B(T ′)| = |B(T )|,|L(T ′)| < |L(T )|,Ï
dT ′ ��
^�(T1). ea−q ∈ E(G),�EäT ′ = T + {a−q, aq, zqv5, as5} − {a−a, qzq, qv5, aa+},K
kB(T ′) = B(T ),L(T ′) = L(T ),�ST ′ ( ST ,�T

′ ��
^�(T2). u´a−q /∈ E(G),?
�

�aq /∈ E(G) ½as5 /∈ E(G),�)gñ.
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dd��a /∈ pTq§��3j ∈ {1, 2, 3, 4, 5} \ {i}§¦�a ∈ sjTbj .Pc = NT (a) ∩ aTsj . d
uG[a, si, q, c] �Ã9ã,�qsi /∈ E(G),��csi ∈ E(G) ½cq ∈ E(G).e¡©ü«f�¹?Ø.

(ii-a) i ∈ {3, 4, 5}.

ej ∈ {1, 2},�Eä

T ′ =

T + {aq, csi} − {ac, pvj} ecsi ∈ E(G),

T + {asi, cq} − {ac, pvj} ecq ∈ E(G),

KkB(T ′) = {q},L(T ′) = (L(T ) \ {si}) ∪ {vj},l
|B(T ′)| < |B(T )|,|L(T ′)| = |L(T )|,ÏdT ′ ��

^�(T1).�j ∈ {3, 4, 5} \ {i}.

�j ∈ {3, 4}\{i}�,ecsi ∈ E(G),�EäT ′ = T +{aq, csi, v3v4}−{ac, qv3, qv4}, KkB(T ′) =

B(T )§L(T ′) = L(T ) \ {si},l
|B(T ′)| = |B(T )|,|L(T ′)| < |L(T )|,�T ′ ��
^�(T1). ecq ∈
E(G),éui ∈ {3, 4},duG[q, zq, vi, c]�Ã9ã§�zpvi /∈ E(G),¤±cvi ∈ E(G)½czq ∈ E(G).e

cvi ∈ E(G),�EäT ′ = T + {asi, cvi} − {qvi, ac},KkB(T ′) = B(T )§L(T ′) = L(T ) \ {si},l

|B(T ′)| = |B(T )|,|L(T ′)| < |L(T )|, �T ′ ��
^�(T1).Ïdczq ∈ E(G).�EäT ′ = T +

{czq, asi, v3v4}−{qv3, qv4, ac},KkB(T ′) = (B(T )\{zq})∪{p}§L(T ′) = L(T )\{si},l
|B(T ′)| =
|B(T )|,|L(T ′)| < |L(T )|,�T ′ ��
^�(T1).éui ∈ {5},�EäT ′ = T + {as5, zqv5, cq, v3v4} −
{ac, qv3, qv4, qv5},KkB(T ′) = (B(T )\{zq})∪{p}§L(T ′) = L(T )\{s5},l
|B(T ′)| = |B(T )|,|L(T ′)|
< |L(T )|,�T ′ ��
^�(T1).

�j = 5 \ {i} �,�Eä

T ′ =

T + {aq, csi, zqv5} − {ac, qzq, qv5} ecsi ∈ E(G),

T + {as5, zqv5, cq} − {ac, qzq, qv5} ecq ∈ E(G),

KkB(T ′) = B(T )§L(T ′) = L(T ) \ {si},l
|B(T ′)| = |B(T )|,|L(T ′)| < |L(T )|,�T ′ ��
^
�(T1).

(ii-b) i ∈ {1, 2}.

ej ∈ {1, 2} \ {i},�Eä

T ′ =

T + {aq, csi} − {ac, pvj} ecsi ∈ E(G),

T + {asi, cq} − {ac, pvj} ecq ∈ E(G),

KkB(T ′) = {q}§L(T ′) = (L(T ) \ {si}) ∪ {vj},l
|B(T ′)| < |B(T )|,|L(T ′)| = |L(T )|,ÏdT ′ �
�
^�(T1).u´j ∈ {3, 4, 5}.

