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Abstract

This paper utilizes the high-order Haar wavelet method to solve fifth-order differential equations
with different boundary conditions. For linear differential equations, the high-order Haar wavelet
collocation method is employed to transform the differential equation into a system of linear algebraic
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equations for solution. For nonlinear differential equations, the quasi-linearization method is used
to convert them into linear differential equations before solving. The stability of the method is deter-
mined by calculating the condition number of the coefficient matrix of the equation system. Numer-
ical experiments show that the high-order Haar wavelet method has higher numerical accuracy than
the classical Haar wavelet method, achieving smaller errors with fewer collocation points. Moreover,
as the scale increases, the error decreases more rapidly. By solving the maximum absolute error and
the root mean square error, itis concluded that the high-order Haar wavelet method has a fourth-order
accuracy. The numerical results are compared with those of other methods.
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1. 5|8

Wy I RRAE 1% A | SR 2 SR A & T 2 IR, o L o i R AE s AE 2t 30 )
SRR SR E BN T R T R, B ARG O A, DRI S
FBUE AT KAk - Mechee S5 RHL T —F B 2 2 35U Runge-Kutta J772:58 SRR — FhRFIR I TR 607y 77
FE[2], Al-fayyadh 25K HFEE A& - W AR Runge-Kutta v BELAERME T 0 AR [3], WHE L%
1T /N T 2 SR R0y T RE[4]-[6]. 2018 4F, Majak 25K T & Haar /N 7 7(HOHWM) 25 3R fif
W HFE[7], AHEE T2 ) Haar /N7 VE(HWM), HOHWM RS &, AT LK HWM 1S M
2 4RTEE 4, ZINEMRR TG, MEA S mM Haar /N7 TR AR RS A i), b
Ratas 55K HOHWM H T RARAEL AT 12, @5 HWM X, 300UF HOHWM 708 B IR AR
R FA8]. Bulut K H HOHWM K f# 1E WAL 7 FE(RLW) [9]. Yasmeen %86 HOHWM H T K fi#
TR TTRE, WEEH) 4 BrUkedi[10]. a2 H HOHWM KR m M iy 7 RE[ 11 sRERATFT A0, HAik
A% E ¥ HOHWM {EFTE Lo 7 e

A B AE Y I Haar /N 71 (HOHWM) R ARG 1 (8 TR i o0 5 -

$ :F(x,y“>,y<2>,y<3>,y<4>), 0,<x<0, )

FHRE VL =i Ak A
1) R TR
W0 =a, ¥(0)=a,, " (8)=a,, ¥ (8)=a,, ¥ (6)=as.
2) WA A
2(0)+3(0) =2, ¥(6,)+¥'(6)=5, »(6))+y'(6)=5,
y(00)+3"(0y)=¢., ¥'(0,)+¥(6)=¢;.
3) W AR S S A
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o v(x)ar=ry, (&) +af v(x)d=r., v(8)+a ) v(x)d=7,,
y(@)+af, v(x)dr=r.. ¥(0)+a ], y(x)dx=7,.
Hef, o g s i=1,2,3,45F 0 NFEE.
2. Haar /N ERE
Haar /N EREE X [12]
£[6,,6,] i) Harr /N E U -

! 0.0 1 xe[nl(i),qz(i))
i =10, @(ﬂ:{o ngéz),i>1wu 0.(x)={-1 xe[m (i) (i))
’ 0 HoAh
st m(i)=0,+ OO ()2, LOZANETO3) ) (g WOZONEAD) g,
j=0,1,--,J » k=0,1,---,2" 1.
ik u(x)eL’[6,,6,) , WIS LLEH Haar /NEERN:
u(x)= ici(pi (x) 2)

XA FQUATIRNT, B u(x)~ e (), Hh M =2/ HTHEILIE, IA Haar ML n

n

YR, iiMEy,, (x), BAARINT: =11, y,,(x)=1;

0 xe[0.m,(i))

%(x_m(i))" xe[n(i).m(i))
S I ve[m(i)m(i)

=m0 =2(e=m ) +(x=n, () ] ve[m(0)1)

