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Abstract

An injective edge-coloring of a graph is that any two edges at distance two, or are in a

triangle cannot be colored with the same color. The smallest integer of colors needed
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for an injective edge-coloring of a graph is called the injective chromatic index. In

this paper, we prove the following conclusion by using the discharging method: For

a planar graph with maximum degree at most 5 and without 4-cycles, its injective

chromatic index is at most 21.
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1. Úó

�©��ÄÃ�k��{üã. éu���½�ã G, ©O^ V (G), E(G), δ(G)Ú ∆(G)L«

ã G�º:8, >8, ��ÝÚ��Ý. 3ØÚå· ��¹e, ·�ò ∆(G){P� ∆ . eã G

�i\3²¡þ, ¦�?¿ü^>=3à:?��, K¡ G��²¡ã. �²¡ã�þã²¡i\

¡�²¡ã. ^ F (G)L«²¡ã G�¡8. � x ∈ V (G) ∪ F (G), ^ d(x)L«ã G¥: (½¡)

x�Ý. e��: v ÷v d(v) = k (d(v) ≥ k½ d(v) ≤ k), K¡: v � k-: (k+-:½ k−-:). aq

/, �±½Â k-¡, k+-¡½ k−-¡. éu v ∈ V (G), ^ N(v)L«� v ���:�¤�8Ü. w,,∣∣N(v)
∣∣ = d(v). éu f ∈ F (G), e v1, v2, · · · , vk ´¡ f �>.þ�,«�Sü��: (#Nº:

k­E), KP f = [v1v2 · · · vk]. e k-¡ f = [v1v2 · · · vk]÷v d(vi) = di (i = 1, 2, · · · , k), K¡ f �

(d1, d2, · · · , dk)-¡. ·�^ ni(f)9 ni(v)©OL«�¡ f 'é� i-:��ê9�: v��� i-:�

�ê.

ã G� injective k->/Ú´��N� φ: E(G) −→ {1, 2, ..., k}, ¦�éu?ü^ål� 2�>

½?ü^3Ó��n�/p�> e1 Ú e2, Ñk φ(e1) 6= φ(e2). ã G� injective>Úê´¦ã G�

3 injective k->/Ú�����ê k, P� χ′i(G). w,, injective>/ÚØ�½´�~>/Ú.

2015c, Cardose� [1]JÑ
 injective>/Ú�Vg. Ó�, ¦�y²
éu?¿��ê k

(k ≥ 3), �(½ã G´Ä÷v χ′i(G) ≤ k ´�� NP-(J¯K. d	, Ferdjallah�< [2]y²


χ′i(G) ≤ 2(∆(G)− 1)2¿�JÑXeß�:

ß�1.1. éu?¿fá�ã G, k χ′i(G) ≤ 6.

2022c, Miao�< [3]JÑ
Xeß�µ

ß�1.2. éu��Ý� ∆�{üã G, k χ′i(G) ≤ ∆(∆− 1).
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w,, ß� 1.1´ß� 1.23 ∆ = 3��AÏ�¹. Cc5õ Æö�é��Ý���ãa�

injective>Úê�þ.Ðm
ïÄ. 'uß� 1.1, Kostochka�< [4] 32021cy²
fá�ã G

÷v χ′i(G) ≤ 7; fá�²¡ã G÷v χ′i(G) ≤ 6.

éu ∆ = 5 �ã� injective >ÚêkXe(J. 2024 c, Lu [5] �<y²
�3 (m, k) ∈
{( 20

7
, 12), (3, 13)}, ¦�� mad(G) < m �, k χ′i(G) ≤ k. Óc, Zhu [6] �<y²
�3

(m, k) ∈ {( 16
5
, 18), ( 7

2
, 19)}, ¦�� mad(G) < m �, k χ′i(G) ≤ k. 4� [7] y²
�3

(m, k) ∈ {( 43
11
, 20), ( 25

6
, 22)}, ¦�� mad(G) < m �, k χ′i(G) ≤ k. 2025 c, Hu [8] �<y²


�3 (m, k) ∈ {( 7
3
, 6), ( 5

2
, 7)}, ¦�� mad(G) < m �, k χ′i(G) ≤ k. Lu [9] �<y²
�

mad(G) < 8
3
�, k χ′i(G) ≤ 10. Lai [10]�<y²
� mad(G) < 14

5
�, k χ′i(G) ≤ 11.

