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Abstract

For a graph G, let ρG(v) = ν(G[NG(v)]), where ν is the matching number. We prove
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that for k ≥ 1, m ≥ 2, if a k-connected graph G satisfies dG(v) − ρG(v) ≥ 2k + 3m − 4
for all vertices v, then G contains a connectivity keeping subtree isomorphic to any
prescribed tree of order m, whose deletion leaves G k-connected. This recovers the
triangle-free bound of Chu et al.; when all neighborhood matching numbers are at
most r, we also obtain the sufficient condition δ(G) ≥ 2k + 3m + r − 4. The proof uses
the highly connected triples of Liu et al. and a vertex-dependent matching lemma.
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1. Úó

�©��Äk�!{ü!Ã�ã"�G�k-ëÏã§T�ä§T ′�G¥�TÓ��fä"eG−
V (T ′)´k-ëÏ�§K¡T ′���fä"Mader [1]ß�µé?¿m�äT§��

δ(G) ≥
⌊3k

2

⌋
+m− 1,

KG¹k�TÓ����fä"HongÚLiu [2]y²
Tß�3k ≤ 3�¤á"éu���k§
Liu!Ying ÚHong [3]|^pëÏn�|y²
δ(G) ≥ 3k + 4m − 6´¿©^�"Chu!Fujita!
Park ÚRyu [4]3Ãn�/ã¥òù�.U?�2k + 3m − 4"Hasunuma [5]Ky²
Tß�
écograph¤á"d	§Hong!Liu!Lu ÚYe [6]32-ëÏã¥ïÄ
fÁäÚ~Àä�ëÏ5
�±i\¶Liu!Liu ÚHong [7]?�Ú33-ëÏ½3->ëÏã¥�y
�A�(J"�C§Ma!
Liu!Zhang ÚHong [8]y²
Mader ß�é´»\��]!:���äa¤á"d	§Luo!Tian
ÚWu [9]ïÄ
�Üã¥´»�ëÏ5�±¯K¶Hasunuma [10]Kò(Jí2�>ëÏ5��
/"

Pν(H)�H���ê§¿-

ρG(v) = ν(G[NG(v)]), µloc(G) = max
v∈V (G)

ρG(v).

ùpNG(v)L«m��§��ÚfäþØ�¦´p��"u´µloc(G) = 0��=�GØ¹n�
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/"���/§µloc(G) ≤ rL«G¥Ø�3ù��fãµ§dr+ 1�n�/|¤§ù
n�/�^
��º:§Øú�º:	§Ù{º:üüØ�"ùp¿Ø�¦Tfã´p��"

�©�¤±æ^dG(v)− ρG(v)��Ýþ§´Ï�ρG(v)�N
v���SÜ�>ê"�v��Ø
�m�3�õØ���>�§ù
>3�½§Ýþ/Ó^0
v�Ýµ§�¦�Ø*d'é§¦

�v�ÝÃ{��^uë�	Üº:"Ïd§dG(v) − ρG(v)�±w�v���k�Ý§o�
º:
�Ýê����DÕ§Ý"AO/§�GØ¹n�/�§ρG(v) = 0§d�^�dG(v) − ρG(v) ≥
2k + 3m− 4TÐòz�Ãn�/�/e�®�^�dG(v) ≥ 2k + 3m− 4"ù`²�©�ÛÜ^�
´Ãn�/^���«g,í2"

½n1 �k ≥ 1!m ≥ 2��ê§T�m�ä"eG´k-ëÏ�§�éz�v ∈ V (G)Ñk

dG(v)− ρG(v) ≥ 2k + 3m− 4,

KG�¹�TÓ��fäT ′§¦�G− V (T ′)´k-ëÏ�"

íØ1 �k ≥ 1!m ≥ 2!r ≥ 0��ê"ek-ëÏãG÷vµloc(G) ≤ r�δ(G) ≥ 2k + 3m + r − 4§
KG¹k�?¿�½m�äÓ����fä"

y² é?¿º:v§ÑkdG(v)− ρG(v) ≥ δ(G)− r ≥ 2k + 3m− 4"

�r = 0�§íØ 1 =� [4] �Ãn�/(J¶�r = 1�§éA�.´2k + 3m − 3"�
�r < k +m− 2§ù�(JÒ`u [3] ���¿©^�"�uk ≤ 3��/§®� [2] ¥�r�(Ø
¤CX"½n 1 #NÝê���º:äk�������ê§Ïdî�ru^�δ(G)− µloc(G) ≥
2k + 3m− 4§äN~f�1 3 !"