3. B3NSR

Haar /NET7 15:(HWM) SR ARG 75 R A2 K 7 12 0 AR 00 R 250 F) B e -5 U] Haar /NJROR , T i B Haar
/NI (HOHWM)SRAR T 3405 77 FRA e ) (x) JEJF A Haar /N BREL, ASCHEs =1, B

(7) 2M
i (x)~S o (x)
i1
b AR 2 A B x SRS B Ik, A AR R SR R R
U (x) =S ey, () + dg
i=1

2M
u(s)(x) =~ Z‘c,.l/lm(x)+aéx+a5 s 3)
i=1

DOI: 10.12677/aam.2025.145275 467 I3RS


https://doi.org/10.12677/aam.2025.145275

AN, N

2M 2
u(4)(x)z2q1//3yi(x)+a"; tax+a,, 4)
i1
2M 3 2
u(3)(x)chit//4),(x)+a66x +a52x tax+a,, (5)
i=1
2M 4 3 2
u(z)(x)z;cil//s’i(x)—i-a;: +a56x +a42x tax+a,, 6)
2M
O] g 5 4s 4 Q4 3 A3
w’'(x)= ) cWe (x)+—=x +—=x"+—=x +—=x"+a,x+aq,, (7
();W"”()lzo 24 6 2 o

u(x)z%c.l// .(x)+a—6x(’+&x5+&x4+&x3+ﬁx2+ax+a ®)
iR 7200 1200 24 6 2 e

Hrb, q,(i=0,1,6) RARFMA G HEE . LAFE)~@)RATTFEW) T, It HALTHBCE A
(6.-6,)(-12)
2M
BATEBL S8 2M AN, TRETIEE 2M + 7 AN ARAE, FREVIE T RiE AT AR . AR S
B Haar /NBITIE[T], S15MESE x, =0, 5 x,,,,, =6, WECE S, ETTFE()TE x, M x,,,,, ERGL, AR 3R

TiFE, M7 A 2M + 7 NARAE I TR .
N SELF R AR PR H A BOR, IX ELAE (D) — AR R T L -
y (x)+xy(x)=5(x—1)sin(x)+ 5(x—x2 —5)cos(x),

A& y(0)=5, »(0)=-5, y(0)=-5, »(1)=-5c0s(1), »(1)=0.
id

xl=t90+ 3121,2,"',2M,

Vi (x)

CT=[017029""02M], ["(D(x): (//,,!2:()6)

E

Voom (x)
] i 23 23 FI(8) AT 75«

I’®(x)+xI'®(x)

y(S)(x)+xy(x):[CT’aG’aS,...’aO:I % , 9)

R4 T )~ rl &1, FLNIAFFAE T LR RN

®(0) 1°0(0) - I'®d(1)]
0 0 .. L
720
I:CTaaéaa57”‘ﬂa0:| 0 0 L =[5’_5’”.’0]’
120
1 0 1]
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1 TO) PR E 5 0. %,1:1,2,---,2M\ L TS LY et

AX =B, (10)
Hot, 4=[C".ag.a5,a, |, B=[-25-,-25c0s(1),5,-5,--,0],

Po(0) - Po()+I'o(1) '®(0) - I'd(1)]

0 1+L 0 W

720 720

= T 0 ..
720 120

TR R SRR 1 A6, [RIBEAR 5 27 (3)~(8) 15 HH i S S8 A I 208 AT 5

B2 9] TR 2ot R, AT LA B0 FH s vl 25 Rk AR R (10), AT 1S/INE R EL c, AR A H 3L
a,» FRHELFRIEA(S), PTG B R A u (x) 7558 SN AT AT s AL B M, (H2 A T AR AR ek i,
T ATV, ik T R R EHE S I AT Taylor JR I, K ARG A N ER M 1 2 )5
IR FFES], ik AW T FEIAT Picard 4%, BEIEFEWNLM T FEIAT SRR, AT B HR Picard
TEAR, X A — AN IR M s AR T O (x)—ey*(x)=0, FIRLAZM: p(0)=1, y(1)=e,
y(l)(o) =1, y(‘)(l) =e, y(z)(O) =1, X HFERH Picard BRI 145 ([y]Z+1 )(5) (x)—e™ ([y]z )2 =0, z&nKN
YEPEAPECN, TNz +1, BE—AKRT [y]”l F LR S PR T A2, AT DAEL 42 SRl HOHWM.
4. Haar /NS4 FNiRE 1 o4

