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Abstract

This paper studies an N-player stochastic Nash game, where the objective function minimized by
the i-th playeris f, (X)+ f (Xi ) ,where f, isthe expected value and r;, has an efficient proximal
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evaluation. In this context, this paper obtains the following results: 1) Under the strong monotonic
assumption of the concatenated gradient mapping, the optimal convergence rate and the oracle
complexity bound are derived for the proposed variable sample size stochastic gradient response
scheme; 2) Under the appropriate contraction property related to the proximal best-response map-
ping, a variable sample size proximal best-response scheme is designed, where the proximal best-
response is computed by solving a sample average problem. If the batch size used for computing the
sample average increases at an appropriate rate, it can be shown that the resulting iterations con-
verge at a linear rate, and the oracle complexity is derived.

Keywords

Stochastic Nash Game, Proximal Evaluation, Stochastic Gradient Response, Best-Response, Oracle
Complexity

Copyright © 2025 by author(s) and Hans Publishers Inc.
This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).
http://creativecommons.org/licenses/by/4.0/

1. 5|18

FEAEHZRR[L] [ IR I — A3, ERTFAES X T EMSHS LR, &ML IS 5 3 0]
Rt gE LASEIL A S B U Ak . 2R A SR R — AN BT, W [RIMITaINE TAE.
XBHRTERE TRAGHEE T I 2R, Gl B0 % AL RES %. A, %A
HIRZ 5HEMMBEE, 25501 &%, HhieN2{L N} SFEEMieN, Hitz
5535 HSEIE % € R™ AT 25 B F (%, X, ) R0, 20528 B BURI T 6 1 B IS IR LIORE T F S
Méh&wﬁﬁﬁo%néz&m,Hx%ﬁ%%ﬁﬁ%%ﬁxﬂﬁpm@ewo$Y%%*¢%M%H

2% P, EZEIE, X FHIKENS X, 5% 1 19 R ERE T RBENLE S04 i .

iEEEE(X“X4)é £ (%, %) +1(%).

Fob £, () 2 E[w (6 &(@))] BEHLAERE Q> R & XAEMER A (Q,F,P) £,y 1R" xR >R &4
FRERERE, E[]FRX TR P OWIR. AR AN O 28, SORo AL X,
(40 ) BEIBBOAT X, R LI, T () BEBEEA ™ B EL, (AT A AR I3 EL AT 78
AP EREBLANH G, B d i ANB 5 E RSN (R (x, ), g2 — A udl
X ={x}" eR", MEMTHIBEHEIN, WL F &I

R (Xi*!xii)g F (Xi,Xfi), vx, e R".

WA EL, R TS 5 2 AT LA I S TR S SN G SRR s, B4 X R — Al
¥t .

ASSCHI IR TE 5 T R B A S e B 5 A SIGE 4 10 T AR A A ARSI <08 B AL, PS8 M [ 7 S AL AT e
Wi 825 5o BT THIR 22 18 T — SR T IE SR S O AT 1R LA S B AL T ZE s 5 5 o 51 S £ 8 5
AR, FET R E T OISR, b R IR B B AR SRR 4], A LD
[51. AR IR T SR 1B EEMA e A, (EAE [6] R T 17 AT i v IS e f WS 4 i 1 1 i A 182 7 ¢
FERENLANAT ISR, At B RENL AT 1T, 3R 7 IEMLRENLEIL T %[7], IF BJREmt un kAT 1

DOI: 10.12677/aam.2025.146333 445 I3RS


https://doi.org/10.12677/aam.2025.146333
http://creativecommons.org/licenses/by/4.0/

P

VTR, DABDN SRR DL G0 2 R A S OO . AT 5%, PE[8] TR T SRR AEWIN 7 %€,
R E 9] — AR B B WS Iy S8R T OB A MO RIS AR S A IR SR by SO
T2 T b A R ST S A RO bRk . R, TE[10]FER] T BRI g, il
LRI 75 97 07 UG T LT 5 ARSI AN IS

RSO A P S8Rl T — AT AR A B S B R WINJ , TESR MR BB T
HEW) T SR A AT A B FEWS )7 S AT 3407 S22 (0 M IR SO (R B0 1) . TIPE ST 2 i T i)
—A e BIBGEN X Sh R B - || < o) MERA AT ATEEL A5 O (In (1)) A
O(In(1e)™"). Fh 820, sk, fEfkie 1 haen], ELRIAEE MEESH, A cmiHH N
A 2 B R U 522 P 5 B 59 O (K2 In (1)) RO (K2 s) IR K Fm AP

