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Abstract

The two-state random walk model, as a framework for describing intermittent search behavior in
natural systems, has been extensively studied in physics and related fields. This work proposes a
hybrid model that integrates directionally randomized Lévy walks with continuous-time random
walks (CTRW). The significance of this study lies in its key extension of the classical Lévy walk with
rests (LWR) model: replacing the traditional “absolutely static resting phase” with a CTRW process
possessing intrinsic dynamics, thereby more realistically capturing multi-mode transport phenom-
ena in complex systems. In physical and biological systems, particles often exhibit dynamic alterna-
tion between ballistic migration and local diffusion modes, rather than a binary switch between
perfect motion and complete rest. To this end, we construct a hybrid mechanism featuring alternat-
ing “ballistic flight phases” (Lévy walks) and “local diffusion phases” (CTRW), with the duration of
both phases following exponential distributions (rate parameters 4, and A4,). We systematically

analyze its anomalous diffusion behavior. In traditional Lévy walk with rest models, particles alter-
nate between ballistic migration and static resting phases, where the resting time distribution typ-
ically leads to complex scaling behaviors in mean squared displacement. Our model coordinates the
trapping effects induced by long waiting times (via CTRW-driven local diffusion) with the long-
range transfer capabilities achieved through Lévy flights and random jumps, overcoming the limi-
tations of classical LWR models in characterizing multi-mode transport phenomena.
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1. 518

B BRI 2 1 S BT O REAE B AR A8 DU R B, ROE YT BUSONTE R, WL B
S RO R 2 —[1]-[5]. DX T IR H T HORL 7 L B R 2 7 AR S TR t RERTER &R, RFE TR
KL BRI 24 77 R e 5 ) ) 2 ) SR AR 2ot iR R &, HBe e Rk 0N

(x* (1)) ~t«,

S b, BATHR SO AR A o BOBUERI Y BER BT A 0E . Mo 3T 1IN, XA DLHOE X
NIEFTHG H0<a <L, A7 LHPRHEHML & BN &R A IR 112 3 1R #iazh; 52
fi B >1, BARHIGEYHL GIadi i aeRk 1 fiasl. £y Bux 30 8, ikaedt D9

: Mo =2, BTHET G Ha>20, NEHETH: Hl<a<2if, WRRHERBY

BHT B G 1B 0 2R L w8 I RE LT A8 B Ve S A 22 T3 8 Jy S O R AT B 2 . AE 2 S ERR AR
24N, Montroll 5 Weiss 87 1 HCRE i 18] 5455 20 A 5 22 (R BT IR E P D SE TH A, or 1S RIRE
PUTERR(CTRW) [6]. AR AL I M4 8 B s A i AL 5 R, SR 1 9 Bl b e BN 30 72
170 BRI A0 U R Ky RO R, A48 CTRW MR 2 5] R SV S bR R I 4518 . ik, AR
FiR 7 HA I R G SR AEAT LA (Lévy Walk) [7], HAZ O RBAE T X5 Rl 118 sl e A P TR . 1K
Tl Ay R A% 48 32 P52 50 38 AMLERAIE 1 A 3 B i lort, BB A5 3 o o ) TC A FARMEL8] [9].
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SEYENE A (Lévy Walk, LW) 1) A Ji 23 2 3 ik 3 5E DL RAT I (RIS BKE), B St T % AT i ] Ak A e
AR AT )T S AR AT S LA T RN [10] . A A B I ) S Lévy Walk BT JEZR M 1S
25 A SR A T B A AR BT I 2 B[ 1] [12] 0 AEAE SRR AR 1% rh g e v 8 R AT N B SR DA . i
1B RS 3R 4 i 2E (Lévy Walk with Rests, LWR)1E i X T #i1A 0 & AT NEH E B MSCR. 6l
PR FAEC XA AT, LRSS R AT SR 4E 7, (H R REIIZ B 2 18] 1t #4823 4k VR 78 s 35 mh 5545
BRAE . AR5 PRl R B S 4L IR BT [13] 0 25 R BIRL 170 S R Bt ml B8 R ZE BEMLAT 155, 491 ) Bk
MRS 7 REAT RS ) B s iE 2 S AH B A2 & [14] [15]. MLi )R EAn Bz 3 af LAH CTRW >k
HR

