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Abstract

By utilizing the properties of generalized conjugate upper graphs and introducing new constraint
qualification conditions, the generalized Farkas lemma for constrained optimization problems is
equivalently characterized. Then, the Lagrange dual problem based on generalized conjugates is
defined, and the Lagrange strong duality and stable strong duality between the constrained optimiza-
tion problem and its dual problem are established, which generalizes and improves the relevant
conclusions of predecessors.
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1. 5|15

WT RAEERIE, X ZLEEY Hausdorff Fdhm&E2=E, M £ X FdEh 174,
f,f X > RU{+o},t T SEFRAEL. V52 SLFR BRI UG R 20 e (o I R i AN S5 N AR AL i)

inf f (x)
(P), st f(x)<OteT. St i Farkas 31 BEAHEILRIEAT T RNMBITL, I
xeM

BT —RINEE XS (ZEL[1]-[5])-
VF 2 B AR AL IR BRI HES Farkas 5] B3 4830 & A2 2004648, SCHR[6]45 H T B Farkas 5] BEf
L3 AL AN 2

[f(x)zavxeA]e|3(4), R st f()+, Af(X)2a VxeM |

[EI 5T T Lgrange X 7 (1 78 73 25 A%

A H A Fenchel JLHE5E 2 S AR A il 1 240 ROBEYE 25 A FIOGH il 0 e il b, VF 2223
MG RITTE, R SCGEHERD c- 358, kg SCHRAK In] PR 249 SRS 26 A A8 0] (2 S [7]-[11]),
Hrc AR

SCHER[L2]F[L31ET XS H br RO ™ R AR R R, 51N c-FLBEA5 21 7 68 il /1 B  ER 8 . Sk
[14]-[181EF%F H b B HOE ™ bR B Ak i) 8, 151N c- 2L 7 FLHET R 3 ) @ =X

% BRSCERE K, AR BT AL, Eﬁﬁ%ﬂﬂ“l‘tﬂ%ﬂ(&) [F4HE 1 Farkas 5| FEA1 Lagrange i
18,

2. WA
e X &SR Hausdorff #hifh s, Hdndh 2 25 & X M 5 SCRRFhai # 4L
TOUAL(X,7) s XTR X IR A, TR 0 (X7, X ) o (X ) FRIZ R X e X 7R A xe X I,
B <x*,x>= X (X)o #Z 2 XM TEE, Z2°FRZ X EHE, o
z°® ::{x* eX’ :<x*,z>20,VZ eZ} .
N, (z,) 7~ Z 1E 7, RUNEHE, € LA
N, (zo)::{x* eX” :<x*,z—zo>s0,VZ eZ}.

MAEBMAETEST , 2 RERFEXIET L9 R AU W 25 B R 7 R B4 i
RO ={1=(4), eRT:BERAHHMA 4 20}, RO ARO Mok, B
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+

RM={1=(4), eRT:%20,vteT|
L8, R Z WIRtER S, N

S (x) 0, XxeZ,
2 (X)= +o, XeX\Z.

WX > R=RU{$o} R5EXIEX FIHEERE, 2550508 X A R0E G, RSB
dom f :=={xe X : f(x)<+oo},
epi f={(x,r)e XxR: f(x)<r}.
Felth, f &SRR e SO
f*(x*)::sup{<x*,x>— f(x):xeX,vX e X*} .

AN E T S M. Yo X xY > RE—MESREL 0 SOOI c-HLHE K

By >REXH
fe(y)=sup{c(x,y)-f(x):xe X,vyeY}.
HE XA
f(x)+f°(y)=c(xy),v(x,y)e XxY.
KA, g:X >Rc -HHiKE gy >REXN
9% (x)=sup{c(x,y)-g(y):yeY,vxe X},

HER, BT c(y,x)=c(xy), WiZEXHRREREC Y xX >R 5ZHT—#.

B R ek E A e SR BE R e X, AT fLoh R A,

f <h= f°>h" < epif ¢ cepig® (2.1)

BIH 2.1[19] #c: X xY >RAEMEEEH, f: X >R EZ—DPEEEEXHEE xedomf MlreR,

|
epi(f+r) =epif*—(0,r).
BIH# 22 [19] #c: X xY > REZE—MEEHEE, f,9:X > R ZHEKEH domf ndomg = D -
T EREue X, v,weY

c(u,v)+c(u,w)=c(u,v+w),
MR Al ar

c

epif  +epig® cepi(f +9)

3. YRMBEH

4 ARRRGE (xeM f(x)<OVteT}| M4TEsE, B @=A={xeM: f(X)<O0,vteT}. BT 2{F
BERIIE, X Z%REY Hausdorff #hfh a0, M & X e 74, Hd M 282 HALY
CRATAII LT, 2 X > RU oo} tT R HREL.

