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Abstract

Gronwall-Bellman type integral inequality is an important mathematical tool to study the qualitative
properties of the solutions of differential equations. In this paper, a class of complex Gronwall-Bell-
man type integral inequalities containing two variables is studied, and the upper bound estimates of
unknown functions in partial differential equations are given by using the results obtained.
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L. 5IE5%H&

AN R FEAE B R R s 598 7 AR A — 34, Y Gronwall RUANZE R N e
ZIIARERER Y —, Hg R H Gronwall T 1919 E#2HIHEY, SRR TF(1],

E(1)<M +cf E(z)dr.
1943 4, Bellman X§ Gronwall FJ45 Rt 4T T HET™, WFFL 7 A [2],
E(1)<M+cf K (r)E(r)dr.

1973 4, B.G. Pachpatte 7E[3]|H 5T 7 W NP A E LK,

u(t)<uy+ [ £ (s)u(s)ds+ ) £ ()], g (e)u(e) de s
2006 4F, D.B. Pachpatte 7E[4]" B 7 T I (8] X FE L —2% Gronwall RIFAAZERX, JFHAEAHET

) Sy By FIRR I T RE TP AR A R B oAl i, BRI SRR,
w(t) <y + g ()] £ (s)u(s) a5+ [ h(s) (u(5))As

2014 4, J.Gu, F.W.Meng % N1ECE[S|HAFFT T AEL M Volterra-Fredholm BYzhZS 0 A%, H
) — MR,

(t)£k+J‘t;fl(s)W u(s)) As+j’f2(s)(j'yg(f)w u(r))Ar)as
# [ A () s+ 71 ()[04 () (u(r)) ar s
2023 4F, EFHEE, BRoOwh, SEBEESCE[6) T MR AR,
(1 (o)) <[ A (sp)o(f (s0)ds+ [[ 4 (x.0)p(f (x.1))de
+ [, [ H (s,6) 9" (f (s,¢)) deds.

A AT S IR 70 AN BT FUAE AR 2 A S QR g s b e 1 AR LB — 0
1981 4, Henry {E[7]WF 5T 1 AT 73 B AR A2 2K

(t)<a( t)+bj0(t—s) 7u(s)ds
2007 4, HIHEETL BRI TR SO SIF T i F B R R,
u(t)Sa(t)+g(t).[0(t—s)ﬂ71u(s)ds.
AR SCHR[6]-[81H A &, 1E— % Gronwall-Bellman % — oA 43 ANZE X A SEAt -, E—F A5
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ANFFF I ZAE— M RS /MM R F RO T o, X R BHIT E S, B 7 — 2t
x84 & Gronwall-Bellman B AZES, ERAF,

qo(u(x,y))ﬁchA (x y)J (x—s)" 71(p(u(s,y))ds
+ 4, (x, ).[O (y—t)'g_lga(u(x,t))dt
+I j 5,1))dtds.

5 Je A G R B 73 77 R A SGE RN T R4S BIR A s B I T8, FR4e H AR e PR i Fi i At
RO J7 R AR BV R 4811

AHIE T LT s R

£ X 1.1 Gamma FREGE X :

I'(z)= .[: e't7'dt, Re(z)>0

PAJ: Gamma BREEZNET: T(z+1)=2I(z) .
E X 1.2 Bate FRHUE X

B(p.q)= L:OT”'I (1 —T)qil dz, Re(p)>0, Re(q)>0.
LUK Bate BB EZNET: B(p,q) =w o
pP+4q
€ X 1.3 Mittag-Leffler B %€ X :

E,(2)=

BIE (6] &/ (xy), b(xy). A(xy). A (xy) Wi XTE[0,0)x[0,00) LIAERAEL L, ¢
2 ST [0,00) LIPS ML FLo(f (x,y)) W2 FRBU FEER:

(p( ) I Al(s,y)(p(f(s,y))ds+.f0yz42(x,t)(o(f(x,t))dt
# L[ H (5.0)0" (f (ss0))dids, (x.7) € [0,2)[0,),
Hee>0 HEH, WH0<m <1,

s {atestn [0 o o] |

%m:lHTJ',

0

0F(ka+1)

,a>0, zeC.

f(xy)<o™ {Bl (x,y)B, (x,y)exp[J‘;Ig’H(S’t)Bl (s.)B, (S,t)dtds]"l"’}

Zl(X,y)=1+J.;Al(s,y)Mds+LyA2 (x,l‘)¢(f(x’t))dt,

a(s,y) a(x,t

x y) c+j J (s t))dtds
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B (x,y)= exp[_[ A (s,9)B, (s y)ds},

B, (x,y) = eprOy A, (x,t)dt}.

