Advances in Applied Mathematics [ F (% /&, 2025, 14(10), 126-137 Hans X
Published Online October 2025 in Hans. https://www.hanspub.org/journal/aam
https://doi.org/10.12677/aam.2025.1410426

KR - RIEMIHETRERESRHEAMY

ViR

v OB, BHAL
F TR 2 Be, RS TR

Wk HiH: 20254E9H11H; FHHM: 20254F10A4H; KA HM: 2025410 11H

wm B

ALRBIHART T —R=YFHE - SEEA, ZEREZ B Lotka-VolterraZSWERL ESIAN T A S
T VR BB sh I . B IS RS A R R LS A R.Z. Khasminskiifg @ EE @, AT
TARFAREREN REH SR HNFAES RAKENEN, B3 T UM RESHEANR O RDELME.
iS4 R B R T HUERE RS/

K §Eia)
BEVLH B - REERE, LyapunoviR¥, MR E, K458 A, DynkinAR

Analysis of Extinction and Persistence in a
Stochastic Predator-Prey Model

Wei Chang, Xinyuan Liao

School of Mathematics and Physics, University of South China, Hengyang Hunan

Received: September 11, 2025; accepted: October 4, 2025; published: October 11, 2025

Abstract

This paper proposes and investigates a three-species predator-prey model, which introduces white
noise disturbances into the classical Lotka-Volterra structure to simulate the effects of environmental
fluctuations. By constructing Lyapunov functions and employing R.Z. Khasminskii-type stability the-
ory, we analyze the influence of different noise intensities on the persistence and extinction of various
populations within the system, deriving sufficient or necessary conditions for species extinction and
persistence. The theoretical findings are supported by numerical simulations.
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i - R RRESRATHRIEARMA LA Z —. L2341 Lotka-Volterra #R BE figt e sh 2555
REUE T HIRHAL. R, AR PSS RGELY K2 MR A AR, A R o
R LA g e 2 m IS AE S RGN F14AT N

A - AR Lotka A1 Volterra Shaz$2 i, HALMpR .
dx(t) = ax(t)(L-bx(t) ~b,y(t))dt,
dy (t) = —a,y(t)(1-byx(t))dt,

Forp x(t) BTy (t) 2> BIACZE I R 2 . R T B 5 2 I AR B A 5% R 1]
[2]. KEHFF BT TGRS, E4E3IATES . ThAk R B3],

@

ETHRESREEF OS2 ANEFRE UL Z PR, 2800 YR8k DL 7e 4y 21
SRtk N T HEAESIHRRES RA TSP A X RS, D PR (R Al b
BEAT T 2R R

Takeuchi Y &5 NTESCHR[ATHH 3 H T — A E =AWF & - SR, o Hb T T RuE .
HRA R

dx(t) = x(t) (1~ ax(t) -a,y (1)) dt,
dy (t) = y(t)(—r, +ayuX(t)—a,y(t) - a,z(t))dt, )
dz(t) = z(t)(—r, +a5, Y (t)—agz(t))dt,

Hepx(t). y(t) z(t) 2 MEEEEE. WIZEHaE TR, MM aEEE, . n. o oilfEe
TR KR YIRS AT R, a, Ay ay B EIE M3 L R 5
MR TES REL a, . a, UERIMEMERY, a,. a,, KERMALIEH R

NEINBEHEEN I, W {Q, F, P} N— 5B &M A 0, {F,t>0} A2 BARKMN o -85, H
Wik L <tGI, WA cA cF, ERLTHRNE P KECEE.

B A= W (A1 AH ELAE FH AL, RS FE FE R S &S PR G E A [5]. TS RGP AEKEINSE
FIABED 5, B SHCEF SIS . Rk, F.Vadillo B 78 7 =AM ASFK Lotka-Volterra
BENLRE R P 2 K 4205 [A][6] . R. Rudnicki % 5& 7 BENLIE) Lotka-Volterra F%Y (K W5h /12, HrpEE
PRFPEEI BEATL G 7 B ARG, BARIX P BEE SE AR BE b m] DIASEADLR] — R 3% (491 it 47 99 ) [ 45 52 1 4
B GBSO, (B RE R RIRYE, 253 B 745 R E[7]. M. Liu AT M. Fan % BEAL
FREFIFEAMESR 1 —FloBr e S, FRAERLIEAN EREFT 1 —4EREHL Lotka-Volterra R FFAME, GFEE
B, e RE[8]. AW T EA NI =Pl & - SIHEA.
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dx(t) = X(t)<r1 —ayx(t)- aiZY(t)) dt+ o x(t)dw, (t),

dy(t)= y(t)(_rz +ayX(t)—ayy(t)- azsz(t))dt +o,y(t)dw, (t), 3
dz(t) = z(t)(—1, + a5 Y (t) — a2z (t))dt+ oz (t) dw, (t),
R (3) R T B AR G O RAURIAER RS Horb, Wb x WEl y 10, ikt y SR