�©�Ä
∆ ≤ 5�²¡ã� injective>Úê, ��
Xe½n:

½n1.1. éu ∆ ≤ 5�Ã 4-��²¡ã G, k χ′i(G) ≤ 21.

2. (�5�

�e5·�y²½n 1.1. æ^�y{. b�ã G´½n 1.1��� |V (G) + |E(G)|¦�U�
�4��~ã. K G�∆ ≤ 5�Ã 4-��²¡ã¿�÷v χ′i(G) ≥ 22. �éu G�?¿ýfã G′,

k χ′i(G) ≤ 21. w,, G´ëÏ�.

·�3�!¥?Ø4��~ã G�(�5�, 31n!¥^�=£�{íÑgñ, l
y²½

n 1.1¤á.

� e ∈ E(G)� φ´ G��� injective k->/Ú. �¦^�ôÚ8Ü� C. ·�^ F (e)L«

> e�B^Ú8, =� eål� 2½� e3��n�/S�>�ôÚ|¤�8Ü. ^ S(e)L«> e

��^Ú8, = S(e) = C − F (e). - e = uv ∈ E(G), e d(u) + d(v) ≤ 7, K¡ e´�^�>. �

f ∈ F (G)� vi´�¡ f 'é� 3-:, ^ v′iL«� vi���Ø�¡ f 'é�:.

5 2.1: � e = uv´G¥��^�>. b�G′ ⊆ G�3�� injective 21->/Ú φ. e {φ(f)|f
� u�'é} 6= {φ(f ′)|f ′� v�'é},Kk |F (e)| ≤ 4(d(u)−1)+4(d(v)−1) = 4(d(u)+d(v))−8 ≤
20. Ïd·�3��/½­/> e. �ó�, 3�Y?Ø¥·�ò�Ñé�>�/Ú?n.

Ún2.1. δ(G) ≥ 3.

y² b� G¥�3�� 2−-: v, Ù¥ N(v) = {v1, v2}. d G�4�5, G′ = G − v k��
injective 21->/Ú φ. Ï� vv1 Ú vv2 ´�>, d5 2.1, φ�òÿ� G��� injective 21->/Ú,

gñ.

Ún2.2. (1)� v´ 3-:. K n3(v) ≤ 1.

(2)� f ´ 3-¡. K n3(f) ≤ 1.

(3)� f ´ 5-¡. K n3(f) ≤ 2.

y² (1)b�n3(v) ≥ 2. -N(v) = {v1, v2, v3}� d(v1) = d(v2) = 3. dG�4�5, G′ = G−v
k�� injective 21->/Ú φ. Ï� |S(vv3)| ≥ 21− 4(d(v3)− 1)− (d(v1)− 1)− (d(v2)− 1) ≥ 1, �
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vv1Ú vv2´�>, d5 2.1, φ�òÿ� G��� injective 21->/Ú, gñ.

(2)b� n3(f) ≥ 2. - f = [v1v2v3]� d(v1) = d(v2) = 3. d G�4�5, G′ = G− v1 k��
injective 21->/Ú φ. !� v2v3�ôÚ.Ï� |S(v1v

′
1)| ≥ 21−4(d(v′1)−1)−(d(v2)−2)−(d(v3)−2) ≥

1, |S(v1v3)| ≥ 21− 4(d(v1) + d(v3)− 4)− (d(v2)− 2) ≥ 4, |S(v2v3)| ≥ 21− 4(d(v2) + d(v3)− 4) ≥ 5,

� v1v2´�>, d5 2.1, φ�òÿ� G��� injective 21->/Ú, gñ.

