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Abstract

This paper addresses common conceptual confusions encountered by students in learning linear al-
gebra. It systematically organizes four key issues: the relationship between linear dependence of a
vector set and its subsets, the geometric meaning of matrix rank, the equivalence between zero deter-
minant and matrix singularity, and the connection between eigenvalues, matrix trace, and determi-
nant. Through definition explanation, concrete examples, and theoretical analysis, this paper clarifies
misunderstandings, helping students establish a trinity cognitive framework of “definition-exam-
ple-geometric meaning” and bridge the gap between linear algebra theory and application.
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1. 51§

NERBU[LE R a2 8] 2ot AR e S BRSO 80 TH, R2irENES:. W%, T
T2 5 R AT U A SR RHRAE , BRSO R R 5, AR IR X “ MR
HEEAR R HFERRM EE . 175 ST M IR 2 B RREE M RN A 5 PR AN
%, XEmEBRE TS A S S, WS BN ETTE .. BTN gmHEE K.

MRS, B BRI O 5 A X L& (98 - 4914, Strang 7E € Introduction to Linear
Algebra) [2]F3EiH, “REFERIBREMEABIIZ LA, AR M B4R T2 4EE, ks
aliffy “d- T TN E M7 ; Hoffman ) (Linear Algebra) M@ £ AR H M A, s “4TH AT
5 AT B, AR TR R Axler #£ {Linear Algebra Done Right) [3]H 5 /&
Wt AT AR IS, EENEER RSB HE, BRREESHMEE, 17500 K, &
Tt BB CHEIE. BAT” MiRX.

AL ERFARE 5, EONEEE T R E I SIRIE S, S5 S S L R ORI b, RERT
O[] R 50bA S A% oM (R A D A5, A BRI A B S I B HL R 1 1) 3 JE B, B ) E N B
ElR) “HEH” .

2. AEALMER # WAL MERX

AR BRI RS, MR AR B “Hn Ao, Nk
WENETR” , ARFURIRGE TLNEMRK “ BN 5 “ /A7 2K R,

2.1 BbENX

SN 1 (PRI B ay o, R P L0 GE AL, SRR NI KK,k eP,
5 ko, + ko, +- k@, =0, TIBRZIA AR, IR L%

W R AL L WL, ARSI AR T AL A R R, F T A
A G o A B RIS R R, WA

2.2. RHISEIE

B 1 (CREAAH AR 43 4 R)

BRI N o, =(1,0,0) ,a, =(0,1,0)", a;=(12,0)" .

(1) BAERBAARMRNE: Mk =1k, =Lk, =-1 (F2AF), Mg+l a,+(-1) 0, =0, Hay,a, %k
PEAH K .

(2) BUEFAIALR: M oy, 0 ke +koa, =05 W (K, k,,0)" =(0,0,0)"» XEik =k, =0, a,0a,
LRIETE R

11 2 (B2 ZELAH 5 U B A A 5K

WR PR B =(12),5,=(24) ,5,=(35)" -

(L) B, L, BB, =28, 1ifEKk =2k, =-1 (RENEYVE28 -p,=0, WA, B, LIEMA,

(2) BAKH B, B, P WLk =2k, ==Lk, =0 (AEANE), W28 -B,+0-8,=0, MIEIRLEIEM.
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2.3 BRIEN: ERTFEENEENA

RMEAR I A R A “ R T SRR ffi: HEH o, a, BHETE, WA
TR L(0, o) WY dimL=m (FEHANE = FMgEE); HEMEMHEL, Wdimb<m, BI5%
() 24 B /N T 1) 2 AN 4]

W1, a0, EROTF 2SR RO A xy FHE(dim=2), WA a5, a V376 xy SFHA, T2 04
JERIEINAIAN 2), BB SARER N HTE KR 61 2 h, g, B, MM T2 62 R® ) — 4 EH L (dim=1),
TN By JG, ToRRYEERE RN 2, (HESHOMH “4E8 < M7, BOERARDIRAEC.

. R RIAEBE MR W AL, B B AH e — R A R, AL AR R — 4
Tk, RZARAL.

3. FERERIEE: 17T = FIRRJLITENX

A AT CHERERATRREE T AR, SRONEREIRR” , (EREE I TUAA T, (OB “JEET
N ENE” , SETE R R B .

3.1 BbENX

SE S 2 GEFERIRK): B A& mxnfEfE, HATEHRBRPCNTRE, S & RRmCA SR FRE A
Rk rank (A) 52 SORATRR(ERFIRE), A5 T A PRS- URimb 4L
KB IHERIERE A, ATHL = IRk, BPERURZIEAREIN “HrtEsiie” o

3.2. SKBIHAE

1 2 3
3 (IT#k = SURKROIESE) WHIFEA=| 4 5 6|, HFEIATRR S SIR.
7 8 9
(1) FFRRHE RHTRIE 7, =(1,2.3),7, = (4.5.6).7, = (7.8.9) , HVISFAH,

Ty =2y, -1 ATHEARHENR, Ly, r, AERATLEK My, =ky,), HUTFE =2,
(2) FURkiE: IR o, =(14,7) 2, =(2,58)" 0, =(3,6,9)" , HIZHIA .