2. y²

�H�ã§u, v�Ù¥ü�ØÓº:"^pH(u, v)L«SÜº:Ø���u–v´»���^ê"
e¡÷^ [3] �½ÂÚ�35Ún"38Ü$�¥§©|�^5L«Ùº:8"

½Â1 (Liu, Ying and Hong) ãG���p-ëÏn�|´�n�|(S1, S2, F )§÷vµS1, S2 ⊆
V (G)�Ø��§|S1 ∪ S2| ≤ 2p− 1¶F´G− (S1 ∪ S2)���ëÏ©|§���kü�º:¶S1¥

z�º:3F¥�õkp��:¶¿�

pG[S1∪S2∪F ](u, v) ≥ p+ 1

é?¿ü�ØÓº:u, v ∈ S2 ∪ F¤á"

Ún1 (Ún2.1 [3]) �p ≥ 1§δ(G) ≥ 2p"eS0 ⊆ V (G)�|S0| ≤ 2p − 1§KG − S0�z�ëÏ©

|CÑ¹kG�,�p-ëÏn�|�1n¤
F"

e¡�Ñ��'u���{ü(Ø"
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Ún2 eν(J) ≤ r§KJ¥Ýê���2r + 1�º:�õkr�"

y²��§��r+1�ù��º:|¤8ÜX"duz�º:3X	��kr+1��:§�òX¥
¤kº:�%/���X	�ØÓº:§l
�����r + 1���§gñ"

e��ÚnÄu©z [3] ¥½n3.1 �äó1 ���n�|Øy§Ó�í2
©z [4] ¥Ún3.3
3Ãn�/ã¥�[z"

Ún3 �p ≥ 1§�éz�v ∈ V (G)ÑkdG(v)−ρG(v) ≥ 2p"À�|F |���p-ëÏn�|(S1, S2, F )"
Ké?¿��f8S ⊆ S1§

|NG(S) ∩ F | ≥ |S|+ 1.

u´|F | > |S1|§¿��3��lS1�F���M§�ÚS1(=S1¥z�º:Ñ3M¥)§�F \
V (M)��"d	§|S2 ∪ F | ≥ p+ 1"

y² dδ(G) ≥ 2p9Ún 1 ��¤In�|�3"-B = S1 ∪ S2"é?¿v ∈ F§Ù�Ü�:Ñ
3F ∪B¥§Ïd

dG[F ](v) ≥ dG(v)− |B| ≥ ρG(v) + 1.

b��3��S ⊆ S1§¦�K = NG(S) ∩ F�÷v|K| ≤ |S|"e∅ 6= K 6= F§-

S0 = (S1 \ S) ∪ S2 ∪K.

d�F −K�z�ëÏ©|Ñ´G− S0�ëÏ©|§�|S0| ≤ 2p− 1"dÚn 1 ���1n¤

���n�|§gñ"eK = ∅§�x ∈ F§U-

S0 = (S1 \ S) ∪ S2 ∪ {x},

Ón§éF − x�?�ëÏ©|?1©Û§gñ¶

�eK = F��/§d�|F | ≤ |S| ≤ |B|"�v ∈ F¦�ρG(v)��§Pa = ρG(v)"ddG[F ](v) ≥
a+ 1§éJ = G[NG(v)]A^Ún 2§��v3F¥��:u÷vdJ(u) ≤ 2a"Ïd

|NG(u) ∩NG(v)| ≤ 2a.

,��¡§dv��{�ρG(u) ≥ a"ü���Ñá3B ∪ F¥§u´

4p+ 2a ≤ (2p+ ρG(u)) + (2p+ ρG(v))

≤ dG(u) + dG(v) ≤ |B|+ |F |+ 2a ≤ 4p+ 2a− 2,

gñ"dHall ½n=�¤I��"�S1 6= ∅�§3î�Ø�ª¥�S = S1§B�|F | > |S1|¶
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�S1 = ∅�§����§¿5¿F 6= ∅"��-q = |S2 ∪ F |"dF¥,º:�Ýê��

2p+ 1 ≤ |B|+ |F | = |S1|+ q ≤ 2q − 1,

�q ≥ p+ 1"

½n 1 �y² -p = k +m− 1"d�éz�º:v§Ñk

dG(v)− ρG(v) ≥ 2p+m− 2 ≥ 2p.

�Ún 3 ¥�n�|Ú��§PFM = V (M) ∩ F§U = F \ FM"dÚn 3 �U 6= ∅"

év ∈ U§M¥�õkρG(v)^>�ü�à:Ñ�v��§Ï�ù��>3G[NG(v)]¥�¤�
�"Å>O�v��:ê§�

|NG(v) ∩ (S1 ∪ FM )| ≤ |M |+ ρG(v) = |S1|+ ρG(v).

qNG(v) ⊆ F ∪ S1 ∪ S2§�

dG[U ](v) ≥ dG(v)− ρG(v)− |S1 ∪ S2| ≥ (2p+m− 2)− (2p− 1) = m− 1.