Wiz EY. 8o, o, oy WL SRR SR E AR BREE T w (t), w, (t)
W, () /28 AE IR 23 18] b = 4E ST AR AT I Bl TEABR h, JRATVB IR ZE s R AR
FRFFETH, ASCHER[9]-[11] A7 o

—ANBRIIIEBEZ P24 SINBENLIEE R T WA SRR B A PE R ? R R, A&
Yy (A ELAE R P e R BRI K 2. AR, G5 R TR AR I BENLR RN, RGAT N AR R AR A
AR, KATRESWEE NILAE . X.R. Mao, G.Marion 1 E. Renshaw %5 A\ [12](HF LR, FRBEME 0] LA
FE— AT AR EEBCE IR, IfE M#E RS, F. Deng %5 NAMAESCHR[13] ik — P 4a
AT DA B AR PP AEIG K o X e e IR W BRI 0 75 f A B 2R 0 K Tt 8 g S M R R AT B R . XA
PRI £ R A 1) 17 R 7S T S BEATL R 48 (3) B K 48 S5 AMEAT .

N TIRNII T R G (3) TR B R e 26 5 R BAPAE I R Bk, A SCR A T IR R e ke i) — Fof
JNE[14] [15], %715 e T BB M R sk % 16], Frylfb & 7 R.Z. Khasminskii [17](%) EAR BT A B
PUAE K I 7855 S A&~ NPT A A e PRI e (R 2 A, 4 IX — AR R A BIBR H,  REREAT R SE MR 44
(78 53 2% A 5 RRBARAE H) L B KA

2. FEALIREN T RGO REMFF A S 4

TEiE B IRIF AT 2 0, AC i Sesh HUE T R % (2) A% (3) O A S RA M &
X 2.1 [18]¥ x(t) WAL (2) LR (3) FEAEEAIIE A1 x(0),y(0),2(0) > 0 FafiR, #
limsupx(t) >0, TFRHIFCRIFHFAN: 7 lim inf x(t) >0, WARHIRE x A AR 77 (ER 8o >0,

A9 Jim inf x(t) 2 . TUBRR x 2 BUF AR,

e ORI R EYIF y 5z IR A
318 2.1 X TAERVIIGME @ (0)e R, BENLRSE (3) MIMILFE O (t)=(x(t), y(t), z(t)) 7E t = O BF fRF
1EfH, BPARS(3) MR LT LIMRRFESLAN REC e Horpr, A& 5E SUA:
R ={(x,y,2)[x>0,y >0,z >0},

UERT: FANEREF RS (3) KT LS Bn T B
Xp{ I’ _an aizy( )_10'1 }d5+alw1(t)},

1
exp r2+a21 )—a,Y(s)- a232(s)—5022}ds+02w2(t)}, (4)

2(t)= z(O)exp{J'O[—r3 +agy(s)- a33z(s)—%o-32}ds + oW, (t)}

B TAIRME x (1), y(t), z(t) BV IER, HIsRRBURZNIE, Bt ERMEERE > 0 NIGZ N IE. i
R4 (3) MR FE) L P SR ORFFAE R2 v, AT /2 IEANAR T, HiF5E
R 21 Mg 2.0 w AL, R D 4EAREBE, BATET LA H U418
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R%. ={(x.y.2)[x>0,y>0,2=0},
Ry, ={(x.y.2)[x>0,y=0,2>0},
R33+ ={(X, y,z)|x:0,y >0,z >0},

XEEHE AR I, FIRERE L A E = AR
RY ={(x,y.z |x>0,y=0,z:0},

Ry, ={(x,y,z)|x=0,y>0,z=0},
RS, ={(x.y,2)[x=0,y=0,2>0}.