�j ∈ {3, 4} �,�Eä

T ′ =

T + {aq, csi, v3v4} − {ac, qv3, qv4} ecsi ∈ E(G),

T + {asi, v3v4, cq} − {ac, qv3, qv4} ecq ∈ E(G),

KkB(T ′) = B(T ),L(T ′) = L(T ) \ {si},l
|B(T ′)| = |B(T )|,|L(T ′)| < |L(T )|,�T ′ ��
^
�(T1).
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�j = {5} �,ecsi ∈ E(G),�EäT ′ = T + {aq, zqv5, csi} − {qzq, qv5, ac},KkB(T ′) =

B(T ),L(T ′) = L(T ) \ {si},l
|B(T ′)| = |B(T )|,|L(T ′)| < |L(T )|,ÏdT ′ ��
^�(T1).

ecq ∈ E(G),�EäT ′ = T + {cq, asi, v1v2} − {pv1, pv2, ac},KkB(T ′) = B(T ) \ {p},L(T ′) =
(L(T ) \ {si}) ∪ {p},l
|B(T ′)| < |B(T )|,|L(T ′)| = |L(T )|,ÏdT ′ ��
^�(T1).

Øä2.10>pv1�pv2 �äT¥�>,�ü^>3X¥þØ�3Û�:.

e�3j ∈ {1, 2}¦�qvj ∈ E(G),�EäT ′ = T+qvj−pvj ,KkB(T ′) = {q}§L(T ′) = L(T ),l


|B(T ′)| < |B(T )|,|L(T ′)| = |L(T )|,ÏdT ′ ��
^�(T1).dd��qv1, qv2 /∈ E(G).,	®

�v1v2 ∈ E(G),(ÜÚn2.3�Ún2.4U
íÑps1, ps2 /∈ E(G),¿�é?¿i ∈ {3, 4, 5}�j ∈
{1, 2},þksivj /∈ E(G). nþ,>pv1 �>pv2 3X ¥ÑØ�3Û�:.

�e5�y²��¹1Ón,l
�½n1.2�K�^��gñ.

�e5y²�¹3 |B(T )| = 3 �|L(T )| = 5.ké�G���Õá8X§�e5y²X'uT�

Õá.��3äT ¥é�ü^>,�ùü^>3X ¥þØ�3Û�:,��æ^aq�¹1���y

²§�Ñgñ.

�¹3 |B(T )| = 3 �|L(T )| = 5.

-L(T ) = {s1, s2, s3, s4, s5}.Ø��B(T ) = {p, q, b},degT (p) = degT (q) = degT (b) = 3,bs1 =

bs2 = p,bs3 = bs4 = q,bs5 = b.é?¿i ∈ {1, 2, 3, 4, 5}, Pvi = vsi .dØä2.5�Øä2.6��zpv1, zpv2,

zqv3, zqv4 /∈ E(G),�v1v2, v3v4 ∈ E(G).éj ∈ {3, 4, 5},epsj ∈ E(G),�EäT ′ = T + psj − bsjvj ,K
kB(T ′) = B(T ) \ {bsj},L(T ′) = L(T ),l
|B(T ′)| < |B(T )|,|L(T ′)| = |L(T )|,ÏdT ′ ��

^�(T1),�ps3, ps4, ps5 /∈ E(G).Ón�yqs1, qs2, qs5 /∈ E(G).(Üv1v2 ∈ E(G) �Ún2.3,�

�ps1, ps2 /∈ E(G).u´X = {s1, s2, s3, s4, s5, p} ´G �Õá8.

Øä2.11 X�éuäT´�Õá�.

