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Abstract

In solving the singular perturbation two-point boundary value problems, this paper constructs a Che-
byshev B-spline collocation method. This method uses cubic B-spline functions as basis functions and
utilizes the Chebyshev point as the configuration point to solve the equation directly. The specific steps
in the implementation of the method and several details that need to be noted are discussed in the paper.
Through the study of two arithmetic cases, namely, the singular regent diffusion response problem and
the singular regent convection diffusion response problem, it is shown that the Chebyshev B-spline
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collocation method has the advantages of high accuracy and high efficiency as compared with the B-
spline configuration method under equidistant nodes.
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1. 5|18

FEASCH, JRATTZE RE AN T 7 S S8l P AR ] e -

{Ly =¢y"(x)+a(x)y' (x)+b(x)y(x)=f(x), xe(ab)

v(a)=a, y(b)=p
Forf, e B AVMUESH(0< 2 < 1), HNHEZH. KB a(x) . b(x) B £ (x) REEMFET x MRS,
FLTE [a,b] ERARHE . bR i B4 2 RO A A R AR LErE— O B 2 B4 T 0, 3K MRy (x)
SRR [1], BIARAE LI R AL B2 R IE B A A o i in) Rl B 2 RERE 2], RIUARAE
G RN ARARGE, AR B 5 I DX AR AR a8, IS4 A L G2 — RO ik sl 18 77 72
TSR AN XS . EBUESK RS, T 5 2 AR PR, &5 S EEUETTER AR E, Il
BAE IR SR B ) . R, BFFCARAE L )= B AR AR U N B B, AT R g e i 52 0 Bk
N T BUE T EE R AL —.

VFE WA F G T ORAR I 77 55N 108 ) B0l 7775 Shishkin [31RH RIFINE 75 B et id 1
Iy B RR,  F AR AT DA BRI — B = M vt BRI S WIS ] B 5 TSI, (EAEAL TR AT R
BNA] R, AR U AR AR T R RS AR 1) . 177 Chebyshev s AE D B R 7E K AR 75 5745 ) 7L
B, EARERMIEE SR, TSR B ZE A8 . Kumar 1 Srinivasan [4]3&H T —FhE I HIE
L DXt S, AT T B rh 0 22 00 ks ORI T BT S Al 1) o S o s S L AT AR R ) SR 1
HUERVE, REWSARYE M I RF IS ST A, A A AT S 405l ) L, {EL [ L X A% PR A s i R 7
I EERR BT I . 5 B IE N R SRS A L, Chebyshev fU/ENTCE s 7 EBIERBCN I, 1HE
THHEUN . Doolan 55511 Marusic [6]38 H T &M IREHUSHIRZ 04 . FREEU & IR ZE 704 20 — il
TS FH AR S AR 104 BIE T R SO L R AE 7 e i B Y2 I BB R RE DTS, BRI VAR S8 L
IR, FETTFRIEBGRI, AIRETCVEIR AL R RE L . AHECT 2% HSEIU B Fa O & A IR 22 70 i =,
Chebyshev s )i 58 S i ARG 2 AR A L AE AL BEA 2 53 4580 1) 1) et iy BE LR 51 77 Schatz A1 Wahlbin
(7145 FH A SR TR R M RIZ SR )8 o X RIS (84t 1 E oz B H (B C AR OR SR A 7 S S sh I 2 e i
P 8. %7751 Chebyshev RUNECE /1, S5HARTEAHEL, 20705 A Sk BERRS 1.

B 5k C B & — B EEUE TSR bR BOE T S5 U2 R I 775 i JTVE L B FE SR BRI EUVE B R
HOR A A AT R Ao T P Y U SRR DX A B 5 — R AR RE Y AR O BC B A, BESRAE X8 3 2
. HEl, CHEZYE KA B MK ELE KRR T7HE . 41 Khuri A1 Sayfy [9142H 7M=&k
B FERACE %, H T SRMPAAEANAELNE Z B id (8 7 T R R RIBUA M . #HPFREE 101K FH ek i =1k
B FEAABLE LM Crank-Nicolson #2K i BBMB Jif2. EALR[11JHIH =k B FE&NC B 2K Burgers-
BBM J7 R IMIAAE ) . XIDSERRE[ 1238 F Tk B FEARECEVEWTST 17T L KAV TR IILE M. Bk
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HUEARRY]: B R EIE R TR A R T B .

