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Abstract

Generative adversarial networks (GANs) have attracted much attention due to their successful ap-
plications in fields such as image generation. However, the instability of their training has always been
a difficult problem to solve, and the training process is often plagued by mode collapse, gradient van-
ishing, and optimization instability. General methods to improve the stability of GANs training include
alternative loss functions, gradient penalties, spectral normalization, batch normalization, and ar-
chitectural improvements. However, most of these studies lack a theoretical basis and do not provide
arelatively complete theoretical proof. The goal of this paper is to deeply understand the instability of
GANSs training based on Wasserstein distance and provide a relatively complete theoretical proof.
Italso explores strategies to further improve the stability of WGAN training, such as gradient penalty
(WGAN-GP), to improve the stability and generalization ability of WGAN training. The main research
contents of this paper are as follows: PartI: WGAN is analyzed to avoid the gradient vanishing prob-
lem by minimizing the Wasserstein distance (W distance for short) instead of the traditional Jensen-
divergence (JS divergence for short). Its key advantage is the use of 1-Lipschitz continuous discrim-
inator, which ensures that the generator can obtain effective gradients from the discriminator dur-
ing training. Secondly, it is proved that W distance has good continuity and convergence for prob-
ability distribution sequences compared with other distances or divergences. Part II: By introduc-
ing W distance to replace the JS divergence between the original two distributions, the stability of
GANSs training is theoretically improved. However, the implementation of WGAN still faces chal-
lenges, such as insufficient capacity utilization and gradient vanishing problems caused by weight
clipping. To this end, based on W distance, Gulrajani et al. proposed a gradient penalty (WGAN-GP)
to meet the Lipschitz constraint to further improve training stability. However, most literature di-
rectly gives the gradient penalty constant as 1, without giving a specific proof, which is given in this
article.
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1. ARER

A BT 2% (GANS) [1]H 2014 FE52 H DR, ERMRARR[2] 3] Eduigsm. KigiLf . @i E
RGNS T RERR . A, R GANs TEA s s RIS, (NG R A AR
€, Ml 2Pk, BFREEH B PR REURIE. UIZRRE Y DR HME DA SE 0] [ 4]-[6] 0 1K &4 jin i ™
HZM T GANs 7E SCBR R A IR AT SEPEAHE 14

N R GRAR B I, WA T 2o, o R R N IERMR AR (B
FEA[7] W VH—1k SN-GAN [8]). V% W 24 45 4 (H V3 5= JIHLH| Self-Attention [9] GAN. StyleGAN [9])% .
SR, GANSs YRz 8 M BRI 0 A R SL BRARAAT S8 R — N RIS 1) R, BLAS 3 — PR A 2
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2. ¥ GANs BYRIE K 454

GANS & R R I AR OB A, 38 e R S 28 DX 8% (A Rl s R 5 1) 2% 2 TRD ) i g AR AT U 2, U2k
T FEW A —A Min-Max 7] 8, ﬂiﬁi%&(Generator)ﬁﬁﬁTE/\/ﬁ A RGE EL O, DU 4 ) s,
4550 %5 (Discriminaton) il THAE AR 2 oK [ FUSL /A0 2 AL S AT AR 2R, IO I U IR 2, B 38104 1) 48 o HE MR
HFEN 0.5, BB BIGIH-F1

A A GY L R S N — R EL IS 06 2 ~ p(2) TRAE(BI a5 5 o Al sl i o A), R i i 3]
BRI g, (2), ANBRESEMES . g, &Ml 0 SR,

S G (DY BN A s A IR A B B R AR A, IR EIX iR, i — M ERE . REACKRE R
SRR 1, R B AE SRR 0.

GANs AR Z5 H 5

mgnmlz)ixV(D,G) = Ex~ﬂ’, [logD( )}+E [log(l D( )):| 2.1)
20K GANs WZRL A2 v LU A8, i 2l e AL s, IR o
fi
L(D,g,)= E, [logD(x)] +E, [log(l —D(z))} 2.2)
L EER K.