A, BAEHE —FHARAMIZHEAL: K CTRW ik, HARRR )5 Bk B 2 7 RAE R
TR IR R (i S FEALZ S0 K0 “JREy B B 5 7 AR R PERE LA Lévy Walk SEILE
“CHATE VAT B ZhAREE o AW FUE AU AT B BRI ) 35 Al AN Fi B A B T CRZE S5 A W R
BB B, 2, WP RATIBY) o I BT 2 LWR BERL(BEIE AT + SR E) 5 AR AR (0I5 |
17 + CTRW § )L T, RGMENT 7 CTRW HLEIXHE AT NI EIER, JE5T R =8 OS85
R PR AR Jo 22 5

2. FEHENR
2.1. EERT AR ERE
RSN 18] BEALIE E A T 2D AT A IE SEPIRBRER 2 8] B IR T A (x) FIEEAF IR 1) oo (1) FRUAEZR R A%
HEH K. TR (o, t) T T O ZIRIBS G X R AL, P (x,t) Fomh T1E t I 20 TR B
X ML LR A, JRATH LU K R[16]-[19]:
n(xt)=[" ["n(x.t)A(x)o(t)dxdt’ +5(x)5(t)

t (1)
P(xt)=[ n(xt)¥(t-t)dt

Hoh W (1) = [ o(t)dt =1 [ w(t')d (RRATHE, B IRT RN YL A AR, i

AV B LA HL I — 4 2 R A

P(k’s)zl_f(S)l—;Es(;(/)l(k) @

R NE 4 ) Montroll-Weiss 7712 .
Y SR A AR I A R R B 22 T A 22 A BRIE, AR 4 K TR A B o BT A BHia 3. Bidn, &

X2

1126 B 5 LR A S5 ao(t) = S < LU BTTBRBR KB 2(x) = Amoe o , BRI 05 3
T
R A 53 5 A
a(s) "'1—SZ'+O(Z'2)

®)
A(k)~1-0k* +0(k*)
FEACIN AR PR N A
1
Pks) =i (4)
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%t |3 fH Fourier-Laplace 675§ n] DA4S 5]

P(xt)=——e (5)

\JAnK t

AT N IR AL % T 5
2.2. BEHERE

VERI SR TSGR, X RS X AT CTRW MRS B Ja /28— b BRI B St ke, ot
I WL 2 3 — AN 1) DA g S B S g — Beif (], D7 [ F R AR, IR R 2 e R LE S — A7

ﬁUTBIEJEF“JQiJJ Bt la], QuubfEh T 25 BRI BATTHS AT (0] R P R BRI N o, (1) » K TIE
ENRR N E & v, MRL TR 1) ()R ¢ P, ArF8 0 vt ISR B2 Bk UM [20]

4, (x:1) =20 () -w), 1) ©)

Xt ESJEAT Fourier-Laplace 284t jm, JFHAIA & s Bk fT, (H Al 15 £
¢j(k,s):%[wj(s+i|<v)+a)j (s—ikv)] )
FURERRATTAT LU SRR @ () = [ o) (V) dlt =1 j t' o NIRRT AT RIsAT

HIE, Tﬂﬁiﬁﬁmﬁﬁﬁ%@ﬂ%mﬁﬁw?i R
¢j(x,t)=%5(IXI—Vt)<D,-(t) (®)
Fon SRR L P H ORI AE U I RIS T vt IAERE S, FERT TR O SR AR Ty 1), 4R 8455 TRk T
[EEEIE
T T AR R — 4E S 4N, AR T 5 0 RR I 2 A DU S S M 2 e 8 05 ), Bl DAREZR b
(Osbglﬂb::l)ﬂzl—b WM A ()12 3)), SRJGAERTE] t AR vt ()AL, TER [A] t 450K 5 58
iﬁ%jﬂﬂﬁﬁi% SIF), WIRFREE T 2. RIEIRA4S R 5 pR BN
#(x,t)=bS(x—vt)w(t)+(1-b)5(x+vt)w(t) 9)

VLI o (t) 76 CAT IR IRDBE R L R B ASSC P BRATTIR B AN FRMER O BE AL AR B, AN [O, 1] IR 34 2
GrAT, Xk I R A L R O -
f(b):{l, 0<b<1 10)

0, otherwise
SRR SRATT AT LLAS 058 (= 5 iR O
B (X1) Ib&(x vt)o, (t)+(1-b)S(x+vt)w, (t)db
(11)
:%5(x—vt)a)j(t)+55(x+vt)a)j(t):¢j(x,t)