SIE2[8] ®B>0, a(t), u(r)EXTEre[0,T]| MRS, RFAIMEE. g(r) hEXFEte[0,T]
MRS ARIBHCELE R, g (¢) < M (FHD. AEAER
u(t)sa(t)+g(t)J-0(t—s)ﬂ71u(s)ds,
JUES)

2. FEWR
N ITEEBRUA, 25 tH R P o ek B8R S 2 1 AR
1) () W SAE[0,00)x[0,00) EARSUELERAE, u(0,0)=0, FLAHERERZH y,
oy, ) PRSI, A FERERSE M0 5y » u(xp0¥) PR LV
2) ¢ W UL [0,0) EFERSHEMMELER S, (0)=0
3) A(xp)s 4 (%) FENLE[0,0)x[0,0) FEISLAE . TSRS 4(0,0)=0, 4,(x,0)=0,
ERHERRIEN yor 4 (520)s A (530) RIS, SHERFENx 0 4 (x0.r) A (x.%) PR
B,
4) H(x.y) 5 SHE[0.00)x[0,00) IS, EFUELE ML, EAHEREEN 5,
H (y,) 8, RHERBEN 5, H (x,,%) B
SEH 1 BR(D~OBOL, Ho(u(x,y)) il FEBSA%ER.
¢(u(x,y))Sc+Al(x,y).[:(x—s)ailw(u(s,y))ds
+4,(x,y _[y(y— ﬂ_lw(u(x t))dt 2.1

L H 08" (s, (5)[0.0)<[0:9),
Hpe>0 AHEH, 0<m<1, LliﬁlB(x,y)WﬁE

B(x,y) =1+4 (x,y)jox(x_s)aJMds_,_Az (x’y)jg(y_t)ﬁlwdn

M(s,y) (x,t)
JIES)
u(x,y)é(p'1 {W( [ 1 m I J s l)W K l)dtds}llm}, 2.2)
Hor
W (%)= E, (4 (x.2)T(«)x* ) E, (E, (4 (x.9)T(@)x) 4, (x.)T(8) "),
ik E X

M (x,p)=c+[ [ H(s,0)p" (u(s,r))deds, (2.3)
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HIZEAF PTHEDS M (x,p) RIERD, dREIGES R E, W@ D)HN

(p(u(x,y)) <SM(x,y)+ 4 (x,y)J.g(x—s)a71¢(u(s,y))ds + 4, (x,y)J':(y—t)ﬁfl(p(u(x,t)) de,

ERPAFERM (x,y), w73

whd%y»sl+4(ny”(x—QWJ¢@(”w)®
M (x.y) M(s,y) 24
y @ u(x )) '
+ 4, (x y)jo( —t)ﬂ M(x,t) dt
7S
x a-1 PLULS, Y S elul(x,t
B(x,y)=1+4, (x,y)jo (x—s) ZE/I((S y)))ds+A2 (x,y)J. (v t)ﬁ M((x t))) dr,
B B(0,0)=1, A
o(u(x.7))
M(x,y) < B(x,y), (2.5)
NI H1(2.4) AT 75
B(x,y) <1+ 4 (x,y)jg(x—s)mlB(s,y)ds + 4, (x,y)J‘:(y—t)ﬁle(x,t)dt,
E
C(x,y):1+A2 (x,y)J‘Oy(y—t)ﬂle(x,t)dt, (2.6)
HI(2.6)F 13 C(x,0) =1, NIF[#3
B(x,y) < C(x,y)+ 4 (x,y)J;(x—s)ale(s,y)ds,
B C (o y) WM, AR, Wil bR
B(x,y) X el B(S,y)
C(x,y) <1+ 4 (x,y)jo (x S) C(s,y) 2.7)
£
D(x.r) =1+ 4 (33)] (x=s)" ﬁgjj; as
W D(0,y)=1, B D(x.y) HiEMH, JEEBMELERL, T4
B(x,y)
C(x,y) < D(x,y), (2.8)
M. 7) " 15
D(x,y)<1+4, (x,y)-[;(x—s)a_]D(s,y)ds. (2.9
AT
GD(x,y)= 4, (x,y)vfg(x—s)a71®(s,y)ds.
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R (2.9) 113 T 4114 R
D(x,y)<1+GD(x,y),

