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Abstract

This paper investigates the bifurcation dynamics of wheel-signed graph neural networks with time
delay. First, we adopt a nonlinear coupling method and use signed connection weights to describe
the coexistence of cooperation and competition among nodes. Then, taking time delay as the bifur-
cation parameter, we analyze the distribution of characteristic roots and establish sufficient condi-
tions for both local asymptotic stability and the occurrence of Hopf bifurcation at the equilibrium
point. Finally, numerical simulations are carried out by using the DDE-BIFTOOL package, and the
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first Lyapunov coefficient at the bifurcation point is computed to determine the direction and sta-
bility of the Hopf bifurcation, thereby validating the theoretical results.
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Figure 2. Characteristic root distribution of network system (3) at the initial state

B2 MEFHT, MEREQ)MFHERD .

QI —NCARH « HE B SEI 3 WE re(0,2), RABK AT=0.01, 7 ¢ IR AP KM 0 1
K& 2 200, BAIKREFIEE T 222 A ri fRHIEAE, FFAEAE SEARREIN I « AOAfLth 20 LIS 3, & — i
X ERFAEAE (Y SE A HUEL L P 40 MO EIh BATAT AR 124 0 =0 I, RRIEARSE IS4 #/N T 0, BEAE I

ﬁﬁﬁ%%&%ﬂﬁﬁﬁ?ﬁﬁ%m@hw%ﬁﬁ%%ﬁﬁmﬁﬁﬁﬁﬁﬁﬁﬁw%{%}:Fm

AT S AP L, Hopf 43 LG R AFTENY

7 T T T T T T

6 -

R(N)
T
I

X013
Y 0.157962
o

tau

Figure 3. Variation of the real parts of the characteristic roots with increasing time
delay for network system (3). The cyan curve represents the calibrated values

B 3. 4% R ()HIFHER K SLRRRERT B AM L WALk . FREARIEE

DOI: 10.12677/aam.2026.152067 264 I3RS


https://doi.org/10.12677/aam.2026.152067

HIRRH, #h3C

X209
Y 0.157962
°

3(\)

N
T
1

4 1 1 1 1
0 50 100 150 200 250

WA RS

Figure 4. Variation curve of the maximum real part of the characteristic roots

Bl 4. 88— B4R SEAP R A BUE R T L L

FEFE 4 ra] BLEE 209 B 210 N s AEAE IR s, HR A FRERIE, RA& B R G M 5t
fH 7, =0.1259 , X1 R EFHUE @, =10.6429 , U RFAEAR /> AT E LI 5, 3% mf 158 B Bl 25 IRV« PR AN B
BER, W% RS (3) AR E M & AR e B, WERIE T 2 4 MIER T

15 T T

I
| X4.37817e-16

| Y 10.6429
10 - -

X 4.37817e-16

10 - Y -10.6429 B

-15 1 1 I
-2 -1.5 -1 -0.5 0 0.5

R(N)

Figure 5. When the time delay is set to z,=0.1259, a pair of pure imaginary roots
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diagram of the system (3); (b) Phase diagram of the system (3)
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9. Mr=17,, (@) REGE)MWREE; (b) REQMMBLE

DOI: 10.12677/aam.2026.152067

267 I3RS


https://doi.org/10.12677/aam.2026.152067

HIRRH, #h3C

x1

x3

x5

X3
°

15 1 1 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40 45 50

R [F] £

@)
Figure 10. For 7 =1, , (a) State diagram of system (3); (b) Phase portrait of system (3)
B 10 Mr=r,, () REQMIRAE; (b) RLQ)MMANIE

B, T 7, (0,2], HBIHIE A RRL <0, 14 A3 RAE I Tt Hopf 40 2 0F ELF IR 2
. BEFRABM r =1, t=r,, t=1,,, FOA dde23 BEL, HUR IR A 5 AL 45 L FE) 810,

5. &

ARSCHETE T R PRI i 1 26 000 245 () A s M R Hopf 40 22 I 5 o il 51 NS 8F-5 (¥ 2 B0 EE K %1 i
WRAKEES SRR, RN AT, @A 7 — A EE LR A BRI 2R DU
oy 2K B TR EETIARE A Hopf 20 20 R A e o 26, IFHHER TSRS R G814 AT R
AR GRAS B F o R T EILSIE v ) O 2% 06k e 4 FEE 1Y, L SR 7 225 Y DR 3 A R 5 9 2 s R
ARRIRA PR E— AR I 2 i) 7

E&WE

B &K 3 AR R 3 41 B H (NO: 62473134) F1iH A6 & 5 25 22 AR 75 v 5 4E BE 2 613 [ BA i+ &I (NO:
T2023020).

SE

[1] Guckenheimer, J. and Holmes, P. (1983) Nonlinear Oscillations, Dynamical Systems, and Bifurcations of Vector Fields.
Springer, 150-154.