(3)b� n3(f) ≥ 3. - f = [v1v2v3v4v5]. d (1)�� d(v1)=d(v3)=d(v5)=3. d G�4�5,

G′ = G−v1k�� injective 21->/Ú φ. !� v2v3Ú v4v5�ôÚ.Ï� |S(v1v
′
1)| ≥ 21−4(d(v′1)−

1)− (d(v2)−2)− (d(v5)−2) ≥ 1, |S(v1v2)| ≥ 21−4(d(v1)+d(v2)−4)− (d(v3)−1)− (d(v5)−2) ≥ 2,

|S(v2v3)| ≥ 21−4(d(v2)+d(v3)−4)−(d(v4)−2) ≥ 2, |S(v4v5)| ≥ 21−4(d(v4)+d(v5)−4)−(d(v3)−2) ≥
4, � v1v5´�>, d5 2.1, φ�òÿ� G��� injective 21->/Ú, gñ.

Ún2.3. G¥Ø�3 (3, 4, 4)-¡.

y² b� G¥�3 (3, 4, 4)-¡ f = [v1v2v3]� d(v1) = 3. d G�4�5, G′ = G− v1 k��
injective 21->/Ú φ. !� v2v3�ôÚ.Ï� |S(v1v

′
1)| ≥ 21−4(d(v′1)−1)−(d(v2)−2)−(d(v3)−2) ≥

1, |S(v2v3)| ≥ 21− 4(d(v2) + d(v3)− 4) ≥ 5, � v1v2Ú v1v3´�>, d5 2.1, φ�òÿ� G���

injective 21->/Ú, gñ.

d G¥Ø¹ 4-�´íÑe¡Ún.

Ún2.4. (1) 3-¡Ø� 3-¡��.

(2) k-:�õ� bk
2
c� 3-¡'é.

Ún2.5. � 4-: v'é 2� 3-¡ f1 = [vv1v2]Ú f2 = [vv3v4]. K

(1) n4−(v) ≤ 2. � n5(v) ≥ 2.

(2)e n3(v) = 1, K n5(v) = 3.

(3)e f1, f2� (4, 4, 5)-¡� v� 1� 5-¡ f 'é, K n3(f) ≤ 1.

y² (1)b� n4−(v) ≥ 3. Ø�� v1, v2, v3 Ñ´ 4−-: , dÚn 2.2(2)ÚÚn 2.3� d(v1) =

d(v2) = 4, d G�4�5, G′ = G− vk�� injective 21->/Ú φ. Ï� |S(vv4)| ≥ 21− 4(d(v4)−
2)− (d(v1)− 1)− (d(v2)− 2)− (d(v3)− 1) ≥ 1, |S(vv1)| ≥ 21− 4(d(v1)− 2)− (d(v2)− 1)− (d(v3)−
1) − (d(v4) − 2) ≥ 4, |S(vv2)| ≥ 21 − 4(d(v2) − 2) − (d(v1) − 1) − (d(v3) − 1) − (d(v4) − 2) ≥ 4�

|S(vv3)| ≥ 21− 4(d(v3)− 2)− (d(v1)− 1)− (d(v2)− 2)− (d(v4)− 1) ≥ 4, ¤±φ�òÿ� G��

� injective 21->/Ú, gñ.

(2)b� n3(v) = 1�, n5(v) = 2. Ø���5, b� d(v1) = 3. dÚn 2.3� d(v2) = 5, Ø�b

� d(v3) = 4, d(v4) = 5. d G�4�5, G′ = G− vk�� injective 21->/Ú φ. Ï� |S(vv2)| ≥
21−4(d(v2)−2)−(d(v1)−1)−(d(v3)−1)−(d(v4)−2) ≥ 1, |S(vv4)| ≥ 21−4(d(v4)−2)−(d(v1)−1)−
(d(v2)−2)− (d(v3)−1) ≥ 1, |S(vv3)| ≥ 21−4(d(v3)−2)− (d(v1)−1)− (d(v3)−2)− (d(v4)−1) ≥ 4

� vv1´�>, d5 2.1, φ�òÿ� G��� injective 21->/Ú, gñ.

(3)b� f1, f2 � (4, 4, 5)-¡� v� 1� 5-¡ f 'é�, k n3(f) ≥ 2. Ø�� f = [v5v6v4vv1].

dÚn 2.2(3), n3(f) = 2. � d(v5) = d(v6) = 3.
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�/ 1 f � (3, 3, 4, 4, 4)-¡, Ù¥ d(v1) = d(v4) = 4.