BT oy =20, — 0y, FIREAILLIENIK, Loy, a, RIELREIEK 1 o, =key), HHIFK = 2.
Zib, rank(A)=2, 178 = FEk.

1 2 3
] 4 VA B = ; : 3 (FAREMESRAEM), IR S 5.
4 6 8

fik: (1) 1TFRTHE: VISEAT B HA AN BRI o B ERERE AZ OAFIE 2 “ HERAT B AE R JCHI bR A% i
W7, AREATAEREN N TR, X B i RS T AR
B H24T —2x B 14T, BIAT —3x FUAT, HAAT —4x FH1iT, 15

1 2 3
00 0
B, =
0 -1 -2
0 -2 -4

Fb AR 2 1T 55 3 AT (AR TR Y, 19
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1 2 3
0 -1 -2
B, =
00 0
0 2 -4
Wb HAAT -2x H24T, 7
12 3
0 -1 -2 -
B, = (BT R TEAEFF)
00
00 0

BB B, HAEFATHIANECN 2, MUTHE = 2.
() SRS HIWS B AR KT . BB MR 7, =(1234) , 7,=(2456)
7:=(3,6,7,8) -
b FIWry,, p, NERVERIRYE . Bk, +kop, =0, FTFEA
k, +2k, =0
2k, +4k, =0
3k, +5k, =0
4k, + 6k, =0

H25 1 A5 k =2k, FRANEE 3 3. 6k, +5k, =—k, =0=k, =0, #ltk =0, By, y, &K,
FB BTy, RAEFIH gy, p, RMERIR . Wy, =k, +kyp, » THTHE4L

k +2k, =3

2k, +4k, =6

3k, +5k, =7

4k, + 6k, =8

HI% 1 3505k =3-2k,» A3 3(3-2k,)+5k, =7=9-k,=7=k, =2, Wk =3-4=-1-
BAESE 4 4(-1)+6-2=-4+12=8, WL, My, WTH y,p, LRI,

Bk, FR BN RAE 2 MAaE, Jifk =2,

£k, rank(B)=2, 17k = ZIEk, BIERZLER.

3.3. EREMN: MFTHRERTEENERMBIE

3.3.1. T8 = FIBKREHERR(ETHFER)

(1) WIEAT A BA A AT B

WISATRHARE =M © RHPifT: @ FATRERHE: @ FATmA—THk 4.

BAEQ: SHATIEIR, A28 B L2 M SE (LR 4L & 1 R BT B BT 284k, FE R
FRBAIAFE), BATHAE

BAE@: FATTRAET R c, WITIE cf SIHATINE g RIS 8, M), HIEARI KT
YOS R T R (5 R TR, ATER), WMATHAA;

BAE@: W4T = W4T +kx AT, FATHE B, = B +KB, RIAPATIVENEA G o N A7 [
BB B By} THAT VAL B B By} AN (JRALTT R BT AL, 3 4L 7T 28 5L AL
B, =B, —kp;), TN FEARFARE, HATHAZ.
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(2) TP B

B AL IR VAR S PR 4 T 0 TR P AT R Ax = O SR T SR ™ 5 AU IR e, 7, ERPERE,
MAFAEART x= (Koo, ) B Ky oo bk, =00 B Ax=O AT IR MR 2 MR

PIE AT BT RR AL FRRAE T, (RS S FAT S0 T ARG RSt ST AR 8
SN TR, RECEm), Wi BB ERm” YRR, W50 R
PR, MR A,

(3) BB IAEREIATRE = SRk

SPIT RGNS A, AT A UV P M BT U . U A T NIRRT, U

PR BT R AT KR — TR eI R T3 — 7, TN — TR, MUTH =

FIRk: ARFATEARZICHEN r DII(EFN LN RS EVEAFRATAIEZT T, Toik M HAM 514
PEFIR), HARFIEARES) AT i SRR (B I T 5 250, Bk =1,
B, IYBRTERERERIATRE = FURk =1, 1 A5 UATHk. ZIRSMSE, MUTEMERERATRE = 58k,

332 BREEENEMNBEGFMNEILAIEX)
FREEEL: X mxn i A (RRP" - P" ZEEH), A
dim(ImA)+dim(KerA)=n

Horp, B ImA, S A AT, dim(ImA)=rank (A) : 2500 Ker A, Ax =0 [ffi# =5 ],
dim(Ker A) FONZEYER:  n JEA3 1A P RO 482 (RS2 -

JURTE S JRAS TR P R AR A & x AT 0o “ il A RS B R BT (X eKerA)?FD “WA
B BRI 57 (X, € IMA BIJEAR), PRI 4B 2 ANAE T J5 4 () 4 FE[5], BY “ T &R oimk” + 9k
FRE TR = SR RN