4.1. Yt 313
& H 1 (HOHWM) # d;;?ivx),p=1,2,3,4,5,6 fefe, HAE[6,,60] LA, u(x) FARE W A,
s ()= Yo, (x) ORI Haar DEHUERR, M =2/ =002, 5=1.2, Fi

(o)) |

4.2. WEMSH
ST RESTFR TR AX =B, # X UM REANES C, /T ||X’1||£ C, MIFRLANE
JIRE 4L AR E 5] -

T IREM AX =B, HBEHAENE, EAERE X0, & X A, WuE 5 4L g A e
— FER TSI ARSI AR J T X SRR MBI BIIANT, RIERE X2 RIS
IS, AP E TR, X T R E LRI X, HHFHOV A IR, TG X“|| A5 FFHEE
FIAL REA RIS, ARAEECA SRR, AT B AR E 1

5. BEEG

Kl Haar NBITER T405E T AN RIYHME AR 2 M B8R L0 U iy 7 R JF B HAd 7 i3k
T 7L 7R miFY Haar /NBOTVERITESS 9 1AL I6 T 15 45 SRR HERR AT AT S0, SR T B KIB mR 2%
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Table 1. Condition numbers under different parameter conditions

F 1. NESHBERTHFHH

i+ 1 i+ 2 %53 %5 4
J subis| pub ] bub | Taylor i1 5% 1 Picard 5+ 1 Taylor i1t 2 Picard i1 5 2
1 4.54e+02 7.76e+03 2.76e+02 2.77e+02 2.75e+02 1.42¢+05 4.00e+02
2 1.71e+03 8.31e+03 1.37¢+03 1.38e+03 1.37¢+03 2.10e+05 1.46e+03
3 8.75¢+03 1.00e+04 7.25¢+03 7.27¢+03 7.26e+03 3.45¢+05 7.26e+03
4 4.71e+04 4.55¢+04 3.96e+04 3.97e+04 3.97¢+04 1.52e+06 3.97¢+04
5 2.60e+05 2.50e+05 2.21e+05 2.21e+05 2.21e+05 8.11e+06 2.21e+05
6 1.45e+06 1.39e+06 1.24e+06 1.24e+06 1.24e+06 4.45e+07 1.24e+06

L, (J) = mlax|u (xi)_MZM (xi)|

LB AR
Lo > (1)t ()
e 9
Sooft, () RERETII, u,,, (x) AT T (88 H AT MR, x, =6’0+i(911_00°),i=1,2,---,9, M2
907 JER HOHWM AT HWM (00038 5 et o &, = 28 (J];;)(;;Og(% ) 5

_log(L, (/-1))-log(L, (/))
g 10g(2)
B 1 SRR IR 2R B3 T T

() +09 (x) = 5(v=1)sin () + 5 (x = =5 cos x),

o

IR &R p(0)=5, Y (0)=-5, yP(0)=-5, y(1)=-5cos(1), »(1)=0, HIsHufEA
y(x)=5(1-x)cos(x) -

T2 T R AE S HOHWM I L, f L, 2%, FFi-5H0sibr, S53Cwk[s]H HWM 1 L,
RERSCE 6 b . B 2 WA, AHXHF HWM, HOHWM [iRZEH /N, JEHBEE J 10, HOHWM
wE NERER, WS N 4.

