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Abstract

In this paper, we study the problem of solving the Cauchy problem of Helmholtz’s equation on a toroi-
dal region using the integral equation method. Firstly, the solution of the equation is expressed in terms
of integral equations using Green’s formula, then the jump relation is used to converge the points
in the region to the boundary to get the set of integral equations on the two boundaries, the single
and double-layer potential operator is used to express the set of integral equations, the kernel
cleavage method is used to discretize the singular integrals in the set of integral equations, and the
pathological equation is solved by using the Tikhonov regularization combined with the Morozov’s
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deviation principle. Two numerical examples with added noise verify the effectiveness of the algo-
rithm.
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2.1. BipHER
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:U—K“wl[fﬁg—wa—Swg%} (2.14)

FBRERQIHRAFRIERQ2.11), WTLIER.

16” KOI([ Koo) [Slog KlOf Sooa”)
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M5 R TTRE, BATRT LUR A IR AL B8 SR 7 F2(2.16) - E@*UF@?ﬁﬁ@HﬂE§;4ﬁ)\i§(216)ﬁ12lff§$
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3. BEREKRRE
3.1. RoEFEBNK
B, AVECE BUE S B 2 7e ot , € X i ia) L 27 i
= {x:x(t)=(x(¢),x (1))t €[0,27]},

3.1
= {y y(r)= (y1 (7).3, (‘[)),r € [0,25]}.
KR HE TS HNAF 3
s [l(x)=2[, @ (x(1).y(7))|y' () o (()) d,
27 x(t),y(7 3.2)
K Toll)=2 %Iﬂ(ﬂlw(w))df
id
3 (1.0)=2-0(s(0). (6 () = L1 (k1) ()
Kltr)=2 aq)a(jfty)(}y)()r))|y'(r)l (3.3)

Hep, A doRifrihkr s, HY R HY SRR Mﬁ#MHM@@ﬁ,Hﬁﬁﬁﬁz4ﬁh
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(3.8)
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G ARII R ZR S, T RIRTTRE3.18), ASSCKH] Tikhonov IENAL, 4
V, =argmin {"CV —d”2 + a”lu”z}. (3.19)

LRI, H:
v, =(C"Cral) -(C"d). (3.20)

SRAA IRV, 2 SR AR v R PRI DA, 3 R e PR U A 2 B3 B 22 R Morozov i 22 JREE[10],  HH
Uk, ATATLAME R U R
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TRV IR = AR E S NIRRT IXANRZE, SCER[8]H Fi tH T AR S S (R AR B AR e ST b
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4. BUEEBHI
4.1. BUEHH

N ZA H AN BUE B 36 AIE Helmholtz 5 F% Cauchy ) @5(1.1), T30S 1a) @ A 5 B0 4 02 2 e
7, AT — BB RIGF KA IR IS .

Bl 1 BRERIAG L, {( (1),x, (¢ ))=<500s(t),55in(t)), te[O,Zﬂ]},
L, —{( (1),x,(¢))=(3cos(z),2sin(r)), t [0, 271]}

Bl 2 EEKRARIAT L, —{( (1), x, (¢ )) (SCOS( )—sin(¢),5sin (¢ )+cos(t),te[0,27z]},
L, = {( x,(1),x,(¢)) =(3cos(¢)+1.5sin(r),3sin (1)), €0, 27[}
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M 2~5 FTLAE Y, FERR A KPP I 5 i 5 PR — B, MR A KGR, BUEMRER &
AEHHE I B o INEUE S5 5L 1 AT DLEIIE 50925 A 40k Tﬁf@ﬁ]%ﬁeﬁo
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Figure 2. Example 1: Numerical and analytical solution images for the upper added noise ¢ =1%,3%,5% on Loatk=3
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Figure 3. Example 1: Numerical and analytical solution images for the upper added noise ¢ =1%,3%,5% on Loatk=10
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Figure 4. Example 2: Numerical and analytical solution images for the upper added noise ¢ =1%,3%,5% onLoatk=3
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Figure 5. Example 2: Numerical and analytical solution images for the upper added noise & =1%,3%,5% on Loatk= 10
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Figure 6. Example 3: Numerical and analytical solution images for the upper added noise & =1%,3%,5% onLoatk=35
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Figure 7. Example 3: Numerical and analytical solution images for the upper added noise & =1%,3%,5% onLoatk=6

7. 50 3: k=68t Lo LSRR & =1%,3%, 5% BIBUE R SR RE %

DOI: 10.12677/aam.2025.145246 184 I3RS


https://doi.org/10.12677/aam.2025.145246

A

(AREE B HEOR B 2 XA TR A — e i NI, ] 3 S5 Rk g 7
L = {(x1 (1), x, (t)) = (6¢cos(t)+3.9cos(2¢)-3.9,9sin(¢),z [0, 27;]},
L, = {(x1 (¢),x, (t)) = (3cos(t)+1.5sin(t),3sin(t)),t e[o, 27[]} o Mk<550, BUEMSMITRRZERN.
{2 k> 6 B, HUEARFI AT Al R 22 8 K .

MEL 6. 7 WTCUE Y, PEEUE AR T AN [R5 1 TR B0R Z S AN AR [, 7R R0 K 5 5 d
REAKR.
4.2. LERGH

Bu™ A ™" 73 BN IR ARG R, A FRATRT LU SCH — 2RI 2% IR LA RMS
REN:

2N-1
Az

™ (1) =™ (1 )|2
(& )| '

YT IENA S HR R, ASCR H Morozov 2 JREEZE i, SN 1 5HIE Morozov i 22 JR B 1A %vE, 1
SR G 1, A SCA BEVIEEIE R 5 =1%,3%,5% B, ENLSH o« =107,107,107,10" f
Morozov 2 JEUEE 5 H ) IE AL 2 B0 FIAY RMS iR% . FH a3 7" Morozov w2 JE FE 151
H I IENAL S 3L

max

Table 1. Relative error for noise 0 = 1%
1. 125 0= 1 %EHAMHRE

IEN S5 102 1073 104 1073 1.81 x 1073
k=3 0.0339 0.0054 0.0101 0.0185 0.0049
k=10 0.2049 0.0295 0.0080 0.0208 0.0102

Table 2. BEFE 6 = 3%BHHEXRE
& 2. Relative error for noise § = 3%

IENE S5 1072 1073 1074 1075 5.5x1073
k=3 0.0336 0.0095 0.0253 0.0449 0.0213
k=10 0.2057 0.0341 0.0480 0.0703 0.0296

Table 3. Relative error for noise 0 = 5%
3. BB 0 = 5%EHHEXHRE

IENE S5 102 1073 104 1075 9.0x1073
k=3 0.0370 0.0203 0.0391 0.1349 0.0166
k=10 0.2059 0.0374 0.0544 0.0891 0.0289

M 1~3 AT LAE H, ASFEER ) Morozov i 22 JRER TH 5L H B IE ML S BON MR, (B ILAER R 21
/N, FIRIENESER BT B BT RE S, RIS EUEHI IR Z RN .
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