HiF Chebyshev mfEIXIAIARZARKI I, BA “WimdE. " KRR XA ARE S
FPEah F AR R R S, B EIASVR N, RARGRIZY, BT Chebyshev sirh “# 7 AUHL >t
it 55, fEmEIAR R, AN 1%, BRI Chebyshev miit “Bi” I8/ AT
5. BT UUEIRE, ASCHiE L Chebyshev sifF AR E M) =1k B FEARBCEE, FHLIORME A 57 8% P
RSB )R, FEARBZ TR A R

2. BUERE
2.1. Chebyshev £

Chebyshev fiff@E [ 13]4:
b—a 2k+1 b+a
cos T+
2 2@+ 2

X, = , k=0,1,2,--- n. )

A 0 [, 6] R n B BB ARYCH @ = oo, ox = b s HETTAT LA H Chebyshey A1
(iR h=x,,-x,i=l-,n=-21i=1--n-2, Hr hy=x,—a> h,,=b—x, o [i) B A1 15 - h,=hy>
h72 = ho ’ hn = hn—l ’ hn+1 = hn—l °

2.2. FEB SRR THIZR B HFERE
FEHI%] B FERHIBHEL K[ 14104

l,xe[t.,t.+l),
NiJ (x = 0 xe[; tj ) :0919"'7N+2n3
2 j’ /+1 2 (3)
x—t. to,—X
Ny (x):t —]t N, (x)+jkTNj+l,k—l (x)
JHk=1 %) Jk T il

H, k=23,-n+15 j=0,1,-,N+2n+1—k o
AT HE S AR S RS T =k B BESBRBUE [ 14 8(4) 3K

(x-x.,)

X , Sx<X._
(xi _‘xi—Q)(xi—l _xi—Z)(xH—l _xi—z) n -
(x_xi—z )2 (xi —x)
(xi —Xio )(xm _xi—2)(xi — X )
) () (G ) R

(xm —Xig )(xm _xi—z)(xi _xi—l)
B.(x)z + (x_xi—l)z (xi+2 —x)
(xm —Xiq )(‘xi — X )(tz _xi—l)

(xm —x)2 (x_'xi—Z)

(xm — X )(xm _xi)(xi+l _xi—Z)

+ (x_xi—l)(xi+1 _x)(xi+2 —x) r<r<x

(xi+1 — X )(xm =X )(xi+2 _xi—l) l "
(xi+2 —x)2 (x—xl.)

(tz =X )(xm _xi)(xHZ _XH)

+

>
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Hrhi=0,1,--,n, #—

(xi+2 _x)3
B, (x) = (xi+2 X )(xi+2 — X )(xi+2 _xi—l)
0, else

xz+] <X<X

E}

“

P13,

2

3(x X,

2(x xlz)(x x) X—X,_ )

)
(3 =xo) (3 =2 ) (3 =, )
(
(=2 5) (i =300 ) (% =)

-3x* +2x( X, +X,_ 1+xl+1) (xi—ZXi—l X X T XX )
(i =20 ) (i =30 ) (3 = %)
2(x—xl. 1)(tz ) (x X;_ 1)2
(Xir =2 ) (3 =32 ) (% —x.)
(% = x)(x =%, )+ (%, —x) (%)

X SxLx

1

+

( Xig1 — 1)(x1+1 z)( Xigr =X 2)

3x° —Zx(x +X +x¢+2)+(‘xi+1xr X X T XX ,+2)