n=1
D(x,y)< > G"1+G"D(x,y).
k=0

N THER
(4 (x.2)T ()"

G"D(x,y)< (1) IO ()c—s)m_1 D(s,y)ds, (2.10)

MAEERI x,ye R, » Hn—> +olf, G"D(x,y)—)OO
BRFEAGNE. “n=1K, Q10)ERW; Bifkn=ki, (2.10)85;
Yn=k+10, MG

G"”D(x,y) = GGkD(x,y) <4 ()c,y).[;(x—s)!H Jj%@ _z-)k“’l D(z,y)dz |ds,

WA Y, WA

G*'D(x,y) < (4 (x.0)) " (C() I;U:(X—S)H (s—7)" dS}D(T’y)dT’

I'(ka)
Hi Beta BRI OCIER, (ER &S, Ms=r+u(x-7), W17

G“'D(x,y)<(4 (x.2))" (EEZ(;))) j'OU;(l )""u"“*du](x—r)("*‘)“"D(r y)dr
NG o o C S
(4 (=) (a))" et
r((k+1)a) J; (=)D (z,y)dz

B = k+ 1IN, (2.10)8%37.
XXt Vx,yeR, , *n—>+olf, f
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FH(2.8) 1] LATS 2
B(x,y)SC(x,y)D(x,y)SC(x,y)Ea(Al(x,y)F(a)xa). (2.11)
Q2.6 Q2.11) AT LIS 2]
B(x,y)<E, (4 (x,9)T(a)x*)| 1+ 4, (x, ) [ (y =1 " B(x,t)dt
(5.0)% B, (A (5.0)T (@) 2" )| 1 Ay (5.0 [ (v =0)" B(xr)a o)
SEa(Al(x,y)l“(a)x“)-i-Ea(Al(x,y)l"(a)x”)Az(x,y)ﬁ(y—t)ﬂflB(x,t)dt.
T
PO(x,y)<E, (A1 (x,y)lﬁ(oz)x”’)A2 (x,y)J.Oy(y—t)m1 @ (x,7)ds,
m2.12)tk
B(x,y)SEa(Al(x,y)F(a)x“)+PB(x,y),
B(x.y)< S PE, (4 (v )0 (@)x" )+ PB(x.y).
ZIEQ2.10)MQADKHHE, S

(Ea(Al(x,y)r(?zl?;))Az(x’y)r(ﬂ)) [ (=0 Bt

n

P"B(x,y)<

SHERE M x,yeR, » Hn—>+olf, P'B(x,y)—>0.
A,

B(x,y)Sg)PkEa(Al(x,y)F(a)x“)SEa(Al(x,y)l"(a)x")Eﬂ(Ea(Al(x,y)l"(a)x")Az(x,y)l“(ﬂ)yﬁ).
& A4
W(x,y):Ea(Al(x,y)F(a)x“)Eﬂ(Ea(A, (x,y)F(a)x“)Az(x,y)F(ﬂ)yﬂ),
N HQ2.5) 15
o(u(x,9))<B(x,y)M (x,y) < W (x,y) M (x,y).