LK S £5.{(0,0,0)} BHRRE R4 (3) AL, L7 BFTE, R4 (3) —IAEE )\ AP AL,

R, NESRGEMEHR, AW KL, WY EE y BREEYRIEN K4, FHHE, &y K
“, WITHZA & 2 fURBE 2 Keh. Bk, AN EFHER), - Ry, « Ry« Ry, 1EAEMY EARG A
M, LR (3) AR 2FE TAZERY . RY . Ry, LUKZ{(0,0,0)}, AVSSEMB IR T XY
F o«

SEHE 2.1 % &L BEHLA TR R G

dx (1) = b, x)dt+2i:<7, (t.X)dé (1),

B{t>0}xU =U,, HPU ZEFEM x =048, EHFEEREV(t,x)eC) (U,) il 2 LT %Mk
v(tX) FERMEE R SR IEE, BIXSATA x£0, Hv(t,x)>0Hv(t,0)=0: X x=0, ZFFEE#HR
HF LI L
N L v o1 ) v <0

Lv=— b (t,x)—+—= -y <
Y 6t+iz:;‘ 1 X)6Xi+2iz‘la”( X X, 0K,

Sestray (t,x) = 3ot (6ol (tx) » T FLAE x(t) = 0 AR LR RE .
AERT: HEACr 5 x = 0 f - ABBRU, RILATI S TU ML 4

v, = inf v(t,x)>0,

xeU\U,
MEEWIE R x| <r, A
E[v(rur (t), x> (TUr (t)))] <v(s,x),

He g, ()—min{inf{ ) >r } }j’gﬁ%ﬁj‘o
S F Chebysheva—it Xj‘s U<tA

P{st:p X** (u)] > r} UG : ®)
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K 9v(s,0)=0Hv(s x)&ELE, XfEme>0, fF7E

RN (5) A5
P{sup x> (u)| > r} <e.
X R LR R A5 E

BIH 2.2 %5 02 > 2. MRS (3) M T SAEMER RO T RAEM, I RGN L F K4,
TER: A1 B RGE (3) M= A e R MO A 2T R R, I 30 2.0 AT M
AR X(t) . HERAL(3) MR

dx(t) = X(t)(rl —ayX(t)- aizy(t))dt +oyx(t)dw (t),

FH|x <S5 Hv(s,x)<ev,

L2
u (X y,2)=|x o2
RARZREEE . WM ER 2.1 PSS RETL, A
2r 2r \2r 2
Lu, [1——j|x| o2 X(n—a,X—a,y)- [1——}—2 X o 02X
O O,

0 1 1

2
=_( r1]|x| o (A X+2a5,Y),
0.

1
Mol >onit, ALl <0, HARIEEH 2.1, REE - ANHTRNTMEMERTH, Wx(t)—>0
AR y(t), RAEMHE TN
dy (t) = y(t)(—r, +ayX(t)—a, Yy (t)—ax,z(t))dt+ o,y (t)dw, (t),
L& LU PR I
#o,t <2ry, WIEFMREEREEC Y (XY, 2)=y", Zx(t)>08, WH
1
Ly, = 2y[ y(—1, + 8, X —a, Y —ay2) |+ 0,°y* = -2y [ X+ Y + 82 =0 jg 0,

2r,
Fol =2y, MIEREY, (xy.2)=|y[ o7, Zix(t)> 0, WA

5 2 2r, ), 22
vaz[ r2]|Y| ot [ V(=1 + 8y X—ay,Y —ay7) ]+ Zo,%y [ rzj( r2]| o™
o 0,

2
- —(1—2—"22J|y|1:22 (2r, —a,x+ay,y +a,,7) <0.
o,

FrARGEE AT E MM ERER, Myt)—>
AR z(t), REMB=ITEN

dz(t)=z(t)(-r, + a5,y (t) - a,z(t))dt+ o,z (t)dw, (t),
Froy <2n, WIERHw(xy,2)=2", Hy(t)>0H, H

2
Lw, = -22° [r3 —a31y+a332—673j <0,

Yoo, HiEw(xy.2)=|w . Hy(t)>0m, &
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Lw, = —[1—2—rij|z|1_:32 (2r,—a,y+a52)<0.
O3
FTEAR S (3) 38 = AT 2R A2/, M z(t)—>0.
i bR, Mol >2n T, RE(Q) =EATREMMX(t) . y(t) z(t) EMFEZECFEET 0,
RGUBARMRAE R R & SO T2 Pl RDRZEK 4.
51323 o) 22r,Hol? <2r, MRS (3)JLFLAFET —JEALE

R, ={(xy.2)[x>0,y=0,z=0}, FEAMFH x(t) BELEXIE (x,x,) I, Hhx=x [1—%] ,

X, = X" 1+ﬂ o
2 \/275-
WEH: T o, >2r,, RIESIH 22 FIEH 2.1, R (3) WH AR REy ME=ALE 2 HHiET
0, BLFRS(3) m&MW AW TFIEN:
dx(t) = x(t)(r, —ay,x(t))dt +o,x(t)dw, (t), (6)

75 (6) 1E MR HOIE T4 209 X =2 o 40T R0 (6) MURRsbE, AT M0 1 K bR 8

1

ZHRECEIEE R, Pl

B Lv, =01/ 19 % 0,2 < 2r, IS A IE AR x, = X [l—ﬂ] ;X =X (1+MJ .