(X =%,) (i = x) (%2 = %)
235 =) (x =) + (3, %)’
(%2 =) (% =26 ) (X =, )

3 (= x)
(%0 =) (%0 =200 ) (300 — X))

0, else

x. <x<x

i i+1

+

‘x1+1<X<x

6 (x - X, )
(‘xi ) )(XH ) )(xm X ) ’
—6x+2x, +4x,_,
(% =) (o =00 ) (3 = %)
—6x+2( , + X, +xH1)
(xm X )(xm Xi2 )(xi ~Xig )
—6x+4x,_ +2x,,,
(xm X )(‘xi X )(‘xi+2 X ) ’
B."(x) = 6x—2x,_, —4x,,, (6)
(xm X )(xm —X; )(xm X )

6x — 2(x +x +xl+2)

i+1
(xm xi—l)(xiﬂ xi)(xi+2 xi—l)

6x—4x,,, —2x,

+

+ 5
(xi+2 _xi)(xm =X )(xi+2 _xi—l)
6(x.2 =) X, <x<x,,
> i+l —
(xi+2 X )(xi+2 —Xin )(xi+2 _xi—l) "
0, else
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2.3. B BEEEHL & AR R A8 B B o) iR
R (7) AP R AE R

{y”() p(x)y'(x)+q(x)y(x)=f(x), a<x<b @
y(a)=a, y(b)=p
TNHA4E B FEAAICE -
KR Mg Y (x), WHEWTS p®)[15]:
Y(x):rizakBk(x), a<x<bh (8)
Horf, W B (x) R x = x, A0 B FESREERR. IXH, K IHUEN-1 B 42, DA LRI sUAL A R AH
AT AL B HEARAE . HIE W] A5[15]:
Y(xi) = ’f a, B, (xi): a;, B, (xi)+aiBi( )+al+]Bl+] ( ) )]
Y'(x,)= Zak ' (x,)=a_ B, (x,)+aB/(x)+a,B., (x) (10)
Y"(xi): ’i akBlg(xf): a[—IBi”—I (x[)+aiBi( )+a:+|BLl( ) (11)
Be B VREOREL B S B R TR, MR
Y”(xi)+p(xi)Y'(xl.)—i-q(xi)Y(x,.):f(xi) (12)
B, Y(x) Y(x) s Y(x) BERO~TDRNS
Q)R EI n+1/> Chebyshev sifFARCE &, WANH LW 13)R ALt F24

(B,1 (x))+ p(x0) By (x0)+q(x) B, (%, ))aﬁ1 +<B(;'(x0)+p(x0)B(; (x)

+q(x0)B (xo))ao+(B"(x0)+p(xo)Bl'(xo)+q(x0)Bl(xo))al =f(x0)

(B(;'(x] )+p(x]) (x] )+q(x] )BO (x1 ))ao -i—(Bl"(x1 )+p(x1 )Bl'(xl)

+q(x)B, (x )) (B (x1)+p(xl)Bz’(x1)+q(xl)Bz(xl))a2 =f(x)

(Bl"(x2)+ (x,)B/(x,)+q(x,)B (x, ))a1 +(Bz”(x2)+p(x2)82' (x,) (13)
+q(x,)B, (x ))‘12 +(B; (x2)+p(x2)B3’(x2)+q(x2)B3(xz))a3 =f(x,)

(B (x,)+ p(x,) By (x,) + 4 (x,) B, (x,)) @, + (B (x,)+ p(x,) B (x,)
+q(xn )B" (xn ))an + (Br:’ﬂ (xn ) + p(xn )Bn’+1 (xn ) + Q(xn )Bn+1 (xn ))an+l = f(xn )

[/ P PR U RIPAIF

a= Y(xo) =a,B, (x0)+ a,B, (x0)+ @B, (xo) (14)
ﬁ = Y(xn): an le 1 (x1)+aan (xn)+an+an+l (xn) (15)
EIJ: a, = a_aOBO (xo)_alBl (XO) a — ﬂ_an—an—l (xn)_aan (xn)