K d(v2) = d(v3) = 5. d G �4�5, G′ = G − v k�� injective 21->/Ú φ. !�

v1v5 �ôÚ. Ï� |S(vv2)| ≥ 21 − 4(d(v2) − 2) − (d(v1) − 2) − (d(v3) − 1) − (d(v4) − 2) ≥ 1,

|S(vv3)| ≥ 21− 4(d(v3)− 2)− (d(v2)− 1)− (d(v1)− 3)− (d(v4)− 1) ≥ 1, |S(vv1)| ≥ 21− 4(d(v1)−
3)− (d(v2)− 1)− (d(v3)− 1)− (d(v4)− 2)− (d(v5)− 1) ≥ 5, |S(vv4)| ≥ 21− 4(d(v4)− 3)− (d(v3)−
1) − (d(v2) − 1) − (d(v1) − 3) − (d(v6) − 1) ≥ 6, � v1v5 ´�>, d5 2.1, φ�òÿ� G���

injective 21->/Ú, gñ.

�/ 2 f � (3, 3, 5, 4, 5)-¡, Ù¥ d(v1) = d(v4) = 5.

K d(v2) = d(v3) = 4. d G �4�5, G′ = G − v k�� injective 21->/Ú φ. Ï�

|S(vv1)| ≥ 21− 4(d(v1)− 3)− (d(v2)− 1)− (d(v3)− 1)− (d(v4)− 2)− (d(v5)− 1) ≥ 2, |S(vv2)| ≥
21 − 4(d(v2) − 2) − (d(v1) − 1) − (d(v4) − 1) − (d(v3) − 2) ≥ 3. dé¡5�, |S(vv4)| ≥ 2 �

|S(vv3)| ≥ 3. � φ�òÿ� G��� injective 21->/Ú, gñ.

�/ 3 f � (3, 3, 4, 4, 5)-¡, Ù¥ d(v4) = 4� d(v1) = 5.

K d(v2) = 4 � d(v3) = 5. d G �4�5, G′ = G − v k�� injective 21->/Ú φ. !

� v4v6 �ôÚ. Ï� |S(vv3)| ≥ 21 − 4(d(v3) − 2) − (d(v2) − 1) − (d(v1) − 2) − (d(v4) − 2) ≥ 1,

|S(vv1)| ≥ 21− 4(d(v1)− 3)− (d(v2)− 1)− (d(v3)− 1)− (d(v4)− 3)− (d(v5)− 1) ≥ 3, |S(vv2)| ≥
21−4(d(v2)−2)− (d(v1)−1)− (d(v3)−1)− (d(v4)−3) ≥ 4, |S(vv4)| ≥ 21−4(d(v4)−3)− (d(v3)−
1) − (d(v2) − 1) − (d(v1) − 2) − (d(v6) − 1) ≥ 5 � v4v6 ´�>, d5 2.1, φ �òÿ� G ���

injective 21->/Ú, gñ.

Ún2.6. � 5-: v 'é 2� 3-¡ f1 = [vv1v2]Ú f2 = [vv3v4]. e f1 � (3, 4, 5)-¡, K f2 �

(5, 5, 5)-¡.

y²b� f1 = [vv1v2]� (3, 4, 5)-¡�, f2 = [vv3v4]� (4−, 5−, 5)-¡,Ù¥ d(v1) = 3, d(v2) = 4

� d(v3) ≤ 4. d G �4�5, G′ = G − v1 k�� injective 21->/Ú φ. !� vv2 Ú vv3 �ô

Ú. Ï� |S(v1v
′
1)| ≥ 21 − 4(d(v′1) − 1) − (d(v2) − 2) − (d(v) − 3) ≥ 1, |S(vv3)| ≥ 21 − 4(d(v) +

d(v3) − 5) − (d(v2) − 2) − (d(v) − 4) ≥ 2, |S(vv2)| ≥ 21 − 4(d(v) + d(v2) − 5) − (d(v3) − 2) ≥ 3,

|S(vv1)| ≥ 21− 4(d(v) + d(v1)− 5)− (d(v2)− 2)− (d(v3)− 2) ≥ 5, � v1v2´�>, d5 2.1, φ�ò

ÿ� G��� injective 21->/Ú, gñ.