B SCHR[6] 78 SCHIRAEHE K, A SCHEF-HE 1 c-ILHE H B 2 SURFEHE K 40T
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K :=epidy, + cone{UteT epif,° } :
MFAEEA=(4),, eRVE f+6, +> L Af < f+8,, BEAQRHMIIFL 2.1, W TR
epif © + K c epif  +epidy, +(J, repi(Y ;A4 f)

cepif +(J, . epi (S + 2, AT

(3.1)
cU,m epi(f+0y + 2 4 Af)
cepi(f+35,)
?ﬂﬁﬂﬁ)ﬁl‘ﬂﬁ( ) HI9HE 1Y Farkas 513 f& Lagrange XJ 1, ASCE L5 N T HI2) RAE 251F
EX 31 F
epi( f +35,) cepif®+K.
JUFR f 3 & conical epigraph hull property (fii# conical (EHP), )41
EXN 3.2 #
epi(f+5,) U, mepi(f+3, +Y L Af)
JUFR f i /& weak conical epigraph hull property (f&#5 conical (WEHP) )44
1 (3.1) AT %0,
conical (EHP) = conical (WEHP), (3.2

4. ¥EI By Farkas 5|38

WaeR , W5 &G {xeM, f(x)<0(teT), f(X)<a} M A fif ¥E i B 2 5 5 5% & 4
{f(X)2a,Vxe Al AR, F f BT LERB B £, WE— 5% 0H 5% 40F
f(x)=(p.x)2a,Vpe X", xeA.
Nk — R A 1) ( )E’JT@@@@E ASCE e Hian N 51 #,
BB 41 HeXxY >RE-MHESEE, X >RE-PEHEK. WMEEZaecR, TSN

[f(x)2avxe Al (0-a)cepi(f+5,) ]

U (=), HRMEREE LRI S, (x)=0, W -(f+6,)(X)<-a-
Hx= OET, c(Oy) 0, Mxc(0,y)- (f+5)( )<-a, B

sup{c(0,y)—(f +5,)(0)} <-a.

M c-3EHEE AT, (f+0,) (0)<-a, #—, d1 EEE A (0,-a)eepi(f+5,) -
(<) ERERE ERFEM. I,

H(2.2)f5| # 4.1 /[#35] # 4.2,

512 4.2 % (0,~a)eepif*+ K, U/ (0,~a)ecepi(f+5,) HXMEE xe A, f(x)2a KL,
ArRE 4.3 DL T e S5
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PV

(i) *EEaecR, H

[f(X)Za,‘v’xeAJ@(O,—a)eepifC+K.
(i) T2 RROL

epi (f +5,) N({0}xR) = (epif * + K ) ({0} xR).

ik @2, () FhTiftEaeR, A

(0,—a)eepi(f+6,) < (0,-a)eepif®+K 4.1)
B0, (4.1) < (i), M) < (ii). UL
FEH 44 DU 54

(i) RGi{oy; f :teT}ifi L conical (EHP) ZfF.
(i) WMEZ peX', B

epi( f - p+3,) N ({0}xR)=(epi(f ~ p) +K) ({0} xR).
(iii) XHMEE peX MaeR, H
[ f(x)=c(p,x)+a,Vxe Al (0,-a—p)eepif +K.
iE (i) < (iii). B3I 2.1 0 A,
epi(f —p)° =epif*+(0, p),
WXHEE peX™, A
(0,—a)eepi(f-p) +K < (0,—a—p)eepif* +K 4.2)

D, B f - p AT AR 4.2 T, PRI S (i) ST
(i) < (ii). HI512E 2.1 A] A1,

epi(f—p+5,) =epi(f+5,) +(0,p),

UES)

epi(f—p+35,)° N({0}xR)=epi(f+3,)" n({0}xR)+(0,p).
H(4.2) 15

(epi(f -p) + K)m({o}xR):(epifC +K)({0}xR)+(0, p).
)M TIHEE pe X

epi(f +5,)" ({0} xR) = (epif *+ K) ({0} xR),

HE— D, S5 F A2 conical (EHP), 514, Bl epi(f+5,) :(epif°+K)ﬁcho BRI () 5 () &« IE

ARFET c-HLHEZS HHE) 11 Farkas 5] BRU0T
EfEEaeR,

(0,~a)eepi(f+5,) < [a(z,)tg eR st (0,-a)eepi(f+5,+Y, 4 fﬂ (4.3)