�âÚn2.2,L(T ) = {s1, s2, s3, s4, s5} 'uäT�Õá.Ïd�Iy²:é?¿i ∈ {1, 2, 3, 4, 5},
{p, si} 'uäT�Õá.$^�y{,b��3,�i ∈ {1, 2, 3, 4, 5}, ¦�º:p�si'uäT��
�,K�3>e ∈ E(T ),÷vpg(e, p) ∈ E(G) �sig(e, si) ∈ E(G).e¡©ü«�¹?Ø.

(i) g(e, p) 6= g(e, si).

w,kep = g(e, si) Úesi = g(e, p), l
kpesi , siep ∈ E(G).

Pb− = NT (b) ∩ bTp,b+ = NT (b) ∩ bTq.duG[b, b−, b+, v5] �Ã9ã,�b−b+ ∈ E(G),b−v5 ∈
E(G),b+v5 ∈ E(G) nö7kÙ�¤á. eb−b+ ∈ E(G),�EäT ′ = T + b−b+ − bb+,KkB(T ′) =

(B(T ) \ {b}) ∪ {b−},L(T ′) = L(T ),¿�ST ′ ( ST ,ÏdT
′ ��
^�(T2).u´�Ukb−v5 ∈ E(G)

½b+v5 ∈ E(G),dé¡5,Ø��b+v5 ∈ E(G).

ebs5 ∈ E(G),�EäT ′ = T + {bs5, b+v5} − {bv5, bb+},KkB(T ′) = B(T ) \ {b},L(T ′) =

L(T ) \ {s5},l
|B(T ′)| < |B(T )|,|L(T ′)| < |L(T )|,ÏdT ′ ��
^�(T1).

éi ∈ {1, 2},�EäT ′ = T + bsi − pvi,KkB(T ′) = B(T ) \ {p},L(T ′) = (L(T ) \ {si})∪ {vi},l

|B(T ′)| < |B(T )|,|L(T ′)| = |L(T )|,ÏdT ′ ��
^�(T1).Ón�yéj ∈ {3, 4}§bsj /∈ E(G).

DOI: 10.12677/aam.2026.159377 110 A^êÆ?Ð

https://doi.org/10.12677/aam.2026.159377


Ü�

éi ∈ {3, 4, 5},(Üqsi /∈ E(G)�bsi /∈ E(G) ��e 6= bsivi.�EäT
′ = T + {pesi , epsi} −

{e, bsivi}, KkB(T ′) = B(T ) \ {bsi},L(T ′) = (L(T ) \ {si}) ∪ {vi},l
|B(T ′)| < |B(T )|,|L(T ′)| =
|L(T )|,ÏdT ′ ��
^�(T1).

éi ∈ {1, 2},ke ∈ pTsi,dupsi /∈ E(G) ��e 6= pvi.�EäT
′ = T + {pesi , epsi, v1v2} −

{e, pv1, pv2},KkB(T ′) = B(T )\{p},L(T ′) = L(T )\{si},l
|B(T ′)| < |B(T )|,|L(T ′)| < |L(T )|,Ï
dT ′ ��
^�(T1).

(ii) g(e, p) = g(e, si).

-a := g(e, p) = g(e, si),Kasi ∈ E(G)�ap ∈ E(G). duL(T ) ´Õá8,Ïda /∈ L(T ).d

	,�i ∈ {1, 2} �,a /∈ {b, q}. ea ∈ pTq,K7ki ∈ {1, 2},d��EäT ′ = T + {asi, v1v2} −
{pv1, pv2},KkB(T ′) = (B(T ) \ {p}) ∪ {a},L(T ′) = (L(T ) \ {si}) ∪ {p}, ¿�÷vST ′ ( ST ,Ï

dT ′ ��
^�(T2). dd��a /∈ pTq,��½�3j ∈ {1, 2, 3, 4, 5} \ {i},¦�a ∈ sjTbj .Pc =

NT (a) ∩ aTsj . Ï�G[a, si, p, c] �Ã9ã,�qsi /∈ E(G),¤±csi ∈ E(G) ½öcp ∈ E(G) ¤á.e¡

©ü«f�¹Ðm?Ø.