S IFR T R AR R A UBOE AR IRy S (LB 1), FIF SRR PR LA 3 40 8
BIMGHIBEBLA RS . 7RI, A5 SHG S MBI MREAT R RN . A
TEREEE 3 HEW], TEAEIONT SECR T, V07 R I 5 LA M e s a4, B4t
I T 5] oA H 8700 T 75 03 A0 S A RV i 540029 5100 O(In(Ye)) A1 O(In(e)™ ) ot
620

2. TR AFARITBE EMRR 75 R

AR 25 FEAT X — 2 5 g P A DR B A A G R SR AN AT SR, et AR AR R AR A BE LA
JEWANJT 58 o AR SCRAIE M%7 S A RIS AUTF 91 LRV RN S R g 24, F 4 M SBl e-g A1 21ty
JIT s BRI S 2% B

2.1, FTTREAKAEIE AR R IR

ASCEF XS RERLAIA TSR Pt Indn R k-

B 1 (1) B R FOEELE M, AT OE URIC A R 2dom(r) . BB R2T]R A
Ri2TTL.R -

() MFEAEEM X, e Ry, BECE (X, %, ) EAE R FHFE BT x £ CH 2 HMI.

@3) X THH X, eR, WRIEE R, ¥ty (%, X&) FEAS R KP4 6T x £, 65
v, fi(x)= E[iny/i(xi,xfi;g ] .

MR G(xE)2(Vowi (x€)) |, HG(x)2E[G(x&)], MAMEREE 13), G(x)=(V,f, (x))N - UTF

i 1 i=1

SIEEN, O X2 P I A, G HACEEREAN G EWUS ARSI .
51 1 I 53 RSN
g ERENLAAT SR P, B TRANZ 5 1e N, BB 1AL, € 3 r(x)2(, (Xi))iN:1 - WAX eX
A, 2 HAL X prox,, (x—aG (X)) A AR, B
X = prox,, (x* —aG(X*)), Va >0.

BBEAUE KA k Fom, 5% | 7EM 20 k B x, e R" R, R HINEHuE x| 10— Milith
flo AL FEARHEIL AR BE AR B (1 — AT ZRREA RSO HE) TR, 7258 k UGB ET N, A RAEB
o S EBERLIE & ) N ANSBUERIREAR &, &0, MFAEREIeN, BEx,eR, B5H i~y
AEHr Xk

Z’:ilvxiy/i (Xk;gkp)

Xika = ProX,. | X —@ N
k

DOI: 10.12677/aam.2025.146333 446 I3RS


https://doi.org/10.12677/aam.2025.146333

P

Horpa>0 REHL K, Vo (%:8), p=L-- N, FRRAEBIE. &L af 2G(x:&8P)-G(x), H
— A 1 k I —_—
By, =N—kz§:1wkp o Mo BRI RATFRA

Xy = PrOX,, |:Xk —a(G(Xk )+ B, )i|

AR ST A FEE S AR 75 48 DA AR
% 2: (1) WU G(x) TS R LR BA HH L R4 gL, B

[6(x)-G(y)|<L]x-y] ¥xyeR.
(2) G(x)REASH n sk i, &y
(6(x)-G(y)) (x-y)znlx-y[* vxyeR.

(@) fEE— My, [ TR k>0, LR AFRROL: E[ @, |F =0, E[||@,Nk||2
JUPARAE AL, Hod R 2o {X), %, % ) o

2.2. ISR

R ADKFREABEN, « B o B S S AF35 07 2 1 T BB R PR

Bl 2 %R ASREA UBHIL AR BRI, If EARSE 1 AR 2 B, & X q21-2an+a’l?. Hia
MHTARI k=0, E[ Xy — x*”2 |F ls q"xk - x*”2 +a®ViIN, s LT AR RS

AU 513 2, ASCRENSE I BE AT 52 i L 1 2 PE N Sl 2

SEHL 1 VARSI SRR BE R B R A WG AR BORGI ARBE FE MR R R T P, e A
pe(00), N =[], FAXTFRAMHC>0, AE||o-x [cc. ubiw 1 Mg 2 i, H
a<2p/1?, EXqil-2an+a®l® . WAKEZEK k=0, CLFEIEMTL:

(1) Hp=q, M E[”xk —x*ﬂ <C(p,q)max{p,q}*, Hr

FK}SVZ/Nk

2.2
av

"1-min{p/q,a/p}

C(p.q)=C

@ #p=0, WifEEpe(pl), E|fy x| [<Dp", b
O!2V2

in((7/p)’)

11>

DiC+

23 BREHHERE

FEARATH, RSO BRI RAETESE e~ 3 0T 05 P U (LA SV A8 RO M LR i 5224
B FRATKT oMU (75 X FIBAIE, % E| x| <o, MIBTHLANETRE x:Q > R 21 o
.