KT DX L(D,g,) #EATR T, EER E[1]585] 8% 7T DA S RS9

D (x) :% (2.3)

HR, HENZR B BT, AR AR A B AR A
L(D"g,)=] , P (x)log D ( dx+j~ P, (x)log(1-D"(g,(z)))dz

_J‘[P )log D" (x)+ P, (x )log(l D )]dx
:L|:(log2—10g2)R~(x)+R(x)k)g P (x )r+(2( )

+(log2—-log2) P, (x)+P,(x )log )éfx) )}
:—logZI( +P dx+.|.[ {og2+10g )g(x)J 2.4)
P, (x)
+P ( )£log2+logmﬂdx

=—210g2+L|:B (x)logpzﬂJrP (x)log ‘ 2P, (x)(x)}dx

:_210g2+KL(Pr(x)HWJ+KL[P ()1 ]Pr(X)+IP’g(x)J
=—2log2+2JSD(P, (x) || P, (x))

WL LL TR AR, MR A BRI, A GANs [ B ARQ.D)BEAS A T /MU TS 53 A7 R AR B
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I IS B . BRIL, BRI S S SRR R T R R AU, AR R T O HEAT R TR,

RBHATIRPI . R, ESZEE, [ B ok T, A R B & A i . XA ]
R R A B R B R
3. WGAN 2 E 1 AYTEISUERR

A5 EEE] WGAN 18T 5 /Mb Wassertein 725 &1 IS BUE/E AN GANs YIZRH) H AR %, 4T
BE VY S ) . WGAN (5SS 387 T8 R H T 1-Lipschitz ZESE ) 7)) #8 (critic), XA 1 EN T
T, AR AR 2 RE S M S5 A0 BLIR1S A AL S . IX — (7S GANs VI BA B nka e, JFH
H T WGAN ] H 5 bR BUE 54 s A 2 id TR, T /2 B39 S & T LS/ A1, DRIt Y 35 ek A

b= Wi Pl T
3.1. [E)EEER

RN TR IS AR b A R B A, Arjovsky 28 N [4] [5]5] N T Wassertein-1 {25 1F A7 & 9 4>
A2 A E R HFeFR. I F] Kantorovich-Rubinstein S5 40K H B4k oy — AN AT @ A4 1) 8, 5 A a4
JE LR ) ) 48 (critic) /& 1-Lipschitz BR%L, XA TERECAHN 88 Bn 7 —A-FIg W, AL
K,

3.2. Wasserstein FEE YIRS O

X2 RS A 2 () R BE E  E fe by, B TV BERS . KL BUE. JS HUEAM W BEE . W BB HH
il B B R A S I BRI, SR ROCIRR L, T LIRS P A 2 (B . )
AT 22 18] FRY B 128 B HIUE RS R A SR AR A F) XAE T B AT TR R 231 e B SR 2

N EAR B WO B R R

eI — AN SRR A AU AT AE WO WA, i 7 A P B RS T ARSI

Wasserstein Distance JS Divergence
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Figure 1. Function graphs of W distance and JS divergence with respect to 6

E 1. W BEESH0 IS BUE X TF 0 R B El%

Bl 3.1 Bz ~Ulo,1] RPAX ] LR AN Py 4EAE R (0,2) e R? LRI A (e 2 0, y Bl
BN Z ), fElEd R AN EEEL B 0. £ g,(2)=(0.2), HHORBEANLSH. EIXIHIL
~, A

s W(R,.P,)=16|;

DOI: 10.12677/aam.2025.145286

604 I3RS


https://doi.org/10.12677/aam.2025.145286

log2,0+0

¢ JS(]P)O’IP@):{O 020 ;
+00, 8 # 0
- KB IE) =KL (B 1R)={

,6=0
. 5([9’0,[?’9): 0.920°

20, 0, SMAFHI(B,)  FE W BRE TS, (A7 IS HU%. KL HU%. 3 KL SR TV BEER
A, sl 1 R .

HILA Eos BT CUE AT DUE IS W B AT B R PR SR BRI BRI A o T T FeAh
BB RO, XA TCIR SR, PR o A 45 B O AN S 1

A28 T RIA T A ] A BT WEE%X}“?&HE]P’ AP, W2 0 L ISR R

EHE 3.1 LP Ny EMEED . 2z 8% AR 2 ENBEIEREGTEiRE) . 4P, ®or
g, (z) i, Hrhg:(z,0)e ZxRY > gy (z)e X . U!U,

D) W g KT 0%, W (B.B,) kT 0L

2) N g REBIRA Lipschitz i % FLi 2 _Eik ﬁunmnﬁﬁ,w (P..P, ) fE&AbiESE, HILTAE
L LI E

3) X}F Jensen-Shannon Hi /& JS(IP’,,,]P’ )*Dﬁﬁﬁ KL 8E, iR D~2)# 4RI,

HERR DL RRER AR .

D 40RO HR PP SHA R, ERA AR W (P, P, ), HILFHE R, E A EET
ERME y R, HBA (g, (2).2, (2)) W41, BAHy<Il(B,.B, ).