3. �=£�{

e¡$^�=£�{�¤½n 1.1 �y². Äk, 3 V (G) ∪ F (G) þ½Â��Ð©�¼

ê w: é v ∈ V (G), - w(v) = 2d(v) − 6; é f ∈ F (G), - w(f) = d(f) − 6. �âî.úª

|V (G)| − |E(G)|+ |F (G)| = 2ÚºÃ½n
∑

v∈V (G)

d(v) =
∑

f∈F (G)

d(f) = 2 |E(G)| , k

∑
x∈V (G)∪F (G)

w(x) =
∑

v∈V (G)

(2d(v)− 6) +
∑

f∈F (G)

(d(f)− 6) = −12. (1)
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�X, ½Â·���=£5K, 3o�Ú�±ØC�cJe, éã G�:Ú¡��­#©�. �

�=£L§(å�, ¬����#��¼ê w′. e�±y²: ∀ x ∈ V (G) ∪ F (G), Ñk w′(x) ≥ 0,

K�Ñ±egñ:

0 ≤
∑

x∈V (G)∪F (G)

w′(x) =
∑

x∈V (G)∪F (G)

w(x) = −12 < 0. (2)

l
`²4��~ GØ�3, =½n 1.1�y.

½ÂXe��=£5K:

R1 4-: v�'é� (3, 4, 5)-¡Ú (4, 4, 4)-¡=� 1, �'é� (4, 4, 5)-¡=� 3
4
.

R2 5-: v�'é� (3, 4, 5)-¡=� 2, �'é� (3, 5, 5)-¡, (4, 4, 5)-¡, (4, 5, 5)-¡=� 3
2
, �'

é� (5, 5, 5)-¡=� 1.

R3 4+-: v�'é� 5-¡=� 1
5−n3(f)

≤ 1
3
.

e¡©O3±eü�Ún¥�yé ∀ x ∈ V (G) ∪ F (G), k w′(x) ≥ 0.

Ún3.1. - v ∈ V (G). K ω′(v) ≥ 0.

y² - d(v) = k, dÚn 2.1�, k ≥ 3.

� k = 3. K ω′(v) = ω(v) = 0.

� k = 4. K ω(v) = 2. dÚn 2.4(2), v �õ�ü� 3-¡'é. � v �ü� 3-¡'é�, v

�õ'éü� 5-¡. e n3(v) = 1, dÚn 2.5(2), n5(v) = 3. ¤± v 'é�� (3, 4, 5)-¡Ú��

(4, 5, 5)-¡. d R1Ú R3, v�'é� (3, 4, 5)-¡=� 1, ��õ�'é�Ù§ü�¡=� 1
5−n3(f)

, =

ω′(v) ≥ 2 − 1 − 1
5−n3(f)

× 2 ≥ 1
3
. e n3(v) = 0, KdÚn 2.5(1), n4(v) ≤ 2. � n4(v) = 2�, e v

'é�� (4, 4, 4)-¡, K v 'é�,�� 3-¡� (4, 5, 5)-¡. d R1Ú R3, v �'é� (4, 4, 4)-¡=

� 1, ��õ�'é�Ù§ü�¡=� 1
5−n3(f)

, = ω′(v) ≥ 2 − 1 − 1
5−n3(f)

× 2 ≥ 1
3
. e v 'é��

(4, 4, 5)-¡,K v'é�,�� 3-¡�´ (4, 4, 5)-¡. dÚn 2.5(3),e v� 5-¡ f 'é,K n3(f) ≤ 1.

d R3, v� 5-¡=� 1
5−n3(f)

