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Abstract

This paper proposes a novel high-precision numerical approximation method for quasi-interpola-
tion problems under integral value conditions, utilizing Multiquadric (MQ) functions. As a class of
conditionally positive definite radial basis functions, MQ functions hold significant application value
in quasi-interpolation theory due to their exponential convergence properties. Existing MQ quasi-
interpolation methods primarily rely on function values; however, in practical scenarios, functional
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information is often presented in the form of integral values over continuous intervals. This work
focuses on addressing the construction of quasi-interpolation operators under the condition of
known integral values. Specifically, we first approximate the function values and second-order de-
rivative values at nodes through linear combinations of integral values. Subsequently, by integrat-
ing a quasi-interpolation framework that incorporates both function values and second-order de-
rivative information, a novel high-precision integral-value-based MQ quasi-interpolation operator
is constructed, accompanied by derived error estimation formulas. Numerical experiments demon-
strate the favorable approximation performance of the proposed method, with the numerical con-
vergence order aligning well with theoretical analyses, thereby validating the effectiveness of the
algorithm.
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N EAILE L AT, R ik c=h ,s=5h, RN f(x)FIL, f(x) « g(x)
FIL,g(x) f/(x)RIL, f'(x)« g (x)FIL,g (x)~ f(x)FIIL, £ (x) MEKEZE K g(x) B IL, g (x)
BRORZR R EG, R 1 B2 fE 3 FiasEin=40).

. IL/f(x) 3 f(x) %} H: (n=40) 1L, 8(x) 5 g(x) RILE (n=40)
8 1
1Ly, fx) IL,,9(x)
26 F|——fx) 09 o)
24 08
29 07
2 06 [
w2 4
£ o5
gl 14
04
16
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141 02+
12 01
1 ‘ ‘ ! ‘ ‘ 0 ‘ ‘ | ;
0 02 04 06 08 1 0 02 04 06 08 1
X X
(a) (b)

Figure 1. (a) Functions /L, f(x) and f(x);(b)Functions IL,g(x) and g(x)
L.(a) REIL, f(x)5 f(x); (b) REIL,g(x) 5 g(x)
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Figure 2. (a) Functions /L, f"(x) and f’(x);(b) Functions IL,g'(x) and g'(x)
2.(a) RYIL, f(x)5 f'(x); (b) BBIL, g (x) 5 g'(x)

IL,9(x) vs g(x) (n=40)

1L, f(x) vs f(x) (n=40) Error- 1.766.04.
I I I Error: 514-04, !
12 108 l
Wl "
g & 108
® ®
081 ] 107
108
0.6 1
10°
0 0.2 04 0.6 08 1 0 0.2 04 0.6 0.8 1
X X
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Figure 3. (a) Error between functions /L, f(x) and f(x); (b) Error between functions IL,g(x) and g(x)
3.(a) RBUIL, f(x)5 f(x) BRE; (b) BEIL,g(x) 5 g(x) BIRE

0% [E S H G O I SR R R, FRATTEURE ¢, s EUE, HouT B AR BB i R ZE W R 46 1
X2 PR n=40).

Table 1. Maximum error of IL, f(x) on f(x) forvarying valuesof ¢ and s (n=40)
F 1 Hoes ARMER, 1L, f(x) % f(x) RKIRE(n=40)

—_ h A AL B

ol \\\\
Sh 229 x 107 1.76 x 107* 1.76 x 1074 1.76 x 1074
104 1.53 x107* 1.46 x 1074 1.46 x 1074 1.46 x 1074
15h 1.43 x 1074 1.42x107* 1.42x 107 1.42x 107
20h 1.42x 107 1.42x107* 1.42x 107 1.42x 107
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Table 2. Maximum error of IL,g(x) on g(x) for varying valuesof ¢ and s (n=40)
2. Hoes BARMER, IL,g(x) % g(x) IRKIRE(n=40)