DOI: 10.12677/aam.2025.147364 288 N H it e


https://doi.org/10.12677/aam.2025.147364

W RGi{ f,0,; f, :teT}ifE Farkas HL.
HE—sDH, FHGIEE 2.1 FIGIH 4.1 nAEEIHMER pe X, B
(0,~a+p)eepi(f+5,) < [H(A)H eR st (0,—a+p)eepi(f+5,+> .4 ft)c} (4.4)

WHRG{ | +p,6y; fiteT LT E Farkas B .
KT @35 T AT

epi(f+3,)" N({0}xR) =, ,mepi(f+3y +2 ., Af, ) ({0} xR) (4.5)
Bk, REG{f,6,;f teT} i Farkas WM T X7 (4.5) L.
HAUHL, FRGE (T +p,0y; foteT Vi ALRE Farkas HUISEH T BA F 2 T
epi(f-p+5,) m({O}xR):UkR@epi(f — P+ + 2 A ) N ({0} xR) (4.6)

FEH 4.5 DLUR Ay

() &G{f,0,;f teT}iH ez Farkas .
(i) &% {6y f :teT} e conical WEHP) 1.
UE Hi5I 2 2.1 AT

epi(f—p+5,) =epi(f+35,) +(0,p).
JEE]
epi(f—p+5,) N ({0} xR)=epi(f+5,) ({0} xR)+(0,p)

Ky, w1

U @pi(F=p+6, + 3 41) A ({0}xR)

=U e epi(f+8, + X 4% ) n({0}xR)+(0,p).
BRI, 2 HACY

epi(f+3,)" N({0}xR) =, ,mepi(f+3y + 2, Af, ) ~({0}xR) 4.7)
JR AT 3 (4.6) T
T RE &N T
epi(f+8,) =1, .mepi(f+3y + X, Af, )

AL, BIRSGE {6, f, :teT | L conical WEHP) 4. FIF, (4.6 T ARG {6, f teT} LR
5E Farkas BUON, BEIBEG) S5 G554 . UEHE.

R 46 RG{0,; f :teT} L conical (EHP), 542 HACLXHMER pe X Ml a e R i 2 LA T fir il
hr:

(i) MEEmxeA, f(X)2a+(pX).

(i) (0,—a—p)eepif®+K .

(i) AL xeM , 177E(4),, <R 674,

F(0)+ X, AR () 2e(px) e

4
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T (=), BERSL (S, f teT} L conical (EHP), %1k, H(2.3) W &R {5, f teT} WL
conical (WEHP) 2, #E—ih, g 4.4 FIEHL 4.5 AMHEAS

(=)o BEIHMEE pe X MaecR, ()EWT(i). He 4.4 al5i)= (), LML, IEE.

NEGE Farkas FU S5 R4S 16, A S04 LR

Bl 47 @ X =R?*, J:HC,DcX &M, AAmunr

C={(X,%,):% <0,x, >0}
D:={(X.%,):% >0,x, >0}
MCAD={(x,%):%=0,%20} JH(CnD) =C”+D". Mepi(5, +5,) =epide +epidy
T4 555 {0, f,} /2 Farkas 5138, BRI E 4145
epi(f—p+5.) N({0}xR)=UJ,_mepi(f - p+dy+Y L Af) N({0}xR)
(7 s J5 ) R 55540 i) 8302 W) 18 8 0T £ B
5. Lagrange 3&3H8 K2 E B x1 {H
W c- LN B Bh e Kh, E— BRI s T EAR 2 I‘ﬂ%(Pf) ff] Lagrange [y
(D) Sup, {i”fmm )+ X0 At (X)}}
& v (P ) Rlv (D) 452 1 (P ) F1(Dy ) MR AR, A
v(Dy)<v(P)

B i (Pf ) A (Df ) 2 185 Lagrange $5} 53

#v(Dy)=v(P ) Be3r, W (P, ) F1(Dy ) Z I Lagrange 38534 A 3.

TR pe X", WM (P_, ) F1(D,_,) Z W Lagrange 3XFEmRAL, Wk (P, ) 1 (D, ) Z Wi
Lagrange F& & 5% 8 7

N Lagrange SEXTHE RO 254, AR SCA H R A .