V2 V2
FITEA2 x e (X, %, ) IF, Lvy >0 24 xe(0,% ) F(X,,+0) B, Lvy; <0. KA Dynkin A3[19]:
E[v3 (x(t))] - E[v3 (x(O))] = j; E [Lv3 (x(s))]ds,
HELE (X, X, ) DXTA] AT, 2R 37 5K pR O EE Bt 1, R W) R G0 B P4 e X I 5, B An 2R
X(0) € (3.} T x(t) JLFARIAH xR X(0) (X%, T4 x(t) JLTRARMME X, -
AWMEAE P DRI, RBUI N, R RS S, RIR x(0) < x , B4 x(t) ST
BEINE X, R x(0)> %, WA x(t) LTI E] X, o FIEx(t) JLTFRARLEXE (X, X, ) RS8R
%, S
513 24 #0228, o <2a,x" Ho,<2a,y", HHx,y HE(B), WARLE3) ILTLRFET
TYEAAEE
Ry, ={(x.y.2)[x>0,y>0,z=0}

ELAARPRE AL . R BE x (t) PSR ) (3, x, ) 4R35, 3L
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2 2
xlzx*[l— , 2! *J, xZ:x*[1+ % ]
2a,,X 2a,,X
WI A Mt y (t) BISRIXTE (y,, y, ) IR, H
O'2 0'2
V=Y |1- === | Yo=Y |1+, |——
' [ 2a,y J ? [ 2a,y j

WM T o2 > 2 i, RUESIEE 22 FEE 21 RS (3) WH A 2 BRET 0, KILRS(3) Bk
T F R

dx(t) = x(t)(r, — ax(t) —a,y (1)) dt+oyx (t) dw, (1),
dy (t) = y(t)(—r, +ayX(t)—a,y(t))dt+ o,y (t)dw, (t),
/%éff(UE%%%H?E"JE?@T%%(X*, y*) , e x,yiia

ayX +a,y =6, ayX —a,y =n 8)

XFFHHIBENLRSE (7)), FATRIE T 5 R R 2
Wy (X, y)= A(é—lnl*—l)+ B(l*— Inl*—lj,

X X Yy y

U]

Hoep A= x' B=22 v, REURIERH, bl

a21

1 1 1 1 1
Lw, = A(—*——jx(l’l _a11X_aizy)+EA°'12 + B(T_;)Y(_rz "“"121)(_5122)/)"'5Bo'z2

=(x=x")(r —aﬂx—aizy)+21—221(y— y) (-, +a21x—a22y)+%Aal2 +%Bazz,
SN K,y AL (8) BT
Lw, = (x—x*)(aﬂx* +a,y" —aﬂx—aﬂy)+21—221(y— y*)(azzy* —a, X" +a21x—a22y)+%Acr12 +%Bo~22
:—am(x—x*)2 —%azz (v- y“)2 +%Aal2 +%Bazz,
21

NT AR x Ay BRFAXE, FATH RSP S AT, Che b, AT R ML, x A1y A€ T
SRS o DRIEHRATT 2090025 &P A IR IR B 00t &l x, BATH RS

Lw, =—a11(x—x")2 +%A012,

A 2 * 2
1 1

2 2
X, =X | 1= =2 |, X, =X | 14—
2a,, X 2a,,X

2

s BT 67 < 28, X" I, AN IEARA

:
X0,

Zxe(x, %) I, (x—x*)2< 5

s BBl Lw, >0 2 x<x 8ix>x b, Lw, <0,

1

DOI: 10.12677/aam.2025.1410426 132 N H it e


https://doi.org/10.12677/aam.2025.1410426

HE
o
e
=
i

N Dynkin 24 38:
e, ()] £, (x(0))]= [ [ L, (x(5)] s,

56513 2.3 MIEWIERE, AURERS B x AEIXTA] (x,, X, ) AR -
MR, X THgufasy, RAITHEE:

3 !
Lw, =—2a,(y-y") +§Bazz,
aZl

4 * Ba 2 ‘6,7 * >
i Lw, =0T (y-y) = 2200 = T bt o) <23,y PR
2a12a22 2a22

O 2 0. 2
Vi=Y | 1= === | Y. =Y |1+, |——
! [ 2a‘22y 2 2a22y

FIF AP, AR USR] y fEXTE (y,, Y, )R, EE.