T h W ' A"
N
Sh 5.10 x 1074 5.14x 1074 5.14x 107 5.14x 107
10k 5.13 x 1074 5.14x 10 5.14x 107 5.14x 107
15h 5.14 x 1074 5.14 x 1074 5.14x 107 5.14x 107
20h 5.14 x 104 5.14x 1074 5.14x 107 5.14x 107

B TORIVZEA T BAE N 0,05 L, f(x), 1L, g (x) MIERRARZEIEXS LG T SCHR[ 11708 L, f () P4 2L 50
T SCHRL1217F A0 Oy, f (x) IR ST RO SCHR[13]7F A LH, f (x) IR S TR IR 2, PEAIEOR I T %
3. F 4 AR,

Table 3. Maximum error between quasi-interpolation operator IL, f (x) on f (x)

%3 BUEEET L,/ (x) 7 /(x) OB AIRE

n Iz, ()-r@),  Jas(x)-r (), [00s () =r (), et (-1 ()],
10 2.89 x 1073 6.16 x 1073 1.29 x 107! 4.61 x 107
20 7.09 x 1074 1.62 x 1073 6.63 x 1072 3.13x10°°
40 1.76 x 1074 4.14 x 1074 3.36 x 1072 2.04 x 1077
80 437 %107 1.05 x 1074 1.69 x 1072 1.29 x 1078

Table 4. Maximum error between quasi-interpolation operator IL,, g(x) on g(x)

F4. BIEEET IL,g(x) ¥ g(x) MBRKIRE

n

|22 (x)-g ()

|Lug(x)-g(x)],

|0ng (%)~ g ()

|EH () - ()],

20 2.06 x 1073 6.16 x 1073 7.82 x 1072 3.66 x 107
40 5.14 x 107 1.54 x 1073 3.92 x 1072 1.99 x 1076
80 1.29 x 1074 3.85x 107 1.92 x 1072 1.25 %1077
160 321 x 107 9.64 x 1073 9.82 x 107 7.77 x 107°

SRR, LA R TR ST IL, f (x) 5 L, f (x) DR E T Oy f (x) BEHES T
MLL, SR E MBI AOR . SRMEHESE T LH, f(x) #LL, AR KIREMRE R, Rt A ST
GRS EE TP TR S e, s BT SHI IS, W DMAEIT B bR SO ROR, R E
RISERRE S W BRI, FAR R sl A T R 25 AL M A L I ) 7R fR &, X i)
A, HRNEE S HRUEIE S ITREDR, GG BIEM AL RIE F IR ES L, TR R S Fe ek

£ 5. 4% 6 AR T 24 n BURFEIEBUERS, L, f (x) 5 1L, g (x) SEEMCS Bl 5 B e s
HAE AL, HA B S (NCO)E LI T -

In(ME (n)/ME (2n))

NCO = NCO(n—>2n)= 2
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Table 5. Numerical convergence order of quasi-interpolation operator IL,, f (x) on f (x)

% 5. BUBEET L, /(x) 7 £ (x) OHEKETH

n NCO(f(x))
10>20 2.03
20— 40 2.01
40— 80 2.01
HiglE 2

Table 6. Numerical convergence order of quasi-interpolation operator IL, g(x) on g(x)

% 6. BUBEET IL, ¢ (x) 7 g (x) BB BB

n NCO(g(x))
20— 40 2.00
40— 80 2.00
80— 160 2.00

HRE 2

HUE IR S5 KR W], WA R B S I W S 5 AR TN AE 28 T 1R 22V R A PR e v P — 2

5. 8578

ARSI PR vk BEAR 7B 7 MQ FDUAR B 5505 AR ok e 2 DX () AR B P R B A 1 A — 5

FIPRBEE . ANTE ERSNG H AR R BOL TR EE R, AT ERMANETTRH . BRI S, X Hirs
HE I AR LB AR . 498 T MQ AR IR FVE R, A UBARINL . A 70 52 B e e s i A A5 U A
AN NE. FR, ASCIRIAAR T AR At R M 2 B SRR EE B SRt 7 2%
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