≤ 1
4
. d R1Ú R3, v�'é� (4, 4, 5)-¡=� 3

4
, ��õ�'é�Ù§

ü�¡=� 1
4
, = ω′(v) ≥ 2− 3

4
× 2− 1

4
× 2 = 0. � n4(v) = 1�, K v'é�� (4, 4, 5)-¡Ú��

(4, 5, 5)-¡. d R1Ú R3, v�'é� (4, 4, 5)-¡=� 3
4
, ��õ�'é�Ù§ü�¡=� 1

5−n3(f)
, =

ω′(v) ≥ 2 − 3
4
− 1

5−n3(f)
× 2 ≥ 2 − 3

4
− 1

3
× 2 = 7

12
. � n4(v) = 0�, K v 'éü� (4, 5, 5)-¡. d

R3, v�õ�'é�Ù§ü�¡=� 1
5−n3(f)

, = ω′(v) ≥ 2− 1
5−n3(f)

× 2 ≥ 2− 1
3
× 2 = 4

3
. � v�õ

��� 3-¡'é�, d R1Ú R3, v�õ�'é��� 3-¡=� 1, ��õ�'é�Ù§n�¡=�
1

5−n3(f)
, = ω′(v) ≥ 2− 1− 1

5−n3(f)
× 3 ≥ 0.

� k = 5. K ω(v) = 4. dÚn 2.4, v�õ�ü� 3-¡'é. � v'éü� 3-¡. e v'é��

(3, 4, 5)-¡,KdÚn 2.6,,�� 3-¡� (5, 5, 5)-¡. dR2ÚR3, v�'é� (3, 4, 5)-¡=� 2,�'

é� (5, 5, 5)-¡=� 1,��õ�'é�Ù§n�¡=� 1
5−n3(f)

,=ω′(v) ≥ 4−2−1− 1
5−n3(f)

×3 ≥ 0.

e v Ø'é (3, 4, 5)-¡, Kd R2 Ú R3, v �õ�'é�ü� 3-¡=� 3
2
, ��õ�'é�Ù

§n�¡=� 1
5−n3(f)

, = ω′(v) ≥ 4 − 3
2
× 2 − 1

5−n3(f)
× 3 ≥ 0. e� v �õ'é�� 3-¡.

d R2 Ú R3, v �õ�'é��� 3-¡=� 2, ��õ�'é�Ù§o�¡=� 1
5−n3(f)

, =
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ω′(v) ≥ 4− 2− 1
5−n3(f)

× 4 ≥ 2
3
.

Ún3.2. - f ∈ F (G). K ω′(f) ≥ 0.

y² - d(f) = k, K k 6= 4.

� k = 3. K ω(f) = −3. dÚn 2.2 (2)�, n3(f) ≤ 1. � n3(f) = 1�, dÚn 2.3, f Ø�

(3, 4, 4)-¡. � f � (3, 4, 5)-¡½ (3, 5, 5)-¡. d R1 Ú R2, ω′(f) ≥ −3 + min{1 + 2, 3
2
× 2} = 0.

� n3(f) = 0 �, K f � (4, 4, 4)-¡, (4, 4, 5)- ¡, (4, 5, 5)-¡½ (5, 5, 5)-¡. d R1 Ú R2, ω′(f) ≥
−3 + min{1× 3, 3

4
× 2 + 3

2
, 3
2
× 2} = 0.

� k = 5. K ω(f) = −1. d R3, ω′(f) = −1 + (5− n3(f))× 1
5−n3(f)

= 0.

� k ≥ 6. K ω′(f) = ω(f) = d(f)− 6 ≥ 0.

4. (Ø�?Ø

²¡ã�/Ú¯K´ãØïÄ�9:¯K��§�´éu²¡ã� injective->Úê§8c�

ïÄ(J��. �©Ì��Ä
 ∆ ≤ 5�Ø¹ 4-��²¡ã� injective->Úê§$^�y{§Ï

L�E4��~©ÛÙ(�A:§�½Ü·��5K§$^�=£�Ñgñ§l
��
�Ð�

þ. 21. �dþ.�ß� 1.2¥�þ. 20��3�å§Ïd·���±�Ä±e¯K.

¯K4.1 éu ∆ ≤ 5�Ã 4-��²¡ã G, ´Äk χ′i(G) ≤ 20.

d	§éuNõAÏãa� injective->/Ú§8c�ïÄ(J��§¤±·���±�Ä�


AÏãa� injective->/Ú.
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