WaE W B ESG A

W(IP’gg P, ) < J-M( x—y|| dy

=E[ (2)-20 ()]

W g KT 05 Mg, (2),., — g (2) HIEN 2 REEAEE g, (2)-g, () >0 HF 1 2
A, %zﬁ¢ﬁgﬁ4ﬁ%Mﬁ%mlﬁﬁﬁMﬁ@mmﬂ,ﬁ%ﬁ%%ﬁmaﬁz,ﬁ
(2)-g, (2)| <M . EEHFUSGER, A

(]Pga ’]P)gy' ) - EZ [

3.1)

(2)-g0 (2)]] 2050 0 (3.2)

e, AL H
<W(P,,.P,, ) = 0 (3.3)

8o

‘W(IP’,,IP’ )-w(p.P,)

HIER T W(IP’ P, )9‘%%05@‘ gtk
2) 4 g IRAJRHE Lipschitz, M4 TATEN (0,2) 1, (EAE—MHHL(0.2) M— AT U, (13
(6.2)eU » EHERTALE (0.2), WH

Je, (=), ()| L(0.2)(Jo- 01+ | =]) 69
H(0,2)eU N, XPUBIEIFHS z=2", ATLIGE
()2 (N <. [L(0.2)]j0-0] 69)
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I FRATAT BUE XL U, ={9’\(9’ z)e } HT U, MU, 2. B, Rk 1), arel
EXL(0)=E.[L(6,z)], I HAT LA

(8.2, )-# (e, (2)-2 ()| L(0)]o-] 36)

WM TER 0 eU, , W(IP’,.,Pg ) ]Ik A\ SR8 Lipschitz. 294 W(IP’,,IP’g ) AbAbiESE, I HARYE Radamacher’s
theorem &1, JL-F-Ab AL FT ik
3) XF T IS HUEEAN KL #UEA -

gW(IP’gH,IP’gg,)S .

log2 6=0
JS(IPO’IPH):{O 920
+o0, 6#0

KL(P, |IP,)=KL(P, ||]P’0):{0 0-0

20— 0K, JSEUERM KL fUE B AES:,
UEHE . UL EIEBI AR, WO BRESAE AT P, AP, RS R T 0 USSR . Ak, B/ME W R
EHEAT 2SI N 28 A U T = L
W1 R g, WIEE T 0 ZHULKIHIT B RN, p(2) ~z ERYE, B2 E._
=i, WA, BB DIFRH L, LH:W(IP;,IP;)%%L%?% HIJLFAb AL AT
BB AOGIH AR IS LA T, B g RKT (0,2) WS rl R B C, 4% T4 2 I 5E 1Y
(0,2), A L(6,z)< "Vg’zgg ||+g RTE &> 082 1) JFE6 Lipschitz 8. ik, TATR FIEA:
E. o [[Vo-80 (2)]] <0 (.7)
= H IR EMSrZ8, f
Vo2 (2) =TT WD, (3.8)
Heb, w RBERERE, D, & R PR HE T LU R
L £, R EH] RIS R, L
V2o (2) = ([T D) £ (2) (3.9)

WIS L AL Lipschitz %50 4K D) < LR, (2) < ||z||Lk LW, e 4 )

(4

Vzaga( H IZIWD zkl( )
o (3.10)
sﬂgnmngnznf Nt
RRORA [ARIOR () A
JUESE
E. ) [V-02 ()] =G () + G, (O)E. ) G.11)

RS DA bSE BAHER AR R ] W BE B R LE IS MU BN & B A R 8. #% TOoREE—2BIEH] W B
BT TV BEES . KL BUZM IS BUZ BA &SRty i .
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K

SEH 3.2 WP AREW y LRI, (B) 9y ERGAFS. K5, B2 — o BHIFTA I,
1) DUR A2 SR
3(P,,P)—0, 5 NEAZEEE(TV HE);
JS(P,,P)—0, M JS JyIS HU%.
2) PR iEAZ SR
w(B,,P)—0;

(P, —2>P) >0, Frh —2o FORBENLAE A 1K -
3) KL(B,||P)— 083 KL(P || B,) — 0 BHRAERRIE 1).
4) Dy I FRR ZE I 2) H IFRRIR .

WER DA RHZESRIED] .