B, (xo) Co B,., (xn)
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i, A3 TRR N

Ba=F (16)
Hor:
H, - GyB, (x,) . GB, (x,) 0 0
B (%) B (x) ay
G, H, M, 0 0 a
0 0 0 H,, M, .
O 0 O Gn_Man—l(xn) n_Man (xn) an
Bn+1 (xn ) Bn+1 (xn)
aG,
S(x)- .
(%) B ()
f(xl)
F= /() XEG =B (x VB (x VB (x,
. o 12 i x—l(x1)+p(xz) zfl(x1)+q(xl) Ifl(xl)’
f(xn—l)
M
f xn — n
( ) Bn+1 (xn )

H, :Bl."(xl.)+p(xi)Bi'(xi)+q(xi)Bi(x,.) , M, =B, (xl.)+p(xi)Bl.'+1(xl.)+q(xi)Bi+1(xl.) (l'=0,---,n) o
FARR6), WERMa, H B, BIA® R, BTSSR Y (x) .

3. BUEKR
AR PR KR 2 S B SV MR o 5 KT 25 1 5 S s

E .. =max ui—u:| a7)

max ;
I<isN

HL, o 1o x AR o] o3 x AL HIHLIAR.

N T VIR IE R T Chebyshev milH) B FESRHC EVLHIA R, %07 R BB S5 R 5 3 TS5 8R4
mUR ) B RESRIC BRI BUE S5 RAEAT 1 BB AT SEBIE L BISAT, HLESBCE Y. AP AR 52 12th
Gen Intel(R) Core(TM) i5-12450H 2.00 GHz, #l7 RAM 16.0 GB (15.7 GB A H).

3.1. ArFBE BUR M e R

F R AT AR B B R
—gu"(x)-i-u(x):O, 0<x<l
{u(0)=u(1)=1

Hrr, e RESNA . %08 AT B Matlab 1) dsolve v % 3K45

Kl 1 ATEENZH e =107 FIEI 04 20 1000 B, 5ET Chebyshev s AISEER Y 51 B FF 25T B V215
fit SIANTARIDLLEL. ] 2 XTI 1 Al SRR BHE R R EBOR. I 2 mIAL, SRR AR R E AL
FIEMIT LI BEIR G 3T Chebyshev siFIHUE M REWS IR I AN HIX IS . 5] 3 4tk T 1kah 2
e =107 FIHEI S ECH 1000 B, Chebyshev mUFISERRTT 2R iR 28 LA R KR 22 . S5 EE 7 m N EUE R

(18)
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(I KR ZEN 0.2414, T Chebyshev sl FEUEM IR KR ZEH 0.0017127, HILHAT%T, FET Chebyshev £l
(1) B A 5% e BV A 1 501 B A 1

1 . ' '

——— % Chebyshev [{I#{# fif
— LA M BUE R

08r — — — [T T

0.6 i

02F 1

0 0.2 0.4 0.6 0.8 1
X

Figure 1. Comparison of three solutions to Example 1 when n = 1000

1. & =1000 BTEH 1 =FEAIELE

%107

8l —— 3T Chebyshev 15 {# i
— PR A A
= = —fENTE

V

6F 4

-8 1 1 1 I 1 L El

Figure 2. Local amplification at the left end of Figure 1

B 2. B | Zisk Bk
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o2
Chebysheviz %
02r — &HEiRE
fffff Chebysheviz Kif %
————— LHERKNRE
015
01+
0.05
I
OF Eommmmmmmmm e e e e
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Figure 3. Error diagram between the isometric node and the Chebyshev node in Example 1