T AR RER b BAIBENLE, RGAESFRIEES T T4 R b, HBh )2 ST X FRsk 4t
(LK 1),
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Comparison of Final Position Distributions of LWR
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Figure 1. Comparison of the position distribution functions P(x,t :100) at the final time point (t = 100) between the ran-

domized right-moving probability and the fixed right-moving probability (p = 0.5). (a) For the LWR model with parameters
setas 4 =0.6, 4,=0.8, v=1, the blue curve represents the fixed probability, and the red curve represents the randomized

probability. (b) For the LWR-CTRW model with parameters setas 4 =12, 4,=14, v=1, o =10, the red curve repre-

sents the fixed probability, and the green curve represents the randomized probability
E 1. EZERE—RER t=100 MEHREIHSEERAHER =05 MIE ST &L P(x,t=100) Xftt. (a) LWR

RENANSHE A 4, =06, 4,=08, v=1, HPEBKREEMRR, TEKEERMBEIL. (b) LWR-CTRW 1&RE!
MRS HA L =12, 1,=14, v=1, =10, HRTBRRETEHER, FERTEXRMHEIL

3. IR
3.1. LWR =8 R B 8ITH

TERNZ SRR EAZ IR LWR B, A AS R AR 24 DU S L BOFTHE 3l 1% R 2 78 3T m
3, WAL TIREIRES, R4 ST ESIS S WLAEIA « LI PRSI AL ) AR B 18] PDF - o, (1)
133, FRYEIE R AT (10) g . BT LWRAER—/NXUESHAL, KU AERS 0] t 62 TA2 8 x RS
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HEREP (1) =P (X, 1)+ P (x,t), JH P (x,t) AR T FIRBARAEH PDF, P, (x,t) MARERKL T4k
T LWARA ) PDF. LWR B I8 sh U L 2(a).

LWR A; = 0.6, A,= 0.8 particle trajectory plot

30 /
/

/
/

—

25

— /'/—'~
// N\ N
20 /’ﬁ
//
/S
/ /

o

Position
=
G

B

@)

LWR_CTRW A;=1.2,A,=1.4 particle trajectory plot

10 A

Position

~104

Figure 2. Numerical realizations of trajectories for the two-state random walk models. (a) The LWR model with parameters
setas 4, =0.6, 4,=0.8.(b) The LWR-CTRW model with parameters setas 4 =12, 4,=14, o=10

& 2. FAMXURZSBENITERBE T HESN. () LWR RENANSHA 4, =06, 1,=08. (b)LWR-CTRW &
RMNAMSHN 1, =12, 1,=14, c=10
T E S (x,t) AIRIRISERAR AR T LA BT AL E x HEN LWORZS ORI Tl B, B AL
n(x)=[" [ [ n(x=x.t=t) g, (X.7)) @, (7, ) X7 dz, +a, (1) By (X) (12)
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Fo By (X)=8(X) s U=, 47, o ZERATE T 5 (x— X, t—t') FRFELET ] t ' HORE TR, K

JG LW OARZS R ERZS A REERS ] t BIALALE x, 55 ZIURERAILARTI.
%iF(12) 30347 Fourier-Laplace 284 J5 153 %1«

n(k,s)=

@ (8)Fs (k)
1-dw (k's)wr (S)

MPRL 7 Ab TR SUIRZASFT LW RZS 1K) PDF 2351 2
P (xt)= J'i'[;_[;” n(x=xt—t") gy (x’,rj )d), (7,)dx'dz;dz, + @ (t)P,(x)
P (xt)=[" [[7(x=x.t-t') @, (x,t')dxdt’

(A e e L — o 3 o AR A

Bk, &7 P(k,s) N
@, (s)+a, (s)®;(k,s)

P(k,S) =R (k,S)+ Pj (k,S) B 1-dw (k,S)a)r (S)

FEASS i 2% & AR BN [R] (¥) PDF A1 %AT IR 18] PDF 3R IR BT, BRI A s 197 43 A«

o, (t)= e
o; (t)=1e7"
A

XZ

A(x)= V2note 20*
AT IR RCEY RO R, wTRAE R AR R EE R, W

i) e [779)

k=0
MFATTHSAH KA N
<x(t)> =0
()= 0] =K i i
2v2 2v2 24V° 2v2 2v°
ﬁ\:EFIK:_,K :_—,K = ,K = _
1 22 2 (21+/12)2 31 (G +75) 32 (21+Z,Z)2 e

(13)

(14)

(15)

(16)

A7)

(18)

(19)

(20)

FATRT AT B 3™ B el AR B BORSR Gl AE B BOE R I 9 B BEHLAL S 25 IR 3ATT
fI—BriE oy 0. FEREIS AR B, W T W16k B 1E 8 8 J L TE Rk B, SR 8T, ek