Bl 4, B4 x3HiE(n=3), HINBBMEMA r=2 M%7, #dim(ImB)=2. Hfk%FEHA

dim(KerB)=n-dim(ImB)=3-2=1

X, +2X, +3%, =0
X, —2% =0
X, =—2t,% =-2%, -3x, =t N x=t(1,-21)" WIAFZEELE 1487200, SFEEmaf .
4. TR AFTEEHEATTERNFNE

FAFHELZ “ATH AT FEREATS, AT AT 510 A%, HZ AT XNE” BIA R
K& “HEFERI R EHLIEAR” , SECRIEMRE N AT A OV E SRR AR .
41, BbEY

SEX 3 (FTHHERE) B AR NBTTRE, EAENBTTREB, %5 AB=BA=E (E JNWAAERF), MIFR
ATTI, By ARBRERE, G0 AT TRIER A N SR RE (1S AT ) o

B 4 (TFIR) n B J7BE A BIAT 51K det(A) S0 A IRIF1 ) & (BRAT ) B 1) — i “ 2 2RI RONFR” 18
S, FL LR SGE n NS AR SK AR n 46747 2 AR 4R
4.2.

B 4 (1751 305 FT I ) 5 EK)

KBRS Bx = 0 IS . HFTELTE B, H?ﬁ”{ » MEHBZEEx, =t(teP), W
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‘ a . e Ny
(1) FTER: % A (3 4}”‘”0‘“(’*) Dx4=2x8=-220, % A (1-5 05

AT,
(2) B HFE: &B=@ LZJ MUl det(B)=1x4-2x2=0. RUAFIEWHFEB™, BB =E, Wil

-2 1
j I AAT = ATA=E,

47515045 det(B)det(B) =det(E) =1, {Hdet(B)=0, F/&, B A,

4.3. BRIREX
11
WX 1 ONFRFENERA 2FT S EES]”, )l C =(1 J  LEFTHAEES, Hdet(C)=0,

AR A B LA R (2, = o)

WX 2. “HEFEATTEAEONTHIHONE” AR TP E” 5 B EHLEM R Rk <
n” “Ax=0FIEFM” FEH, XSV SFBOEEMALE. 5 ARSIRELIEMAS, U Ax=0F
ERME X, A AT, T x,=A"AX, =A"0=0.

4.4, BRIEW: FRBLAEX

AU SO “ B B K T AT 2 T AR AR .

#det(A)=0, MIn MFIFELMETIE, KR n 4E21 iRk A7 2 HERRREES), i
ZRVEASHRT (X) = Axo2 “Ti HLAIE” COUR), WMUFER T (y)=Aly , BT A RIS,

#det(A)=0, W nANFURELMEARDS, SRAAFT ZHEA BRI (BBNE, WR® s =AJLE R
EIRBFAT S TR AT E), LR 2R He T (x) = Ax & “HEsi” (FFAEIEE X, T (%) =0), MAFE
TR e, B A RTTI,

g5ie: ATPIFON RPN “RR 7, ABUES A EH LM K S BN AR HARXUS .

5. $FEMERIA. REFEMTE. 1THXBXHR

G CHE CRHMEE AN TAERE L, RAEE RS TR AT A, B “ AR ALE i
N (AT, FEN AT B

51. #LEX

SEX 5 (RHAEESHHAERR) ¥ AR nNT7RE, AAAER A MAER & x, 75 Ax=Ax, M1 A
A FPRHIEE, X O AR A BORFIE TR AFIEAE A AR A BT .
SE S 6 (FEREIIZE) n B J7RE A IS tr(A) 8 SCAFERMEZTTRZA, Bitr(A)=a, +a, +-+a, .

5.2. St

210
B 5 (FHE(E 532 751K R) iﬁ%A[l 2 1| (=W FReERE), AR B 51T
012

i FEFE A BURFIEZ AN

A-2 -1 0
-1 i-2 -1
0 -1 i-2

det(1E - A)= =(A-2)"-2(A-2)=(1-2)(2*-42+2),
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T AR
A =2, =2+2,2, =22 (INHEHEME).
HEPE (132
tr(A)=2+2+2=6
FEFE A 147 510N
det(A)=4
oLl
24 —tr(A) _"14, — det(A)

5'3' %%gl\\\

1 2 2
MR, B B=|0 2 0 B A =1, 4, =4 =2 (CHE). % 4, = 4, =2 W —HFEMA,
0 0 2

W tr(B)=1+2+2% A4 + 4, » MEERIATHISN det(B)=4=4,-4, 3 it F NFEEL, WA R (328 Dy
tr(B)=A+4,+4, =5, HFERITHIA Ndet(B)=4-4, -4, =4, THILKR.
5.4. IERIEM : FHALSTAKRIF
NI RE A BIREZ T
det(AE—A)=A"—tr(A)A"" +--+(-1)" det(A)-
53O, FHEZ BT A A
(A=) (A=2)(A=2,) (3 AHHEE, &%),
JEItE, 1
A= (At 2y e 2 ) AT 4 (1) A, 4,
XL R R R 8L TS
It Iy et Ay =10 (A), A, - A, = det(A).
AN B EAT IR AR AR PR, TR E AN S RS U fe EDW AT A

AR, SOBREERER CREAAPER . Uil SR VE AR B AR S 1A R R g AT, AT ARG T
e .

SE K
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