B 2 SRGWRERE: WAREABIEMNR AT P, S0P A pe(01), N, =[],
A E["xO -x z}gc o MBS L RS 2 IROL, X qRLl-2an+a?l? . Ha<2n/®, pe(pl), C(p.q),
D WGEE L RBE L. W4, AR e A AR OB K (2) P05, 36 U F

DOI: 10.12677/aam.2025.146333 447 I3RS


https://doi.org/10.12677/aam.2025.146333

P

1 C(pa))
In(l/q)ln[ j Hp<g<l
1 D
£ — 0= 2.1
K(e) In(yﬁ)ln[gj' #iq=p (2.1)
1 (P0))
In(l/p)ln[ ] #Ho<p<l
FELFTTR SRR HR M (&) Tz, e LR
1 (Cpa) |
p,q) |n¥a -
pln(l/q)£ ¢ +Kle). Fp<ast
L (5
2 2™ g = 2.2
M (&) pln(l/ﬁ)[g] +K(e), Fq=p (2.2)
1 (C(pa) "
pm(]/p)[ : )”((5) Haspst

PR, ACHHIE p=q KB MRAEEE 1 (1), AN T ML

E["xk —x*||2}gg:>k2 Kl(g)éw

In(1/max {p,q})

Wg, WT p<q<lAlg<p<IBELR, AR TR PR, R, T A>1URME
EIEBHK, BT RAL:

SRJEA ST AR BIBLT R

Ky(e)-1 Ky(e)-1 o p—Kl(s) K
N, < Y < +
2 N é P () pIn(1/p) (¢)

EE, T EEe>0,p<lc >0, UFARTHKIL:

In(cy/€) i) In(g/<) In(cy /e n(c /e
p W :(e'”("( NPT _ ot (¢ Yo

BRI, SRAF—A> e- g8 AT T P 7 B SRAERR B Ak i DL 307 e
C(p.q) imio
1 p,q In(1/max{p,q

+ K, (€).

p'n(ﬂp)[ & J )

Bk, XHF p<q<lMg<p<liIfFol, AXHRE T HREQR)THBIAR. p=q BFLAT LR

AIIER

DOI: 10.12677/aam.2025.146333 448 I3RS


https://doi.org/10.12677/aam.2025.146333

P

ﬁ«nLﬁ%@%mﬁﬁh@ﬁﬁ@%ﬁﬁﬁmﬁﬁWﬁﬁ%gﬁ%ﬁonk»ﬂqmw@“y

n@e) w._ .. < In(@/p) S
He, Hpe(pl)if, 6=0: ¥ p<q<lif, 5_|(yq) Zq=pH, 5_|Myﬁ)o(a1&uiOUE

P53 —FREE A o34 2 E[[x—x|] <o MUBEHLAMERRTE x: Q — R" &/ e 14 KU
RO ARG, 2N AR o-ah TR0, BRI, HiETE 2 WIA, Gk e MR AR
AR5 O (In (Yz)) FO(In(y/z) ™).

i VEROTABREN RIS T P, Hett FHAHHC >0, ﬁEHM—ﬂﬂsco%ﬁﬁlﬁﬁ&
2&1,%X%ﬁﬁké%o&a— . BT p= L—ﬂ,N =[] M4, PR AR
AT ABVPAE YRR YR 30 E O (K2 In(1/)) F1O(K? /&) s

3. ATEHAFRIAMRIERI TR

FEATT R, AR KBNS, bl 48 e HEmia N2 I AN 1Y) AT — Al AR R
TR A0 foe i By SRS, IFHES HISiod =, @b AAshia R A A IR .

3.1. IE4RE M ARG RO S B
SFATRE A e N BLEATR M CA y e R, & SUTAREAE B X (y) A
%(y)2argmin . [E[(//i (% y:€) [+ 1 (% )Jr%"xi _ yi”ﬂ o X i) (Pi (X)) B Bt -

L () MG B X, <R B (X,) R VIERTR, HEEAERE R 0774
ST x R B, BV, f(x,x,) 6T X RREA @im %EE&LE AR, B
ML, BRI X <R, A

RACR B EAMACSE )||s Li|fx =] .