TARE AT HIBE SR . X TR AR U, e R A LAPE IR, B R IR B .
HIP 3 R, PR AR HEh 057 h R AR R i B 2R A, 5 TS 3 P T R 4, PR

A RAESR

HRIRZ A (CTRW B 15 B IS [A) TR O A R S 4, RADKL T VIR BI500E AT (LW B E R, 4,
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R TAE IS ST R R AEIE S AT IRE 00 AR R 2 2, 3K, R 7R 30E AT 101 2

RATI 1] % A, HOE AT ARSI T B R KD o« %%‘w& I gAY R . B
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Figure 3. Mean squared displacement (MSD) as a function of time t for different values of A,,4,. (a) With 4, fixed at 1.5,
results for 4,=1.2 and A, =3 are shown. (b) With A, fixed at0.6, resultsfor 4 =2 and A =8 are presented

3. BEARE 4,4, 5 HF MSD X FrTE t (IEE. (a) BxE 4 =15, B4, =128 4,=3. (b) BIE 4 =06,
B4 =2%4=8

3.2. LWR M CTRW && R B 8ITHMR

BEIMES ) LWR B80T DL SREAIYF 2323, Bl Wk FAER 2 R 40P I2 30 . (HR A LR+ 1] fg
A RFREENLZ S I, ol mRNP BEALE F ] DUCE R 4 i 34T BN LA IS, ERE 5 R A TR
WG, HHATXUREE, BELEEIR21]. BRI mRNP 78 R ER4E M A B9 A6 RS S AT DA CTRW R 44k,
KR A4 LWR 5 CTRW 25 A R AR DS 16 . LWR Al CTRW &5 & B (132 shizs I LI 2(b).

BERERS 3R ATTE JE ) CTRW RLRLRN — 2k X RS E WAl SCE o BEI 52 L Z (x,t) o NI 56 A
CTRW IR IFTF4H B I B x #EN LW RSk Tl &, EiE -

Z(x,t)= f;j; j:rz Z(x=X't=t") by (%.7,) Ocrrw (1) A (X, ) OX'd 7, 7, + @crpy (1) Py (X) (21)

Horpx 4% =X, o471, =t' o AL E TN Z (x—x t—t) ACRLER A t -t ORI &, R4k 5

LWOIRZS A CTRW IRZS A BETEIN 7] t BTAALE x, 28 —IARERAILA T .
%if(21) 30347 Fourier-Laplace 284 J5 15 %1«

Dctrw (5) R (k)

z (k,S) - 1-dw (kns)a’cmw (S)ﬂ’(k)

(22)
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Perew (x t):j“’ j‘j*”z(x_x' t=t) gy (%75 ) Py () A (%) XA 7,07, + Dy (1) Py (X)

(23)
)= [” [[Z(x=xt-1) @, (x,0) Xt
[FfE 2o it (il L - AR 4
_ (DCTRW (S) PO(k)
Peron (K:5) = 1= @y (K,S) @y (5) A (K) 9y
e e (R)®, () 0
e (8 =1 K0S o (5)4(K)
BT ORI ZE, K78 t 2L TALE x HE2R % B s A G AN 6 7, B
~ Dy (5) Py (K)+ 0w (5) @ (K, 5) Ry (K)
P(k,s) = Pergy (k,8)+ Py (ks) = =gy (K.8) 0 (59)4(K) (25)
TE AT AR 2 RS SRR A (] (1 AE 28 %851 P88 PR 5ORT AT B (] (R AE 28 35 158 o 50 IR AN 8 000 A7
Octryy ( ) =A4e" (26)
o, (t)=2,e"
LTS (X (1)) = i”/:l{a F;I(("S)} RABKGHASE, WA
k=0
t))=0
(x(t))= o
(X (1)) = (A (1)) =Be ™ +Be ) 4Bt +B,
o B, =£, B, = 2[]12202 —2V2:| | B31 _ ZA[VZ +ﬂ,2202:| | 832 _ 2|:V2 _ﬂllzj_z:| _¥ O
% (A +7,) A (A +2,) (A+7,) %

BT S B BT O B I i[RI B AL A (CTRW) B JR AL AL 1] 55 3 457 7E (Lévy walk) )+ F2 b R4y
PEAL R, I 2 (R [ RO AR, S SR AR SR B S IR RN, KT i F45% CTRW
BRERFISESE © AT, Bah A —2, BB UK, RUBEZS), RIHEBY EURE. Tk
AR, TS CE R MLICIZ RN, RALIEH E Sy 4, RPN IE Y B H w2
FEF RS, TR BRI R T 47, S8 MSD RIUH IR AR, 51 R FHAM LML