[2] Wei, J.J. and Zhang, C.R. (2008) Bifurcation Analysis of a Class of Neural Networks with Delays. Nonlinear Analysis:
Real World Applications, 9, 2234-2252. https://doi.org/10.1016/j.nonrwa.2007.08.008

[3] Tao, B.B., Xiao, M., Zheng, W.X., Cao, J.D. and Tang, J.W. (2021) Dynamics Analysis and Design for a Bidirectional
Super-Ring-Shaped Neural Network with n Neurons and Multiple Delays. IEEE Transactions on Neural Networks and
Learning Systems, 32, 2978-2992. https://doi.org/10.1109/tnnls.2020.3009166

[4] Xiao, M., Zheng, W.X. and Cao, J.D. (2013) Hopf Bifurcation of an (n + 1)-Neuron Bidirectional Associative Memory
Neural Network Model with Delays. IEEE Transactions on Neural Networks and Learning Systems, 24, 118-132.
https://doi.ora/10.1109/tnnls.2012.2224123

[5] Xu, W.Y., Cao, J.D., Xiao, M., et al. (2015) A New Framework for Analysis on Stability and Bifurcation in a Class of
Neural Networks with Discrete and Distributed Delays. IEEE Transactions on Cybernetics, 45, 2224-2236.
https://doi.org/10.1109/tcyb.2014.2367591

[6] Chen,J., Xiao, M., He, J. and Wang, F. (2023) Bifurcation Analysis of a Ring-Hub-Shaped Neural Network with (n + 1)
Neurons and Multiple Delays. IEEE/CAA Journal of Automatica Sinica, 10, 1304-1315.

DOI: 10.12677/aam.2026.152067 268 I3RS


https://doi.org/10.12677/aam.2026.152067
https://doi.org/10.1016/j.nonrwa.2007.08.008
https://doi.org/10.1109/tnnls.2020.3009166
https://doi.org/10.1109/tnnls.2012.2224123
https://doi.org/10.1109/tcyb.2014.2367591

HIRRH, #h3C

(7]

(8]

(9]

[10]

[11]

[12]

[13]

Zhang, Y.Z., Xiao, M., Cao, J.D. and Zheng, W.X. (2022) Dynamical Bifurcation of Large-Scale-Delayed Fractional-
Order Neural Networks with Hub Structure and Multiple Rings. IEEE Transactions on Systems, Man, and Cybernetics:
Systems, 52, 1731-1743. https://doi.org/10.1109/tsmc.2020.3037094

Sun, W., Li, B., Guo, W., Wen, S. and Wu, X. (2022) Interval Bipartite Synchronization of Multiple Neural Networks
in Signed Graphs. IEEE Transactions on Neural Networks and Learning Systems, 34, 10970-10979.
https://doi.org/10.1109/tnnls.2022.3172122

Sun, W., Guo, W., Li, B., Wen, S. and Wu, X. (2022) Interval Bipartite Synchronization of Delayed Nonlinear Neural
Networks with Signed Graphs. IEEE Transactions on Systems, Man, and Cybernetics: Systems, 53, 1723-1733.
https://doi.org/10.1109/tsmc.2022.3206219

Bizyaeva, A., Franci, A. and Leonard, N.E. (2023) Sustained Oscillations in Multi-Topic Belief Dynamics over Signed
Networks. 2023 American Control Conference (ACC), San Diego, 31 May-2 June 2023, 4296-4301.
https://doi.org/10.23919/acc55779.2023.10155909

Sieber, J., Engelborghs, K., Luzyanina, T., Samaey, G. and Roose, D. (2014) DDE-BIFTOOL v.3.1 Manual-Bifurcation
Analysis of Delay Differential Equations. https://arxiv.org/abs/1406.7144

Ruan, S. and Wei, J. (2003) On the Zeros of Transcendental Functions with Applications to Stability of Delay Differential
Equations with Two Delays. Dynamics of Continuous, Discrete and Impulsive Systems Series A: Mathematical Analysis,
10, 863-874.

BRA, FUE, ¥ D% W TR SR N M. dBst: BHEE A, 2012.

DOI: 10.12677/aam.2026.152067 269 I3RS


https://doi.org/10.12677/aam.2026.152067
https://doi.org/10.1109/tsmc.2020.3037094
https://doi.org/10.1109/tnnls.2022.3172122
https://doi.org/10.1109/tsmc.2022.3206219
https://doi.org/10.23919/acc55779.2023.10155909
https://arxiv.org/abs/1406.7144

	轮形符号图时滞神经网络分岔动力学分析
	摘  要
	关键词
	Bifurcation Dynamics Analysis of Wheel-Signed Graph Neural Networks with Time Delay
	Abstract
	Keywords
	1. 引言
	2. 预备知识与模型描述
	2.1. 预备知识
	2.2. 模型描述

	3. 理论分析
	4. 数值模拟
	5. 结论
	基金项目
	参考文献