1) H5GIE 5(1@ ,P)—>0= JS(P,,P)—>0-

4P, —;IP’ +2]P’ (P, BT )RS, 1148 TV BEES & ST LU 5(B, ., ) < 5(P,.P), H%

5(11>n,19>)—>oaﬂ‘ f15(P,.P)—>0-

W f = IPH NP, F P, Z A Radon-Nykodim 4, @i #i&Exs T4 —> Borel £ 4 1

m

P, (A)<2P, (A4), # A={f, >3}, WLIFH]:
= [, /,dP, >3P, (4) (3.12)
TRIH3P, (4)<P,(4)<2P, (4), "IfF: P, (4)=0-
A PUERERR T 2 R B B LR g R, AR AT £ 3.
EX}THEE/'J5>O’ ;F[]An Z{f;’ >l+€} ’ ?%ﬁ:

P, (4,)=], f,dB,>(1+)B,(4,) (3.13)
3%
&P, (4,)<P,(4,)-P,(4,)
S|]P)n(An)_}P)m(An) (3.14)
<s(P,.P,)
<5(P,,P)
il
P, (4,)<>5(P,.P) (3.15)
&
B4t
P,(4,)<E,(4,)+[B,(4,)-F,(4,)
<5 (R, F)+ (R, E,)
&
1 (3.16)

<—5(P,,P)+5(P,,P)

[l+ j (P..P)

&
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TR LR AEA T LT H:
KL(B, |IP,)= [log(f,)dP,
<log(1+¢)+ L log( £, )dP,

<log(1+¢&)+log3P, (4,) (3.17)
S10g(1+5)+10g3(l+1)5(11””,]?)
£
XFTAERER 6 >0, WAZEAWNLE ERIR, W5
0<limsupKL(P, || P, ) <log(1+&)+0 (3.18)

BIKL(P,|IP,)—> 0o
[, FATTPAE X g,

=;§ » H4 B={g, >3}, TRA3P,(B)<P(B)<2P,(B), Nif

m

P,(B)=0. #t—04 B ={g, >1+¢c} H:

m

P(B,)=], &dP, 2(1+¢)B,(B,) (3.19)
P, (B,)<L5(P.P,) (3.20)
&

P(8,)<E, (8,)+[F(B,)E,(5,)

m n

5(P.,)+5(P.B,) (321)
s(lﬂjé(P,]P’m)

HHZ5(P,R,)>0M, P(B,)—>0.
A R A4

KL(P||P,)= [log(g,)dP
<log(l+¢ +-[

B,

log(g, )dP

)
<log(1+¢&)+log3P(B,) (3:22)
)

log(1+¢ +10g3( ja(ﬂv B,)

X I EARIRAS 0 < limsup KL (P || B, ) <log(1+¢), BV KL(P|IP,)—>0 -
B

1 1

JS(B,.P) =~ KL(R, IIB, )+ KL(P|E,) >0 (3.23)

HHESS 5(P,,P) >0 = JS(P,,P) >0 -
B ARAEW JS(P,,P) >0 = &6(P,,P) >0
A =M ANGF R Pinsker A&EAH
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5(P,,P)<5(P,.P,)+5(P,P,)

s\/%KL(IPn I, ) +\/%KL(]P>||Pm) (3.24)

<2,/JS(P,,P)
s (p,.,P) >0, 7 6(P,P)—>0-
2) R4 W BB RSN, W w (B, P) >0, WP, ESGHHINE LT SEIP .

3) R4 Pinsker ANEER 15!
S5(B,,P)< |[LKL(B, | P) >0
2 (3.25)

5(P,B,)< /%KL(IP’HIP”)—W

HUKL(P, | P) - 0 8 KL(P||P,) — 0 A LLEHFRIE 1).

4) TV BB SR —Furdhih, BWREL §(P,,P) >0 i, WP, JLFLARSAEIP. MW HEEES
TR TV BB SRR AN, W (P, P) — 0, WP, FESHRANESCNIEI P, & T30 EA
IR BIMR P, — PAE TV BEE FURS WIFE W BRI Nt — 2 sl

LA BSEH 3.0, e H 3.2 FER | RUIA P AP, 76 W BE B 158 SCF AT LR RAFIESEE, o]
TP ARSI o PE 25 SHRGERUE SCRRII A3 AR, TV BEES . KL $EERT IS BUE#BASZ A B 45 K iR
H SR W OB B R RIVERT, AEH W OB BN AT

3.3. Wassertein WGAN (WGAN)

fE b BATEN] 7 W BB B R A BEARTERR, SOLEHE W BB N &0 A P, M1 P, Z [ )%
SRR E N A, HEEEUE W BB AN KK, BIFIH Kantorovich-Rubinstein XF {14, #
Wasserstein F 5 (1 1F B 40— AN o] i 944 in) .