Table 2. L errorsy L, errors and the convergence orders of the HWM and HOHWM methods in Example 1
F<2. f5) | HWM #1 HOHWM F53EM L, iRZE . L, IRZE ARSI

HWM [5] HOHWM

J L, s {ty L, WSk L, Wk
J= 2.48¢-5 - 1.82¢—07 - 1.16e—07 -

J=2 6.04e—6 2.0363 1.07e-08 4.0864 6.81e-09 4.0869
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gk
J=3 1.52e—6 1.9920 6.63¢—10 4.0139 4.21e-10 4.0151
J=4 3.79¢-7 2.0046 4.14e-11 4.0024 2.63e—11 4.0025
J=5 9.47¢-8 1.9984 2.58e—12 4.0036 1.64e—-12 4.0043

% 2 LM TL oy T FE
s (x)=y(x)=-15¢" —10xe",

HIEFRL R 1) PUABUSREAN N, [ y(x)dr=3-c. y(0)+[ y(x)dx=3-c,
y()+ [ y(x)dr=3-e, U (0)+[ y(x)dv=d4-e, Y (1)+[ y(x)dr=3-2e. 2) fNIAHFKIEA:
y(0)=0, y(1)=0, y(l)(O):l , y(l)(l):—e , y(2)(0):0 o

JIRRITRS TR p (x) = (x—x")e" -

T3 T 2 TEW RN ISR N HOHWM [ L, F1 L, iR 2%, FRFSRSaF, 5 SCHR[5]+H HWM
() L, V2 AR X B o F 26 3 BT 40, AH6F HWM, HOHWM 3% 2 80N, 3F HEE% J (03900, HOHWM
R R, WS 4. 44 gt 701 2 AR AR, ANFEIRE S E 0 ) HOHWM [ L,
R, I HAN AT T Xt . B 4 A, HOHWM A] DIZERC B A AN n /DI, BUS S/ NiR 22,
MORTLF. £ 5 4 T 2 fERIL % 4F T HOHWM [ L, f L, %7, FFit8Esidn, hE s wa,
HOHWM Wb 4.

Table3. L, errorsy L
ary conditions in Example 2

3. 62 MERMAREHT HWM 1 HOHWM 5350 1, 1RZE . L, iRE RIS

, errors and convergence orders of the HWM and HOHWM methods under two-point integral bound-

HWM [5] HOHWM

J L, /¢y L, Wk L, /¢y
J=2 4.62¢—6 - 7.93e-09 - 5.69¢-09 -

= 1.40e—6 1.7215 4.95¢-10 4.0018 3.55¢-10 4.0029

J=4 3.62e-7 1.9510 3.10e-11 4.0000 2.22e-11 3.9993

= 9.11e-8 1.9923 1.93e-12 4.0009 1.39¢-12 3.9965

J=6 2.28¢-8 2.0000 1.30e-13 3.8999 8.66¢-14 4.0036

Table4. L, errors of HOHWM and other methods under simple boundary conditions with different collocation points in

Example 2
F4. 42 FRIBFFHET HOHWM FIRM S EZETRRES T L, RE

Jiik n L, n L, n L,
HOHWM 8 2.85¢—8 16 1.78¢—9 32 1.11e-10
HWM [5] 8 1.16e—5 16 3.00e—6 32 7.57e=7

Sextic spline [14] 8 5.59¢—4 16 341e-5 32 1.59¢—7
Cubic B-spline [15] 10 1.84¢—4 20 4.54e—5 40 1.14e-5
NSM [5] 10 1.28¢—4 20 2.79¢—4 40 9.39¢—4
NSSM [5] 10 3.75¢—5 20 6.20e—6 40 8.87e—4
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Table 5. L_ errors, L, errors and the convergence orders of the HOHWM methods under simple boundary conditions in

Example 2
5. 52 BB RELHET HOHWM M L iRZE. L, IREURIEEN

J=1 J=2 J=3 J=4 J=5
L, 4.67e—7 2.85¢—8 1.78e—9 1.11e-10 6.97e—12

ey - 4.0359 3.9981 3.9987 3.9995
L, 2.95¢—7 1.80e—8 1.13e-9 7.06e-11 4.41e-12

WS - 4.0353 3.9982 3.9986 3.9995

1] 3 Z e AR L AE & T R
y(s)()c)—e”‘y2 (x)=0, (11)

EERRAREE: y(0)=1, y()=e, yO(0)=1, Yy (1)=c, ¥ (0)=1, HHMMS: y=c .
ST B TR, R . J7ik—: Taylor JEIFE. AR T 0 AELEIEDT 2 1472
BURIFIS], BCHRTSRAAE 2 TSz et, a4 ([]") 2 [y] 4347 Taylor FEFF:

(LT") =(T) +2DT (LT -07)-

B

(1) 2D DT () (12)
A TFaRAER T () w2 )T T = () (D) R A%T
LR TR

Dy s Picard At REAT(DBI Picard 40 ([p]") (x) e (D) =0, = &4

EABH, TRz, KREAET ] R LM T,

%6 4 T 3 Ad Taylor BITIE)G, TERIHILA T HOHWM iRz, 5ICHR[S]H ) HWM iR 2%
Y. % 6 ATEN, MY T HWM, HOHWM [TESAS SRR Z# 5 /)N, F HEEE J 351, HOHWM
iR ZE NI ER . & 7 450 71 3 &l Picard SARESE, £ J = 4 B HOHWM J7 21 HAth 77 548 % 5
XL, B 7, AT IHAR T, HOHWM kMR ZE B /N, 4% 8 Flde 9 4y T 3 fEWIAN R
W5 T HOHWM 1 L, f1 L, 2%, IR, ik 8 fdk 9 nf k1, HOHWM s A 4.

Table 6. Comparison of the errors at each point between HWM and HOHWM after using the Taylor expansion method in
Example 3

7 6. 15 3 £33 Taylor BFFi%fE HWM 1 HOHWM 7E & S ALBIIRZE ST EE

J=4 J=5 J=6
x HWM [5] HOHWM HWM [5] HOHWM HWM [5] HOHWM
0.1 3.9¢-10 3.4e-14 9.8¢-11 22¢-15 2.4e-11 2.2¢-16
0.2 2.5¢-9 22e-13 6.3¢-10 1.4e-14 1.5¢-10 8.9¢-16
0.3 6.6e—9 5.7e-13 1.6¢-9 3.6e-14 4.1e-10 22¢-15
0.4 1.1e-8 1.0e—12 2.9¢-9 6.3¢-14 7.3e-10 4.0e-15
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0.5 1.6e—8 1.4e-12 4.0e-9 8.7e-14 1.0e-9 5.6e—15
0.6 1.8e—8 1.6e—12 4.5¢-9 9.8e—14 1.1e-9 6.0e—15
0.7 1.6e—8 1.4e-12 4.1e-9 8.9e-14 1.0e—9 5.8e—15
0.8 1.1e—8 9.6e—13 2.8e—9 6.0e—-14 7.0-10 4.0e—15
0.9 4.0e-9 3.5e-13 1.0e-9 2.2e-15 2.5¢-10 1.8e-15

Table 7. Comparison of the errors at each point between HOHWM and other methods after applying the Picard iterative
method in Example 3 when J =4
F7.J=41, 3 23 Picard IX{XIER HOHWM FE M 75 AT & SR ENTLE

x HOHWM HPM [16] B-spline [16] VIM [17]
0.1 3.4e-14 1.0e-9 7.0e-9 0

0.2 2.2¢-13 2.0e-9 7.2¢-9 1.0e-5
0.3 5.8¢-13 1.0e-8 4.1¢-8 1.0e—5
0.4 1.0e-12 2.0e-8 4.6e-8 1.0e—4
0.5 1.4e-12 3.1e-8 4.7¢-8 3.2¢4
0.6 1.6e-12 3.7¢-8 4.8¢-8 3.6e-5
0.7 1.4e-12 4.1e-8 3.9¢-8 1.4e—4
0.8 9.7e-13 3.1e-8 3.1e-8 3.1e4
0.9 3.5¢-13 1.4e-8 1.4e-8 5.8¢—4

Table8. L, errors, L, errors and the convergence orders of the HOHWM methods after using the Taylor expansion method

in Example 3

% 8. 3 &id Taylor BFF AR HOHWM /5340 L, 1RE. L, IRE R IEIN

J=1 J=2 J=3 J=4 J=5
L, 6.52¢—9 4.00e-10 2.50e-11 1.57e-12 9.79¢—14
WS - 4.0286 3.9961 3.9981 4.0004
L, 4.12¢-9 2.53e-10 1.59e-11 9.92¢-13 6.21e—14
W SR - 4.0258 3.9962 3.9979 3.9981