WG] 4 R IR AR 2R B % A, 5 OB S h Wl R 4, P RS 8l % 4 RIER U E
SRIE CATA (LW BR) s R, K B IR TR A 2O sl ] S, AUER IS BURE D o 4, 261
W, SR 4ERE H HOS S AHES R BRSBY BUT N A, WRAERL P20 /AT Ui Rl R RIR RS

=R, HE RS FEOs s AR, ﬁ&ﬁﬂ?ﬁ%&%%{DmZﬁ?)ﬂZ, I Y AR, R N

RR LY B . BT ZFRREFRRIGE LRI 24 > 4, WERGENE TS, RIRESEY
B M4 < 4, NBENLE TS, PRE R IEF Y 8G MAER R A,0° =V IR, B S IEFE sk

BB . XM S Hobh R E AL 259 A e S5 RE R BN « f%% PUSER s 4 BT 1 et KR

i, T&%thﬂlﬂﬂﬂﬁ%iﬁﬁiﬁm%, FLIFI R s RUBE B i R AP L o
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Figure 4. Mean squared displacement (MSD) as a function of time t for different values of 4, 4,. (a) With 1, fixed at 0.6
and o fixed at 5, results for 4,=15 and 1,=0.4 are shown. (b) With A, fixed at 0.1 and o fixed at 5, results for
4 =0.02 and A,=15 are presented

E 4. EBARE 4,4, BI¥5 M MSD X TFrHE t FEH. () BE 4 =06,0=5, Bl A4 =15F4,=04. (b) BE=E
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Figure 5. Mean squared displacement (MSD) as a function of time t for the LWR and LWR-CTRW models, where the solid
and dashed lines represent the LWR and LWR-CTRW models, respectively. (a) Parameters for LWRare 4 =12, 4,=0.25,

and for LWR-CTRW are 4, =12, 4,=0.25, o=20. (b) Parameters for LWR are 4 =25, A1,=1.1, and for LWR-
CTRWare 4, =25, 4,=11, 0=20

5. LWR #1 LWR-CTRW XttLi9IS 75 u# MSD X FRTiE) t BIR %, EAhstkfFRk LWR HE, ELAFR LWR-
CTRW %8, () LWR HIE# A 4, =12, 4,=025, LWR-CTRW H&#5 14 =12, 1,=025, =20, (b)LWR

HEBBA L =25, A,=11, LWR-CTRW B8 H 4 =25, 4,=11, o=20

A 5 LU LT (20) M 7)FAT TR BUAHE T 1R 48 LWR 8L o 7 22 (U 0E 2 5 v A
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F/NE

A28 4,4, , CTRW 5 LWR AHEE & IR AL S S48 5| N T SBRRIE R J5 2 o AR R E A3
B S BUT MRS B, . TN T 24400° o X —ARMERN, BRI AR BRI R T
PHIMZ MK IR, KT REMET BN FE, REB, Ml By, h 44,02 5V A G, H—
D T ERER S AT RIS S (AR LR (SRR ARY BB A O S H (B RS o )
AR S U

gr b, BAHS 2SI NBRRRALH (R OB AE T HE H b zm 7 R R gh 2B 2 Mmis
R ALGURMETHERNIRR “ 555y - VAT B Oy “ S5 Ry - BRER - AT IR AP X R
FIRTH TR E EURAE . R AV ESUR, I N SR B T SIs e iR,
HRORLT 5 20 R 42 D R AT RS B (BRER) JE e ik s A KRR IZ (RAT): SRS S, s g
A 5 22 AL B B IE R (SR A B S POl TE TR 25 ), e BT 7 A% £ 0 25 3l (B R) 5 W i
FAF P (KFEARR) R AL . BEALE o Befl 7 RIFBRERSR AL, A BAR AN L R 2 s HL
MR GER A 1 AR HER PG TR [22].

4, 4Eip

AL AR RIS AE B SE R G P AT 2N T 5, A% QoL e B9 A Wi 5l 55 3R 4Rl
SRR AN R . ASCAETREUIAHEZL R, 3R I HT 1 IR S0 (K AR A o S S
WAL A B5 A PR BEAT BENUALAL R, FFIRAN S SEBRERAT AR Bl Fy 22 (i, BET R G 7T 1
PRI BT R LAY S W T TBORF M o BT USR], PISRRE R ISR B Y 8 2 (R B I () RUBE 9 HIAT D AE RN TR]
RUE b 2 HEY HORFAE, AR 8 R BT IR Y i (EAEERRE, BRI A 51 B2
T ARGHVREARY BOE AR, TXASBUAEARER XH SB WLI EI R 1%) Za  BE DA RSt D LA R R R R
ZHE AR I 1) R AR .
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