u´�3G[U ]¥�gi\T§��fäT ′"-R = V (T ′)"e¡÷^©z [3] ¥½n3.1�y²
p��Øy"

g´XeµeG − RØ´k-ëÏ�§K�3����Ø�Lk − 1��8A"dn�|�pë
Ï5§S2 ∪ F��{º:7á3Ó�ëÏ©|¥"�,��ëÏ©|C§KC ∩ S1÷v|C ∩ S1| ≤
|A ∩ F |¶
C \ S1e��§K¬�Ñ������8§�G�k-ëÏ5gñ¶eC ⊆ S1§KC¥º

:�ÝêL�§���Ý^�gñ"äN[!Xe"

��G− RØ´k-ëÏ�"K�38ÜA ⊆ V (G) \ R§|A| ≤ k − 1§¦�G− (A ∪ R)ØëÏ"
d�|A ∪ R| ≤ p"dn�|5�§S2 ∪ F��{º:á3Ó�ëÏ©|¥¶qÏ|S2 ∪ F | ≥ p + 1§
��k��º:�{"�,��ëÏ©|C§§�S2 ∪ FØ�"-

C1 = C ∩ S1, C2 = C \ S1, A1 = A ∩ F, A2 = A \ F.

éC1¥z�º:§Ù¤3��>�,��à:áuFM ∩A1µTà:QØ3R¥§�Ø3C¥"

u´|C1| ≤ |A1|"eC2 6= ∅§duC23F¥vk�:§kNG(C2) ⊆ A2 ∪ C1§l


|NG(C2)| ≤ |A2|+ |C1| ≤ |A| ≤ k − 1.

ù�ÒrC2�F3G¥©lm5§�G�k-ëÏ5gñ"ÏdC = C1"é?¿w ∈ C§k

dG(w) ≤ |C| − 1 + |A ∪R| ≤ k − 2 + p < 2p ≤ δ(G),
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3. ÛÜ^��·^��

�!�E�1ã§§�÷v½n 1§�3?Û����S�re§ÑØ÷víØ 1 ¥�Ú�^
�"�½k ≥ 4!m ≥ 3§-n = 2k + 3m− 4"�ü�Ø������ÜãKn,n§Ù�Üy©©O

�(Ai, Bi)§i = 1, 2"3z����Üã¥\\��º:zi§¦Ù�T���Üã�¤kº:��"

2òA1¥k�º:�A2¥k�º:��Ü¿§Pú�º:8�S"Ø2V\Ù¦>§¤�ãP�G"

�aº:�Ýê!����ê9��Xeµ

• ziµdG(v) = 2n§ρG(v) = n§dG(v)− ρG(v) = n¶

• v ∈ (Ai \ S) ∪BiµdG(v) = n+ 1§ρG(v) = 1§dG(v)− ρG(v) = n¶

• v ∈ SµdG(v) = 2n+ 2§ρG(v) = 2§dG(v)− ρG(v) = 2n"

ù´Ï�µzi���p�ÑKn,n¶Ø3S¥�ÊÏº:���p�Ñ(¶S¥º:���p�

Ñü�Ø���("Ïd

min
v∈V (G)

(
dG(v)− ρG(v)

)
= n, δ(G)− µloc(G) = (n+ 1)− n = 1.

ÏdÛÜ^�¤á§
Ú�^�δ(G)− µloc(G) ≥ 2k + 3m− 4Ø¤á"

d	§κ(G) = k"¯¢þ§S´���8¶
í��uk�º:�§ü����ÜÜ©E,ë

Ï§¿ÏLS¥,���í��º:�ë"z��{�zi3Ù¤3Ü©¥Ek�:"Tã¹kn

�/§¿�éu ∈ A1 \ S!bi ∈ Bi Ús ∈ S§º:u, b1, s, b2p�Ñ�^4�º:�´»(=P4)"Ï
dGQØ´Ãn�/ã§�Ø´cograph"Ù��Ýδ(G) = 2k + 3m− 3 < 3k + 4m− 6"ù
~f
L²�©�b����'��(Jk¤ØÓ¶§�Q�y²^�´�`�§�ØüØù�ãx�

3�{ü�y²"

Ún 3 �¤±Uæ^º:�6�b�§'�3u3n�|�1n¤
F¥À�¦ρG(v)���
º:¶�Y�Ýê�O��^�ü�º:?�ρG(v)"�©¿�(¡^�®���`"

4. (Ø�Ð"

�©3ÛÜÝ^�ey²
k-ëÏã¥��fä��35§¤��.�2k + 3m − 4"T(J
ºX
Ãn�/ã�®�.§¿ÏLò����êÛÜz§U?
�A�Ú�^�"

ù�.�Maderß�¥�b3k/2c+m−1Ek�½�å"éu���k§�©�^���2k+3m"
XÛ �ù��å§Ek�?�ÚïÄ"

£�½n 1 �y²§�±w���Øy��6un�|1n¤
F¥¦ρG(v)���@�º:§

¿�^�F¥Ù{º:�ÛÜ��ê§ùp�^��U�k~f��U5"~X§´Ä�±��

¦3i\ä¤3���¥�3��ρG���º:§
éÙ{º:Ø��¦"
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