W (B, )=sup B, 5 [f(x)]-B s [/(x)] (3:26)

Hrr, || f]| < 1R EL £ () #52 1-Lipschitz 382, 1{(3.26) X MEAE WGAN KR8, W] AR I #hE M
EARME XA £, BIZOHETE 2o e A ) AR i 1 F-4R 85 £ Lipschitz BREL £ 1) 10] 7

IR

WGAN FER N G, (2)» fCMEE z ~ P T RIE A g, (2)~ P, -

FFXHEEIL, ¥ Wasserstein H 55 A

w(P,P,)=suwpB, , [ f,(x)]-B.. [ £,(2,(2))] (3.27)

Il

b, fORADNEEMES £ KB, K £, PARRIE(3.33), R4t Wasserstein B . [AIS 125 g, (2)
K MERB.27). T2, 55 WGAN KI5 min-max HFrEEUN:

minmax B, ; [ £, ()]-B.z, | 1, (8(2))] (3.28)

0 we

Her, 0RANE GHSEL o RHNBHSEMIEMERIBE), Wik 1-Lipschitz 254 H1 )5 2%
ZHERS,  f, (x) 085K H .

Kantorovich-Rubinstein XEZIK £ /& 1-Lipschitz Bi%. A T IRIEIX— 81, 7L —ASEAL I
LMz, FHNE o (MAMBSEOMTETRW . N T ESE o AT B2 EH, o] DU B T
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Je P AL EEL PR A £ — AN [ 5 A BRMEL VB R N o RIESR AR BT 5 2RI URZ ALK @ « clip(w,—c,¢) -

KENG

L5\ Wassertein FHE, WGAN 7EHIS FFISL B b #0025 0038 145 48 GANS Il ZiAa e PRI A i
B, 1K O A A R R A ORI S TR TR g I, B B R R R SR SE PR

W E B2 3 82 H AT Gl (1-Lipschitz B, X BRG] LONZRA N 28 B RA B . Koy W B4k
AERIT, BT RAXT R 2RI 2519882, #3311 Wassertein 5 B2tk i 5.

Hk, IgRHn e B RA BRI, WA RAEBAAR IR F )y, WGAN 1) B bR iR HUE 15 42 s s A
SR DEU LM R, T 5 A T b 27 ) AN B A . A% 48 GANs, LA G as A2 % ) 23 T i
EE RS R A, EELET A AR

Zi b, i 91\ Wassertein #1585, WGAN 1 RUZ 1 GANs VI ZkH HH IR 52 2K 10) R AR = i3t
R, AFYISARAF AR, AR R ERE AR

4. WGAN-GP HItEEES 24
4.1. [B]FEHER

FERRE WGAN w7 5] 45 580 Lipschitz £950, A RAEIESAE, XA 5 8% A BCE R AT 1
BEHRET . ERANEBL I FEPRRE: SRR )y, DK EEBRNEANE Ko N 7 itk BL b 1)
A, Gulrajani 55 N[ 715 H 1 7E H AR B E0h I KR B2 RE 51 B B A7, (H2 K 8 T I G S ) GANs
WIZRSCHIRAR L TSR UG I0AIE, SRZ PR ARRE, A BRon T e S .

4.2. WGAN-GP F Lipschitz 23R

N T RO E R BT IR A AAT RAOA RAT )y, BUESR HH— MK Lipschitz 2R B AT, 2 HALY
A R AR PR P EAT AT 1 7 #ANER IS 1 B, B0 4J2 1-Lipschtiz 19, PRIt B3 240 SRCHU 28 MR 3480 N 1)
BREZTEL, o BEATUREAS (B 2 i Bt hn A 31

HAKITE . AEJ546 B Fr ek Eeh 50N DUR IR 5

Lep = AE)%AP’I;, [(

Hef, x RMNESERER x ~ P MERFEAR X ~ P, Z A REHLE PSR/ B A R B
T=ex+(l-g)%, (4.2)

v.D(3), —1)2} 4.1

He1, e~vulo.1], 2RETRL.

BOR, K BRI AR R EONT 2B 1.

EH 41 2P PNEEN y LA, WAFAE—A 1-Lipschitz AL 1 /&
max B, [f(x)]-B,, [/ (x)]MRIEM. 7 (x,y) R PP, ZERERERE, (P, P,) REA
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Figure 2. Distribution diagram of discriminator weight under weight clipping and gradient penalty
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