) X TN X, R VAR SR, BBy, (%, x ;&) AEE R FIFELXT x R,
Ak, XTALREH e N FIFFEH xeR, F7EM, >0, ffFE ﬁ&@—mmﬂﬂﬁﬂﬂﬁmh
WARE 3, VieN, f7ER B SHORE R, JEOUTSCIRILL] bR A M7, mrLLE X

M ng,max glN,max
M+ Cimin M+ Cimin M+ G min
;21,max H §2N,max
T2\ 448y mn M+ Comn H+Comin |-
gNl,max gNZ,max H
M+ Cnmin - M+ Cnomin M+ E\ i

HA1 G i 210, A (Vii f; (X)) s LKV #15 A i max 25U,
%(y')—%(y)ll Iyi =il
i : <r|

% () =%e | LIve =y
ASREEEUR AT . DG T IR R X () BRARIER e 5 5, WS SOk (11].

V24§ (X)) < MM SRR 4,

o B ZMET LRI B4R p(T) <1, US40 fi Ao 2 AR 5 T

DOI: 10.12677/aam.2025.146333 449 I3RS


https://doi.org/10.12677/aam.2025.146333

P

3.2. AIREABMBILBREMREST R
TR KA K T, SREBEHLIA & & ) N, MR &, 0 M TARRM x e X, ASCBPEA
Ha Nizgilt//i (% Yo & ) AR £ (%, v ) SRRAFREASII L 1) 5 R L 7] L, 45 80 0] A R A MRS
k
T AR RN R, L 1.

Table 1. Variable sample size proximal best-response algorithm
= 1. AIEHANRLSRAEN R &%

ik ] ARFE A AR 40 fr HE e B B

B k=0 WIS o =Xp € X, o AEABEHI=1 N, B —HEHEF ()

k=0

D) MFi=1-- N, Z5F i EHHMIE X, A

1 & o )7 2
Xk = ArgMIN WZ‘//i (Xivyfi.klik )+ fi (Xi)"’E"Xi - yi,k" :
XeR™

k p=l

2 Fi=1- N, f Yikia = X s
(3) A ki=k+1, BREEFILEQ).

33. WMS5ERERE
X 6 pr 2% =R (V) o AHATLAEEN T35, %N T E[||gi,m z]a@%\ﬁ%o

4
22
z}SMiCr ,ﬂqjcré%(l_;J ,
k

SI% 3: FFA 8 HAL, 8 TS, WA E| e

N "rL ,/_12+|_2
L = max; L -
T B, (%) 2 2V, (%0 Yo )=V (% Vo) o MR ARE S AT, 0 T A5 0

Nk
a >0, ¥y FI (Y ) 4B BAF FANBS IR £

Prox,. |:Xi _a(vxi f (% i)+ @ (% ))J Al prox,, |:Xi —afi (%Y )] :
T BT HAEY 5KkE, X TR a>0, LR SIREAL:

= a||“_)|,k (Xi,k+1) +“Xi,k+1 -% (yk )—a( ﬁ (Xi,k+1' Yy )_ ﬁ ()zi (Yk )’ Yy ))”
< \/(1_0‘ﬂ)2 +a’l’ ||5i,k+1||+ a"C’_}.,k (Xi,k+1)

T ERA%RA, 4 o= ‘+‘ o TR s,
Y2

. BESE% 3, 5IHEEIE.

AT SCHR[LL] PRI A R 4, B DUERZETE R M WSnR R, Mfa, ASCEL T IRE—/NELYN
35018 BT 75 B R A A igr R B, L rpal AR gN AT Y i e SO 2 E[||x—>~<||] SAE R BN SRS A
Xx:Q—>R",

||5i,k+1

o HH C, AN HEIEMRIE

<C,

D, (Xi,k+1)

DOI: 10.12677/aam.2025.146333 450 I3RS


https://doi.org/10.12677/aam.2025.146333

P

REEE 3. 75 3 ML, Fla 20| <1 4 LB SEERI TRV 1925 (P (x ) 361 E [0 X ] €+

N max, M C? Yy A A oon s
HW%[ndQDﬁNfr—;W——o%XCﬂmﬂmﬂ,&newﬂ,ﬁuD= - W4, A

I
In((ﬁ/c)e)
PAF eI, S5 0 T BRI AH e LA A 8 BN T TR BIREARE A - O(In(x/ﬁ g)) A

2In(Yn)
O{(\/W/g) In(y/7) ] .