3. Bl 1 hFET RS Chebyshev TR FHIRZEE

1 MR 2 psE TS H N e =107 M e =107, ELGERNRRRERT, ETHES
Chebyshev s ff] B FEAE T B IR PTA N HIHI 00 B S I2 AT IS 1Al i B RIS, 4B 8 e =107 MRk
WRE/ANTAET 107 1, SRR L ERE 7 M BUE I KT 14,000 4. FRTFEHLREZATEES), ASCRA S
HEAEE . HENEAMEHRE, EMFERKIRZET, T Chebyshev mif) B #£4AHL B LT EH 701
HOL /> TR R 8, ST R, Kk, Bl Chebyshev sifFNBCE AHIJTETR T

H A5 BT A AR T 5 B AT RS 0 R T S RA RN

Table 1. Section number and running time of & =107 in Example 1

1. B 1 th e =107 BRI HEFEITETE

I KIRZE error =107 error =107 error =107
SR Chebyshev R Chebyshev PR Chebyshev
v 1270 140 3940 430 12,390 1330
ZATHS [A] 0.030132 s 0.005108 s 0.223570 s 0.010497 s 1.351258 s 0.033031 s
Table 2. Section number and running time of £ =10 in Example 1
F2. B Fe=10" BIFIS A EANSITATE
BKIRZE error =107 error =107 error =107
&) Chebyshev ] Chebyshev SR Chebyshev
Hl o # 14,000 420 > 14000 1320 > 14000 4160
ZATHY [A] 1.823096 s 0.009472 s 0.035149 s 0.238262 s
3.2. FRIFEFIRYEUR B3
RSN AT RS AL U R R
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eu"(x)=2xu'(x)+(1+x* )u(x)=0, -l<x<l
() =2 () (146" Ju () 19
u(-1)=2,u(1)=1
Hr, e BB T %I fETAF B Matlab (1 dsolve iy 43K 15
2 T T T
——— 3 FChebyshev [ 5 & fif
15 — SRS A I BE AR 1
’ = = =BT
1 B
0.5
> 0
-0.5
-1 n
-1.5 ]
_2 1 1 1
-1 -0.5 0 0.5 1
X
Figure 4. Comparison of the three solutions to Example 2 when » = 1000
B 4. & n=1000 BEH 2 =ZFERRILLEL
0.15 [ T T T T T T i
—— %L FChebyshev {1 4 i
LSRR AT R BUE AR
= = =R
01+ a
0.05 [ b
> | AAAA AAAAAAAA
| WV ILAAARSSRN
-0.05 4
-0.1 1 .
-1 -098 096 -094 -092 -0.9 -0.88  -0.86
X
Figure S. Local amplification at the left end of Figure 4
5. [E 4 ZEiRpBERK
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18 (=~ "7 """ TTTTTT T T oo T oo o oo To oo oo oo oo oo T :
16 i
Chebysheviz#
14+ — SHERE ]
[ o Chebyshev# Ki% %
2t e SERARE |
\
1F | 1
\
08 | |
‘ |
06 | .
| |
| |
0.4 \ 3 .
02f || I
\
0 __\\\_\7_____________________________________________/;
0.2 | | | | L
-1 -0.5 0 05 1

Figure 6. Error diagram between the isometric node and the Chebyshev node in Example 2
6. Hl 2 hFEET S5 Chebyshev T8 THIRZEE

Kl 4 NIEENZH & =107 FIEI 3 40 1000 B, 5T Chebyshev i FIEEFE T 55 1) B FE 2% Tic B V2 AT 1S
filr SARAT IRV LLI . 15 5 SR E] 4 Ze i SR BT R ERBOR . B S ngn, SEEE RUT BB AR E L
T2 A AR 58 ) BUE R s T2k T Chebyshev st (I BUE RN R IAFIRFEE < 6 5 TR S8 e =107
2347 04 1000 BF, Chebyshev siFIEFEETT 2l T BRZE DL IR KR ZE . S5 EE T AU BUEM I SRR 2%
N 1.81109, T1fi Chebyshev £ I 3U{E M it KR 254 0.038134, LRI, 4T Chebyshev s/ B FELTC
BRI 1 BUE R T RS