(ii-a) i ∈ {1, 2}.

ej ∈ {3, 4, 5},�Eä

T ′ =

T + {ap, csi} − {ac, bsjvj} ecsi ∈ E(G),

T + {asi, cp} − {ac, bsjvj} ecp ∈ E(G),

KkB(T ′) = B(T ) \ {bsj},L(T ′) = (L(T ) \ {si}) ∪ {vj},l
|B(T ′)| < |B(T )|,|L(T ′)| = |L(T )|,Ï
dT ′ ��
^�(T1).�j ∈ {1, 2} \ {i}.

ecsi ∈ E(G),�EäT ′ = T + {ap, v1v2, csi} − {pv1, pv2, ac},KkB(T ′) = {b, q},L(T ′) =

L(T ) \ {si},l
|B(T ′)| = |B(T )|,|L(T ′)| < |L(T )|,ÏdT ′��
^�(T1).

duG[p, zp, vi, c]�Ã9ã,¿�zpvi /∈ E(G),u´cvi ∈ E(G)½öczp ∈ E(G).ecvi ∈ E(G),K

�EäT ′ = T + {asi, cvi} − {pvi, ac}, KkB(T ′) = B(T ) \ {p},L(T ′) = (L(T ) \ {si}) ∪ {vi},l

|B(T ′)| < |B(T )|,|L(T ′)| = |L(T )|,ÏdT ′ ��
^�(T1). �cvi /∈ E(G), l
czp ∈ E(G).�E

äT ′ = T+{czp, asi}−{pvi, ac},KkB(T ′) = (B(T )\{p})∪{zp},L(T ′) = (L(T )\{si})∪{vi},�ST ′ (
ST ,�T

′ ��
^�(T2).

(ii-b) i ∈ {3, 4, 5}.

ej ∈ {3, 4, 5} \ {i},�Eä

T ′ =

T + {ap, csi} − {ac, bsjvj} ecsi ∈ E(G),

T + {asi, cp} − {ac, bsjvj} ecp ∈ E(G),

KkB(T ′) = B(T ) \ {bsj},L(T ′) = (L(T ) \ {si}) ∪ {vj},l
|B(T ′)| < |B(T )|,|L(T ′)| = |L(T )|,Ï
dT ′ ��
^�(T1).dd��j ∈ {1, 2}. �Eä

T ′ =

T + {ap, csi, v1v2} − {ac, pv1, pv2} ecsi ∈ E(G),

T + {asi, cp, v1v2} − {ac, pv1, pv2} ecp ∈ E(G),

DOI: 10.12677/aam.2026.159377 111 A^êÆ?Ð

https://doi.org/10.12677/aam.2026.159377


Ü�

KkB(T ′) = B(T ) \ {p},L(T ′) = L(T ) \ {si},l
|B(T ′)| < |B(T )|,|L(T ′)| < |L(T )|,�T ′ ��

^�(T1).

Øä2.12 >qv3�qv4 �äT¥�>,�ü^>3XSþØ�3Û�:.

e�3j ∈ {3, 4},i ∈ {1, 2, 5} ¦�bsivj ∈ E(G),�EäT ′ = T + bsivj − qvj ,KkB(T ′) =

B(T ) \ {bsi},L(T ′) = L(T ),l
|B(T ′)| < |B(T )|,|L(T ′)| = |L(T )|,ÏdT ′ ��
^�(T1).ddí

Ñpv3, pv4, bv3, bv4 /∈ E(G).,	®�v3v4 ∈ E(G),(ÜÚn2.3�Ún2.4��,é?¿i ∈ {1, 2, 5},j ∈
{3, 4},Ñkqs3, qs4, sivj /∈ E(G). nþ,>qv3 �>qv4 3X ¥þØ�3Û�:.

�e5�y²��¹1Ón,l
�½n1.2�K�^��gñ.

nþ½n1.2�y.
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