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Abstract

The delta function, as a fundamental concept in the theory of generalized functions, has tradition-
ally been constructed through limiting processes. This paper innovatively examines the delta func-
tion from the perspective of the integral mean value theorem. We first systematically demonstrate
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how a rectangular pulse function with unit area naturally induces the delta function as its width
approaches zero, using a specialized form of the first integral mean value theorem. This approach
is then extended to analyze the mathematical prohibition of “division by zero”, revealing how such
operations inherently lead to contradictions within the delta function framework. Our research
shows that the integral mean value theorem not only provides a novel rigorous approach to the
delta function but also offers a unified analytical framework for understanding other singular inte-
gral problems. The conclusions present fresh insights for foundational studies in generalized func-
tion theory and carry significant implications for research in related mathematical physics prob-
lems.

Keywords

Delta Function, Integral Mean Value Theorem, Generalized Functions, Singular Integrals, Division
by Zero

Copyright © 2025 by author(s) and Hans Publishers Inc.
This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).
http://creativecommons.org/licenses/by/4.0

1. 53|

FEAF S AL LA A R HL R, S A ool bR B OB 8RR o) IR 2R EEIM O[], ek T 1
BRI S, RAE R A 18] Y R A ELIR EEAR R IR A5 5 o JLAE BN () A B AR Y 5T 1, ik
e | PR LA B0h A 2 S [ B A R Z0RE #0 R 0 18 T B AL b T R BRI R L [2]. ART, 2 L b e
B LA — AR, AR “SRIE” KA, HILEERIETIAR —ASebdbket, Xtk 17—
A ARG E AR T, FATCEMNERE LIX A FERAN bR (HZ AT DUE A AR
PR AR EARCEC RS IE = A ol bR AU R B R, RO IE A, AR DURT S0 A AR A Rt
RREM . AR ARZE A — R bRl A7 el bR 8 A 7 A AT el bR ) S B SRR 70
1, TR A oty B UR R B L 1 BB LAVBAE T 18, ASCEAEIRANEERL B RRIFIT R3], 1t
b, SCEESRH TN KIHKSEAR, B “BRUL 07 MOy —Rh) SO, HAf R mT LUE SO B3 IR H
SCEE P TR A U B IR VA A HE T

2. HEHEHRE

Tl R BT URAR 2 A A B B OB 20RE S e de 2 R KR KT 30, il s ik 7 28
IR KR AR Bt R BOE AR B . BRRIDE 2 3:((A- )RR (1]

5(t)=1}5}%{u(t+%)—u(t—%ﬂ (1-1)

ARA-DRIRLE =0 77 A —AT R H 1 e B 1 i aommd.

TE] SCRREERR R, I ok 508 1 R s K ve bR £l (Dirac delta function), 124F 6(x). EAZE—A
R4 SRR RREL, T — AN SCREE AT o HoE SO R ARV [4]: —2 b, BIZE x=0 4,
BRMERICT R, EHARMITE NE; R, BRIk s ek B AR 1, X R BAR 6(o)fE
x=0 TR, HILAERAEH B I 2 1.

KRG AT A 1 e R ] LAAR B ALty B e AT AT — /N RS0 T AR 1 bR 0 v] LAAR
SO I PR o R

DOI: 10.12677/aam.2025.148378 142 N H it e


https://doi.org/10.12677/aam.2025.148378
http://creativecommons.org/licenses/by/4.0/

wk e

1 (1)

— T

Figure 1. Cartesian coordinate representation of the unit impulse function
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Figure 2. The generation process of an impulse function
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