SEBLS.L J5 A (P, ) At 814 (D, ) Lagrange 38 3 OL IR BA MR ARG { 1,6, f e T} L
Farkas AL o

iE (=). B&v(D,)=v(P ) LD i A RMM(L) - LaecR, EHEMMERExA, f(X)2a,

teT
Wy (Dy)=inf_,f(x)za H

inf {F(X)+ 25 A4f (X))} =v(D;)=v(P)za
Bk, RG{f,06,;f teT} i Farkas HI.
(<) BRRG{f,6,; T, :teT} i Farkas B0, 4 a=v(P ) Ha=—o, MA{EExc A, fiaecR
Hf()2a, #
[f(0)zaxeAr]o|3(A), eRT st f(x)+ X, Af(x)2avxeM |

2B, WA (P, ) 1(Dy ) 219 Lagrange 35318 548, W (Z) A D, H9—AReHefR H

v(D,)=v(P,) - :
PRI, 8 (P ) 71 (D, ) 2. 1)) Lagrange SE%HE L. il 5.
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¥ f—p R HRBEH 5.1, FesEER 45, "F FAIEH 5.2,
SEB52 RY{5; f:teT}ili/e conical (WEHP), 4 k24 HAX 4 i (P ) 1(D; ) 214 Lagrange %

FE SRR AL o
W 5.3 % RY (0 T e T}l 2 conical WEHP), %&£k, @ (P, ) 1 (D, ) 1A Lagrange 3%
AT

BT UL e B R HER, 2 conical (WEHP), 24 frh £ =0 B, 45tH e,
JEH 5.4 LU dmd S5
(i) BGi{6y; f :teT}i# L conical WEHP) sfF, HI

epidy <, o epi (S + 2 A f, y
BT
(i) #h A RH, (13 R 58 {5, } W52 conical (EHP), ZfF, &I
epi(h+5,)" =epih® +epidy
W (P,) #1(D,) Z & Lagrange &% 5 L.
iE (i)= (ii). BBATBG) KL, 4 h NI HREAE epi(h+6,) = epih® +epidy oz, Hi5IH 2.2 flE
H 5174,
epi(h+3,)° =epih® +episy
=epih® +U15R(+T) epi (5M +> A )C
=, (epihC +epi(y + 2 A )C)
c UkRg) epi (h +0y + 2 Ay )C

MRS {6y f -t eT}i# 2 conical (WEHP), 2 fF. #t— Db, g 5.3 AT RI(I) AL,
(i) = (i) BR¥®i)EOL, HEE 5.1 A%l

epi(h+8,) =, (h+8y + 2, At )

4 h=0 AR, TEE.

SE K

[1] Bot, R.I., Grad, S.M. and Wanka, G. (2009) Duality in Vector Optimization. Springer Science & Business Media.
https://doi.org/10.1007/978-3-642-02886-1

[2] Bot, R.I, Grad, S. and Wanka, G. (2008) A New Constraint Qualification for the Formula of the Subdifferential of
Composed Convex Functions in Infinite Dimensional Spaces. Mathematische Nachrichten, 281, 1088-1107.
https://doi.org/10.1002/mana.200510662

[3] Bot, R.I, Grad, S. and Wanka, G. (2008) New Regularity Conditions for Strong and Total Fenchel-Lagrange Duality in
Infinite Dimensional Spaces. Nonlinear Analysis: Theory, Methods & Applications, 69, 323-336.
https://doi.org/10.1016/j.na.2007.05.021

[4] Bot, R.I. and Wanka, G. (2006) A Weaker Regularity Condition for Subdifferential Calculus and Fenchel Duality in
Infinite Dimensional Spaces. Nonlinear Analysis: Theory, Methods & Applications, 64, 2787-2804.
https://doi.org/10.1016/j.na.2005.09.017

[5] Burachik, R.S. and Jeyakumar, V. (2005) A New Geometric Condition for Fenchel’s Duality in Infinite Dimensional
Spaces. Mathematical Programming, 104, 229-233. https://doi.org/10.1007/s10107-005-0614-3

[6] Fang, D.H., Li, C. and Ng, K.F. (2010) Constraint Qualifications for Extended Farkas’s Lemmas and Lagrangian

DOI: 10.12677/aam.2025.147364 291 N H it e


https://doi.org/10.12677/aam.2025.147364
https://doi.org/10.1007/978-3-642-02886-1
https://doi.org/10.1002/mana.200510662
https://doi.org/10.1016/j.na.2007.05.021
https://doi.org/10.1016/j.na.2005.09.017
https://doi.org/10.1007/s10107-005-0614-3