Table 3. Section number and running time of £=10" in Example 2

2 3. B2 th e =107 BRI M EFIEITETE

KR % error =107 error =107 error =107

SR Chebyshev SR Chebyshev SR Chebyshev
% 1090 220 3980 2010 20000 3200
BATHS[A] 0.019321 s 0.003833 s 0.170831 s 0.072157 s 3.796157 s 0.188011 s

Table 4. Section number and running time of &£ =10 in Example 2

4. B2 th e =107 BRI HEFIEITETE

BKRE error =107 error =107 error =107

ZEpE Chebyshev ZEpE Chebyshev ] Chebyshev
w3 % 9990 630 > 15000 2040 > 15000 6660
1B A7 H ] 0.780684 s 0.008838 s 0.059052 s 0.566314 s

R34 GG TIRENBECN & =107 Ml g =107 I, ELGE RN R ZEIR N, 25 T-45FE 5 Chebyshev
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R B RESR G BRI B 3 B S I8 AT I ] . X, AEEh B e =107 MEBRRZE/DTEET 1071,
SRR DL EDRE 2 M BOE KT 15,000 3. FRTFHLKISITRES, ASCBA 4 RAEUIE. ik 3 Fik 4
FIAL FEMFIRCRIRZE T, 25T Chebyshev sl B 26 L BLVA i 251 70 (R 0 802 /0S50 4T kR 3 0 2
FOBA T A AT . Rk, 7EZGIH, B Chebyshev s e B st (1 77 V2 J0 A0 P 1 o 56T S5 HE 9 200
Tiike

4. IEICTRTE

BT Chebyshev sl FUBCEVEAESUE TS A VUBYE, 5l ARG . @ UT MR R 7 255
R o X ARPLBE T PO S MR IR 22 . WSk A BUER G 2R S e R A S e AR e
55T T7 H AR

4.1. RMUERERE

Chebyshev £ 23T Chebyshev 2 WixUAE Rl 1), X482 W H AR 2 W IEACHE T, REA R0k e
HliRZ%Z . 7L Chebyshev mi LHHTIG{ERS, $HEZ IR REREH S MAREANXE, JLHEEX K
DS IX . SEET AL, Chebyshev & HI5 A ol LA S8 /NEEF ) “REELE” .

Chebyshev £ Wiz ) 1IEAZ B RS AR FFE B _L REA0EE bl BT, MR AL RS K6 (E 25
4.2. W8

JEF Chebyshev 51 HIC B L EA RIFHURSE, f#H Chebyshev sk {7 2 D Ud (i BOE TN, ik
SUEEEE M TR0 S AEREEN T, RERBLESRERE T, XZFA Chebyshev £
15145 i 22 I AR A AR 1 R o R S AR A B M

ELZWAEEF, BT Chebyshev rifRFRALE, FEUT EIHRBAIRE I R 5R, (HAEFNRZET
=, AR IT EBCT AT SR R
4.3. WOBIETRS

FEAC TR I 2 T, R S A A I AR, Chebyshev f RS AT RO IR /D AR % 107~ A2 . IXHE
BUH T HE PR R R E R, BFOYE ARG 8 2 BN 2 AL &5

Chebyshev i FJIEFRF ISR MBI P AT 5 2 B EEA TR R, &8O &, XA
FREF LR E T
4.4. =R ESHH

{F] Chebyshev £, 4735 S AN, AR /NP8 R e w Bk, A 75 FLAE I8 SR moks B2 Y (AU

AeiERid 2 it E .
Chebyshev s FR (4578 2 4E4 0 A0 22 W@ v, v DUERE B> 75 r se L= HORE R, AT B
& 7R R

45 BEREMEREX

Chebyshev miiC B ik fe m 1 BUE THE I RE IR E M o 0 T SRAF A 15 73 77 T2 B i S v, 489 05 A5
Rl AN 2 T S B A R RGN, ORER T SRR R

5. &ig
ASCHED T ARSI R B RELBRA, VEANA T B ARSI E SR A A I M 0 0 2 R S
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