4, 4Eip

AICHETT T — KRB 1#5E, Hrh A2 58 00 H s R 8o — NP E TR 2 RO6 I e £ — N
IR R AR . BRI, ASCHR T ARSI T 5

(1) WIARREASRUBAT QAR BE w87 58, 18 B T oM B BEALAN AT 28, (2) T AR RE A BB 408 f £ 0 3
Tige, TERIT AT B i R w0 SR I BE LA TS . FEE S BB T, ASCUER] 1 PRI T S8 1 RE
AL AR LIS A, IS T HH R R 2 UL R R K

SE

[1] Fudenberg, D. and Tirole, J. (1991) Game Theory. MIT Press.

Basar, T. an sder, G.J. . Dynamic Noncooperative Game Theory. 2n ition, Society for Industrial and Ap-
[2] d Olsder, G.J. (1998) i ive G h 2nd Edition, Society for Industrial and A
plied Mathematics. https://doi.org/10.1137/1.9781611971132

[3] Nash, J.F. (1950) Equilibrium Points in n-Person Games. Proceedings of the National Academy of Sciences, 36, 48-49.
https://doi.org/10.1073/pnas.36.1.48

[4] Alpcan, T. and Basar, T. (2002) A Game-Theoretic Framework for Congestion Control in General Topology Networks.
Proceedings of the 41st IEEE Conference on Decision and Control, Las Vegas, 10-13 December 2002, 1218-1224.
https://doi.org/10.1109/cdc.2002.1184680

[5] Yin, H.B., Shanbhag, U.V.and Mehta, P.G. (2011) Nash Equilibrium Problems with Scaled Congestion Costs and Shared
Constraints. IEEE Transactions on Automatic Control, 56, 1702-1708. https://doi.org/10.1109/tac.2011.2137590

[6] Lei, J., Shanbhag, U. and Chen, J. (2023) A Distributed Iterative Tikhonov Method for Networked Monotone Aggrega-
tive Hierarchical Stochastic Games.

[7] Facchinei, F. and Pang, J. (2009) Nash Equilibria: The Variational Approach. In: Convex Optimization in Signal Pro-
cessing and Communications, Cambridge University Press, 443-493.
https://doi.org/10.1017/cb09780511804458.013

ousefian, k., NediC, A. an anbhag, U.V. n Smoothing, Regularization, and Averaging in Stochastic Ap-

8] Yousefian, F., Nedi¢, A. and Shanbhag, U.V. (2017) On S hing, Regularizati dA ing in Stochastic A
proximation Methods for Stochastic Variational Inequality Problems. Mathematical Programming, 165, 391-431.
https://doi.org/10.1007/s10107-017-1175-y

[9] Jiang, H., Shanbhag, U.V. and Meyn, S.P. (2018) Distributed Computation of Equilibria in Misspecified Convex Sto-
chastic Nash Games. IEEE Transactions on Automatic Control, 63, 360-371. https://doi.org/10.1109/tac.2017.2742061

[10] Yousefian, F., Nedic, A. and Shanbhag, U.V. (2016) Self-Tuned Stochastic Approximation Schemes for Non-Lipschitz-
ian Stochastic Multi-User Optimization and Nash Games. IEEE Transactions on Automatic Control, 61, 1753-1766.
https://doi.org/10.1109/tac.2015.2478124

[11] Lei, L., Shanbhag, U.V. and Sen, S. (2018) On Synchronous, Asynchronous, and Randomized Best-Response Schemes
for Computing Equilibria in Stochastic Nashgames. Mathematics of Operations Research.

DOI: 10.12677/aam.2025.146333 451 I3RS


https://doi.org/10.12677/aam.2025.146333
https://doi.org/10.1137/1.9781611971132
https://doi.org/10.1073/pnas.36.1.48
https://doi.org/10.1109/cdc.2002.1184680
https://doi.org/10.1109/tac.2011.2137590
https://doi.org/10.1017/cbo9780511804458.013
https://doi.org/10.1007/s10107-017-1175-y
https://doi.org/10.1109/tac.2017.2742061
https://doi.org/10.1109/tac.2015.2478124

	随机纳什博弈中的近邻梯度响应与最佳响应方案研究
	摘  要
	关键词
	Research on Neighboring Gradient Response and Best-Response Schemes in Stochastic Nash Games
	Abstract
	Keywords
	1. 引言
	2. 可变样本规模近邻梯度响应方案
	2.1. 可变样本规模近邻梯度响应设计
	2.2. 收敛速率分析
	2.3. 迭代与神谕复杂度

	3. 可变样本规模近邻最佳响应方案
	3.1. 近邻最佳响应映射的背景
	3.2. 可变样本规模近邻最佳响应方案
	3.3. 神谕与迭代复杂度

	4. 结论
	参考文献