K Q3R IET x F y MRS,

M, (x.y)=H(xy)o" (u(x,y)),
NHESHHE

9" (u(x.y)) < B" (x,y)M" (x,y),
i

M, (% y)<H(xp)B" (x,y)M" (),

A M (x,y) IR, AEdBESm S, %

M, (xy)

M () <H(x,y)B"(x,). (2.13)
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HIT M (x,y) KT WAASR S 0 s, e & (1.13)m 15

mM | (x,y)sz (x,y)M " (x,y) >0, 2.14)
M m (x’y)
H(2.13)R1(2.14) 0] LTS H
M, (x.y)M" (x,y) mM, (x,y)M, (x,y)M"" (x,) "
M () YEIFR) <H(x,y)B"(x,y). (2.15)
T
E{Mx (x,y)}: M, (x0)M" (x.y) _mM, (x0)M, (xy)M"" (x,)
ov| M (x,y) M (x,y) M (x,y) ’
#(2.15) A1 28K
2 MX (X,y) m
o l:—Mm (x’y)}SH(x,y)B (x,y). (2.16)

FEQ.16)FIURT y #E[0, ] LA 13
M, (x, y) M, (x, 0) ”
m(xy) (xO _[ xtB xtdt

B M (x,0) %0 , ]z‘\:m(xo)) 0, Heh

(x,0
(2.17)

FEQAT)WILX x 7E[0,x] LB AT 1
1 1-m _ 1 1-m m
T M (5 y) =M (0,) <[ [, H(s,t)B" (s,¢)deds,

1-m
1

M (x,y)< [M“”Oy +(1- mjj. stB’”stdtdlem

HQ3)TEIM(0,y)=c, &
M (xp) S|+ (1=m) [} [ H (5.0) B (s.)deds |7, (7)€ [0.0) x[0,c0).

XHER.5E
o(u(x,y))< B(x,y)M (x,y),

X B(x,y)<W(x,y), WA

qo(u(x,y)) ( [ 1 m I j st B'” s,t dtds]

1

<( [ lmj_[ stB"’stdtds}

() MRS SR B, AT
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u(ny)swl{wxxdﬁ[ F(1=m) [ [ H (s.0) " (s, wd%lm}
U5 B 1 AIERE .
R 2 REIE | b PR ~@ROL, o (u(x,y)) 2 FRBU RS2
o(u(x, ) < et A (5,0) [ (r=9)" "0 (1 (5,3))ds+ s () [ (=)o (1))
+ [, I H (s,0)@(u(s,0)) deds, (x,y)[0,00)x[0,00),
Sestre > 0 A, A
u(x) < I (uy)esp[ine [ [ H (s.0)W (s.r)dras ||

W (x%,3)=E, (4 (x.9)T (@) x* ) E, (E, (4 (x.3)T () x*) 4, (x.)T(B)5" ).

iE B 1 1P Q2.3)~2.17), 71§
M, (x.y)
M (x,y)

FEQ.18) IR} x 7E[0,x] EAS W45
InM (x,y)-InM(0,y) II (s,¢)B(s,t)drds.

< fo H (x,t)B(x,t)dt, (2.18)

Nl InM(0,y)=Inc, B(x,y)<W(x,y), Hiw(x,y) e 1 PAHEL, WA
M (x,y)< exp[lnc+'[;L)yH(s,t)B(s,t)dtds} <exp [1nc+J'0x J.(;VH(s,t)W(s,t)dtds],
HQ.5)F
q)(u(x,y)) <B(x,y)M(x,y)< W(x,y)exp[lnc+J-;.[:H(s,t)W(s,t)dtds}
So(x) MRS IESL AL, T
u(x,y)<o™” {W(x,y)exp[lnc +.f; KH(s,t)W(s,t)dtds}}.
T 5 B 2 4IEHE
3. BN RS

A AN 2G5 SR FE T T — B i s 20 07 R DB IR VR BT, 1 564 Hh— MR S B
Bl

Op(u(x.y))

oxdy = U(x, y,u(x,y))ﬂ-fy (x, y,u(x,y))+ g. (x, y,u(x,y)),
u(x,0)=p(x), u(0,y)=q(»),

EHEHU (x,yu(xy))s o), foru(xy)), g(xyu(xy)) i
D) U(xpu(xy))<H(xy)e" (u(x,r)):

3.1)
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i) p(x), q(»)7E[o, )tﬁ?% H p(0)=¢(0)=0:

iii) f(xsu)s( ) (),

v) g(ytu)<(v=1)" p(u)-

Soobt (1) WAL EAEQ), H () BAEHE@), U (xoyu (7)) 39[0.00)x[0,00) x[0,00) LRy BHL,
f(xyu(x y))yj[o ) [0 ) [ )J:E’JXTJ/ CIEGRpLRZ 4T g(x,y,u(x,y))?'SI[O,OO)X[O,OO)X[O,OO)J:
RS x PTG S R, B2 7RG DT R R .