MGG 2.2 2] 2.4 IFRA, FRATATAAR 200 R e

EH 2.2 (RAVIFFANES KA ME)

T =dEf e - AR (3), ERLRARMN, RGERKIAT R W MR

(1) Eol>2r, =ZAWFX(L),y(t), z(t) REHETER, XZBENRGEEMEE SR KA 7%
.

() #Holz2r, Ho?<2rn, WHHEH y(t). z(t) SRR SCT KL, SHEx(t) RRAK, X2
TH X (t) FRERAPAE Lo

() #ol22r,, o <2a,x Ho,” <2a,y WK z(t) FEMARE ST KL, WILMEH y(t) MEH
X(t) RFFAR, KRV EE y(t) FREAAAE R BB AT

(4 #ol <2, of<2r,Hol?<2r, WEYFARREAL, XEBENRFRFEAFIEN LI,

3. HERH
ARG (3) . MR SCHR[20] 7 1 Milstein B 750 F AT S E B AL, HEE ey

1
Xy = X +(r1Xk — 2% — ;% Yy )At + 01X VAL, +EO-12Xk2 (Atsz —At),
1
Y = Yk +(_r2yk + 85X Vi — 8 Yi” — 8 Yic Zi )At+ T, Y N At +E‘722yk2 (Atﬂkz —At),

1
Zey = 2y + (12 + 85, Y2, — 85,27 ) At + 0,7, Aty +Eo-322k2 (Aty,” —At),

Hp & v My NIRAFRHEIEZS 7041 N (0,1) FIMSZ s i bEN LR &, At ORI K.
FERSCHBUAR) 1~4 th, BATEZR T R5(3) A FSEEKAF T =FF iR A 5 KL
%1 RERZSH N =25, 1,=001, =01, a,=15, a,=08, &, =03, a,=2, a,=1,

a,=02, a,=055, 0,=045, 0,=1, 0,=035, LARHIEELEM (X, Yo 2,) = (1.6,0.5,0.12)
GBI LT 0,2 22, 0 <2n, REETIHL 2.3 WA, MG y(t) STPHHE# 2(t)

MR ESCT KL, B x(t) REAAAAE, BE—DRITHEH x(t) B3 A XA
X, =X [l—ﬂ] ~1.28, X,=x" [l+ﬂj ~2.88, HUHBANLE R 1.
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Figure 1. x is persistent, y is extinct, z is extinct

B 1x#EFA, yRE, 1 RE

2 W B R%S%r, =01, r,=001, r,=01, a,=15, a,=08, a,=03, a,=2, a,=1,
a, =02, a,=05, 0,=045, 0,=1, 0,=035, LAKHIEHHM (X Yo 2,) = (0.4,0.6,0.8) X4 S K
RUUF&ME: WM ol >2n, RIESIE 2.2 W&, BARGKL. FUEBUN LRI 2.

1 T

x(t)
()
2(t)

Population Density
o
o
1
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~
I
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0 i
0 10 20 30 40 50 60 70 80 920 100
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Figure 2. x is extinct, y is extinct, z is extinct
Bl 2. x Rée, yR4e, z R

% 3 B8 R 5 %N, =25, 1,=001, r,=015, a, =15, a,=08, a, =03, a,=1, a, =1,
a,=02, a,=06, 0,=04, 0,=06, 0,=065: LhEHIEELM (%) Yor Zo) = (1.6,0.48,0.13) %41 Z:H
BT &M o <2, of <2a,x" Ho,” <2a,y", W51 2.4 75, THGIH & 2(t) EHERE X
K, WIZAH () MR x(t) FEALEAE, #E— DT D il 5 x(t) Ay (t) BRI T :
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R, BT
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x1=*(1— N 2116, X, =X |1+, -2 |~1.71;
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Figure 3. x is persistent, y is persistent, z is extinct

B 3. xBA, yHA, 1k

Bl 4 BB R55% N, =25, 1,=015,1,=02, a, =15, a,=0.7, a, =08, a,, =09, a,, =08,
a, =12, a; =05, 0,=03, 0,=03, 0,=04, UEVIEEZLE (X Yo Zo) = (1.67,0.81,0.92) %L S %
WRUT &M o <2r, o) <2r,Ho?<2r, R32]7 =WFERARIEN, BUEBLERILE 4.
— X(t)

—y®
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Figure 4. x is persistent, y is persistent, z is persistent
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DOI: 10.12677/aam.2025.1410426 135 I Hadt f


https://doi.org/10.12677/aam.2025.1410426
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D

BT

SR DRBERE L, BATRT AW R MG B MR RIE o BUNN . REREW IRIFEONARE 3L
RS, BEA o MG IN, PR 5 KA, Rl TN B3 z (t) XA ORI I &3 x (1) 1
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