(7]
(8]
[°]
[10]
[11]
[12]

[13]

[14]

[15]
[16]

[17]
[18]

[19]

Dualities in Convex Infinite Programming. SIAM Journal on Optimization, 20, 1311-1332.
https://doi.org/10.1137/080739124

Moreau, J.J. (1970) Inf-Convolution, Sous-Additivit, Convexitdes Fonctions Numriques. Journal de Mathématiques
Pures et Appliquées, 49, 109-154()

Fajardo, M.D., Goberna, M.A., Rodrguez, M.M.L. and Vicente-Prez, J. (2020) Even Convexity and Optimization, Han-
dling Strict Inequalities. Springer. https://doi.org/10.1007/978-3-030-53456-1

Hadjisavvas, N., Komisi, S. and Schaible, S. (2005) Handbook of Generalized Convexity and Generalized Monotonicity.
Springer. https://doi.org/10.1007/b101428

Pallaschke, D. and Rolewicz, S. (1997) Foundations of Mathematical Optimization. Convex Analysis without Linearity.
Kluwer Academic Publishers Group, Dordrecht. https://doi.org/10.1007/978-94-017-1588-1

Rubinov, A. (2000) Abstract Convexity and Global Optimization Nonconvex Optimization and Its Applications. Kluwer
Academic Publishers. https://doi.org/10.1007/978-1-4757-3200-9

Fajardo, M.D. and Vidal, J. (2017) A Comparison of Alternative C-Conjugate Dual Problems in Infinite Convex Opti-
mization. Optimization, 66, 705-722. https://doi.org/10.1080/02331934.2017.1295046

Fajardo, M.D. and Vidal, J. (2018) Necessary and Sufficient Conditions for Strong Fenchel-Lagrange Duality via a Cou-
pling Conjugation Scheme. Journal of Optimization Theory and Applications, 176, 57-73.
https://doi.org/10.1007/s10957-017-1209-x

Passy, U. and Prisman, E.Z. (1984) Conjugacy in Quasi-Convex Programming. Mathematical Programming, 30, 121-
146. https://doi.org/10.1007/bf02591881

Penot, J. (2000) What Is Quasiconvex Analysis? Optimization, 47, 35-110. https://doi.org/10.1080/02331930008844469

Penot, J. and Volle, M. (1990) On Quasi-Convex Duality. Mathematics of Operations Research, 15, 597-625.
https://doi.org/10.1287/moor.15.4.597

Martinez-Legaz, J.E. and Sosa, W. (2022) Duality for Quasiconvex Minimization over Closed Convex Cones. Optimi-
zation Letters, 16, 1337-1352. https://doi.org/10.1007/s11590-021-01766-5

Fang, D.H., Yang, T. and Liou, Y.C. (2022) Strong and Total Lagrange Dualities for Quasiconvex Programming. Journal
of Nonlinear and Variational Analysis, 6, 1-15. https://doi.org/10.23952/jnva.6.2022.1.01

Hu, L. and Fang, D. (2025) Optimality Conditions and Lagrange Dualities for Optimization Problems Involving-Convex
Functions. Journal of Optimization Theory and Applications. Accepted for Publication.

DOI: 10.12677/aam.2025.147364 292 N H it e


https://doi.org/10.12677/aam.2025.147364
https://doi.org/10.1137/080739124
https://doi.org/10.1007/978-3-030-53456-1
https://doi.org/10.1007/b101428
https://doi.org/10.1007/978-94-017-1588-1
https://doi.org/10.1007/978-1-4757-3200-9
https://doi.org/10.1080/02331934.2017.1295046
https://doi.org/10.1007/s10957-017-1209-x
https://doi.org/10.1007/bf02591881
https://doi.org/10.1080/02331930008844469
https://doi.org/10.1287/moor.15.4.597
https://doi.org/10.1007/s11590-021-01766-5
https://doi.org/10.23952/jnva.6.2022.1.01

	基于广义共轭的约束优化问题推广的Farkas引理及Lagrange对偶
	摘  要
	关键词
	Generalized Farkas’ Lemma and Lagrange Duality for Constrained Optimization Problems Based on Generalized Conjugacy
	Abstract
	Keywords
	1. 引言
	2. 预备知识
	3. 约束规范条件
	4. 推广的Farkas引理
	5. Lagrange强对偶及稳定强对偶
	参考文献