Table 9. L errors, L, errors and the convergence orders of the HOHWM methods after applying the Picard iteration in

Example 3
9. 51 3 &7 Picard X /5 HOHWM 7535/ L, 1RZE. L, IRE LUK

J=1 J=2 J=3 J=4 J=5

L, 6.52¢—9 4.00e-10 2.50e-11 1.58e—12 1.09¢-13
W SR - 4.0285 3.9955 3.9884 3.8499

L, 4.12¢-09 2.53¢-10 1.59¢-11 1.00e—12 6.93¢—14
W SR - 4.0257 3.9956 3.9882 3.8501
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Bl 4 25 TLBr AR LNE RSy T3 2«

) (x)+24e™ = 48

(1+x)

xe(0,1), (13)

5

HRW AR EME: y(1)+r(0)=In2, p(0)+y"(0)=1, y(0)+y"(1)=0.5, y(0)+y?(0)=-1,
y(1)+yV(0)=In(2)+1, HHHMEA y(x)=In(1+x).

] T AR 2 P 7 R R R VAR I 757, J7 ik — Taylor JEFFE, ST 1X AN 7R AR LRI e 34T
LML, BAAERSEON 2, TRzl xbe VT [ AT R BRI

efs[y]ﬁ1 ~e DT _5e0T ([)’]Z+l _[y]z ) ) (14)

AT AHMRANEIA3)F A4

([y]z+l )(5) _120375[)}]2 [y]z+1 _ 48 . _120675[},]: [y]z —24e75[y]z '
(1+x)
D Pieard BRI XT3N Picard EACHT A ([p]) () 240 0T = i B #E
+Xx

HEEAREE, NP z+1

%10 45 741 4 Taylor EFFIEAN Picard IEARIEIMZEMEAL S FE ) HOHWM 1) L, F1 L, %%, FFit5
SR, 5 SCHRISTH HWM [ L R 2 FUEiisn xt te . i3 10 v, AT HWM, HOHWM iR 2 5
AN, I EHBERE J BN, HOHWM %2 FRESE M, WA 4.

Table 10. L_ errors, L, errors and convergence orders of the HWM and HOHWM methods under two-point boundary

conditions in Example 4

F10. )4 BB REHET HWM F1 HOHWM 753580 L, 1RE. L, IREURUSI

HWM [5] Taylor 1% HOHWM Picard %4 HOHWM
J L, sy L, sy L, W sk L, s {ty L, sty
J=2 18e5 - 7.9¢-7 - 5.2¢-07 - 7.9¢-7 - 5.2e-7

J=3 42e-6 2.078 4.8e—8 4.164 3.1e-08 4.042 4.8¢—8 4.035 3.2e-8 4.042
J=4 1.0e-6 2.010 3.0e-9 4.035 2.0e-09 4.002 3.0e-9 4.000 2.0e-9 4.002
J=5 2.6e-7 2.003 1.9¢-10 4.000 1.2e-10 3.999 1.9¢-10  3.994 1.2e-10 3.995
J=6 6.4e-8 2.001 1.1e-11 3.998 7.8e—12 3.999 1.2e-11 3932  8.le-12 3.935

6. /&5

ARSCRE Y Haar /NRI 7 3 T 3R B BAT ASFWME S AR TR B D7 RE o X 2Ry i s, 1207
AT EARSASBUE M X T AR R, I AR A TT R e (e O Rk T R e AT R . I
XFEL TR, 540 Haar /NBIPVEAALL, @B Haar /NBOPVEESUE RS BT TR A RS, RKIZ
RRZE RS TR R 22 83 A, RT AP SE A O E B 3R A5 B veh L RO BB, O ELRA DU B el 1k,
BE REESHIE R, BUE MRS RT3 — 05Tt . BUE LIRSS RIGIUE T Fr$e I ik i A R AL B v .
E&WH

TLVE4E H SR AL 410 H (2020BABL201006) -
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