H0<m<1H,

u(x,y)<ep’ {W(xy[ +(1-m J'J. (s,e)w™ st)dtds}] }

\:J_,Imzlﬂj_’

u(xy) <o {W(x, y)exp| e+ ! I(;VH(S,I)W(s,t)dtds]}.

c:sup{(o(p(x))+(p(q(y))|x>O,y>0},
W(x,y):Ea(F(a)x“)Eﬁ(Ea(F(a)x")l"(ﬂ)yﬁ).
UE ARG DA, Weie NiRf)
() £ 0(p(x)) + 0(a()+ [ £ (5,30 (5,)) s

+I syusy dt+IJUstu(st))dtds

(3.2)

()%
J-;J:U(s,t,u(s,t))dtds < IO jOyH(s,t)(p’” (u(x,y))deds,
HIGDE p(x), q(y) 1E[0,0) EHELEA T, Be=sup{p(p(x))+p(q(y))}x>0,y>0}, N
o(p(x))+o(a(v))<e, Pk
o(f(xy))<c+] /(s u(s ))ds+ |, g(s,,u(s,y))ds
(506" (w0

FEGI)PLXS x 7E[0,x] EAVY, DARAEGY)BILXT y 7E[0,y] EARGy, W15

[7 (s, 3.u(s.y)) dssj"(x—s)“’l(p(u(x,y))ds,

[ e(xtu(x))de< | (v x,t))dt.
MM EH(3.2) 15 2]

o(u(xy)) et [ (x=s)"p(ul(s.y))ds+ [ (y—1) "o(u(x.1))di
LT (500" ) s,

FREES 1 DURGERL 2, BUA (x,y)= 4, (x,y)=1, WIEAE LR
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4. FHe 4
4.1. XBE¥a, B, mF LAREITHBE MW

AL TR AN SE R AE T 0 ZH B A TR EU (v, p) » B8 o(u(x,y))<U(x,y) . S5
a, f, mBEFEEAN EFREU KRN,

o T B BB T (xms)™ A (y—t) BB AR, %o, B> 1 B, 20 SRR AL MR
W), AR M, f o> 07, AN (x—s) B (yor) s R RTBUA S EOI A, A S
e BN a, BB ERU (x,y) HKER. EIEHT, BATNEHHENHAIA R Gronwall 553
B B AR BOTE B, e 25 1B S 2 8 Mittag-Leffler (AL E,, | (cx”’ ) BT B Mittag-Leffler
HHE,, (2) MHKIVOR exp(2/) o BBRE Yo =10, EFCRPREMIEHIEK  Ma<l, LR
ISR, SRR RN REKERT R, SRR R TR

PN

JRLRIERE IR m PE T ARRIET " (u) HIBRIE . Xm =1 (ZRMENE R, AERBHE S H— 2R
AR 5, BUREAR AR A A SE T HAm > 1 (WL, "6 S B0 A IR
BER, ROBIAGTE c 1R/, BZRTEI o™ & B HBOK, S ER I KR BRI AT, AT AE RS BR
20 (X7, 7" ) B LR U (x, ) > o0 o

4.2. BRIZFHRNHEM R MG aEY

B @ PR R O BN, SRR R SR BRI HE RS RS MR s Rk, AT B
BAGRFAFNER o, W5 R R, TR o™ AEAEBRIE—, 3 /M4
B (EERGR  SBEIRA o (u) <V FIRT, W o MMM A B2 A it u <o (V) AL
MRS, RSB AR, SEE B,

8 AR O T B SS T U B SR gp 21 R 3 AR 11 b R 8,
ALK, o NS o S M AL A, 3 75 B3\ AR IR o O )
Kbl SRR AR Y, BRI, IR e ORI R AR, T LB @ ZER A
[X 4 & Lipschitz ¥4 FLIIRAG, (F2 kIR L0008 R 60 FEL 7o L 12 — A S BB R
W, AR AR, BT, B I A RS R

