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Abstract

This paper studies the blow-up properties of weak solutions of a class of Klein-Gordon equations
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with variable exponential source term and nonlinear damping term under the condition of low ini-
tial energy, and explores the conditions for the blow-up of solutions within a finite time and the
upper bound estimation of the blow-up time. We apply differential inequality techniques, and by
defining energy functionals and auxiliary functions, and using tools such as Sobolev embedding in-
equalities and Hoélder inequalities, we analyze the behavior of solutions under low initial energy
and derive the blow-up conditions of the solutions. Under the given variable exponential condition
and the assumption of the relaxation function, it is proved that when the initial energy is lower than
a certain critical value, the weak solution blows up within a finite time, and the upper bound esti-
mation of the blow-up time is obtained. The combined effect of the variable exponential source term
and the nonlinear damping term can lead to the blow-up of the solution in a finite time at a low
initial energy. The research results provide a theoretical basis for the qualitative analysis of the
solutions of this type of equation and expand the blow-up theory of variable exponential nonlinear
partial differential equations.
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