HURES A A, H OGRS, SR T BB R b 1 F B . S50 40 4
AR, B4R BT R I, TV (A R S 0 LR A . TSR T Tt
R RATLA “H” B9SRGB 2R Gronwall g

81 H AR A RTE T DA RO 5, (L s A DR . — R T R 7 R S B R B
T I LG RO T LA SRR, ELISS I B 5 B R LA RIS K, I3 NS
bk

43. BUURERSERERNIKR
[i] 24, (x,y)=0, H(s,t)=0, HFEY y TREM y NEEZSED. B
o(u(x))<c+4 (x)j(f(x—s)‘“go(u(s))ds.
XSS HN 5> T FEAN Volterra #1143 75 FEH 2 L1 — 4k Henry-Gronwall %530, H45 R A
o(u(x)) < cE, (4, (x)T(a) x).
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[i] E[IMEEAL b, #F—B% a=1(FRZIHRK). /I

p(u(x) <+ A () [ o(u(s))ds.
XA Gronwall-Bellman 45K 45 o (u(x)) =u(x) » HLEFRN
u(x) < cexp [ 4 (5)ds ).
[iii] 4 4 (x,y)= 4 (x.y) =0 B
o(u(x.y))<c+[ [, H(s.0)p" (u(s.1))drds.

XA T4 AE LM Volterra A M m =11, &0 PUBITEACRE: Zm> 11, &2 AR

PRI 5 1 2 AT
EEWH

HE X AR LT H (12161060); |74 H AR = HE 410 H (2023GXNSFAA026204).
Sk

[1] Gronwall, T.H. (1919) Note on the Derivatives with Respect to a Parameter of the Solutions of a System of Differential
Equations. The Annals of Mathematics, 20, 292-296. https://doi.org/10.2307/1967124

[2] Bellman, R. (1943) The Stability of Solutions of Linear Differential Equations. Duke Mathematical Journal, 10, 643-
647. https://doi.org/10.1215/s0012-7094-43-01059-2

[3] Pachpatte, B.G. (1973) A Note on Gronwall-Bellman Inequality. Journal of Mathematical Analysis and Applications,
44, 758-762. https://doi.org/10.1016/0022-247x(73)90014-0

[4] Pachpatte, D.B. (2006) Explicit Estimates on Integral Inequalities with Time Scale. Journal Inequalities in Pure and
Applied Mathematics, 7, Article 143.

[5] Gu,J. and Meng, F. (2014) Some New Nonlinear Volterra-Fredholm Type Dynamic Integral Inequalities on Time Scales.
Applied Mathematics and Computation, 245, 235-242. https://doi.org/10.1016/j.amc.2014.07.056

(6] E:, MO, HHH. AW MERNE S Gronwall-Bellman B4 AR [T]. KZH3, 2023, 39(1): 112-119.
[7] Henry, D. (1981) Geometric Theory of Semilinear Parabolic Equations. Springer-Verlag.

[8] Ye, H., Gao, J. and Ding, Y. (2007) A Generalized Gronwall Inequality and Its Application to a Fractional Differential
Equation. Journal of Mathematical Analysis and Applications, 328, 1075-1081.

https://doi.org/10.1016/j.jmaa.2006.05.061

DOI: 10.12677/aam.2025.1411455 12 N H it e


https://doi.org/10.12677/aam.2025.1411455
https://doi.org/10.2307/1967124
https://doi.org/10.1215/s0012-7094-43-01059-2
https://doi.org/10.1016/0022-247x(73)90014-0
https://doi.org/10.1016/j.amc.2014.07.056
https://doi.org/10.1016/j.jmaa.2006.05.061

	一类含有奇异项的两个变量的复合Gronwall-Bellman型积分不等式及其应用
	摘  要
	关键词
	A Class of Composite Gronwall-Bellman Integral Inequality of Two Variables with Singular Terms and Its Application
	Abstract
	Keywords
	1. 引言与预备
	2. 主要成果
	3. 理论应用举例
	4. 讨论分析
	4.1. 关键参数，，对上界函数行为的影响
	4.2. 假设条件的必要性及放宽可能性
	4.3. 退化情形与经典结果的联系

	基金项目
	参考文献

