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To improve the long-term simulation capability of existing numerical algorithms, the method of
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Lagrange multipliers based on cubic MQ quasi-interpolation operator is proposed for solving the Sine-
Gordon equation. In this approach, the boundary conditions are first handled using the method of La-
grange multipliers. Subsequently, the cubic MQ quasi-interpolation operator and its derivatives are
employed to approximate the solution and its spatial derivatives. Temporal discretization is then per-
formed using the fourth-order Runge-Kutta scheme. The numerical results demonstrate that the
method of Lagrange multipliers more effectively captures the nonlinear characteristics of the equation,
achieves higher stability, and is particularly well suited for long-term simulations.
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Table 1. The error between the numerical solution and the exact solution of Example 1 obtained by LLAMQ method, where

¢, =1x10",7=0.01,/ = 0.01

F 1. £/ LLAMQ /A BRIRIA | MERERSHEHRMZEMNIRE, HP o, =1x10",7=0.01,h=0.01

t
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

L,
2.70763 x 1078
2.10389 x 1077
6.68035 x 1077
1.45660 x 107°
2.56886 x 107°
3.94854 x 107°
5.51261 x 107¢
7.17236 x 107¢
8.84828 x 1076

1.04778 x 1073

L,
2.23954 x 1077
1.75245 x 10°¢
5.64439 x 107°
1.25514 x 107
2.26791 x 1073
3.58525 x 1073
5.16344 x 1073
6.94448 x 1075
8.86471 x 1073

1.08592 x 107#

RMS
1.11837 x 1078
8.75132 x 1078
2.81868 x 1077
6.26789 x 1077
1.13254 x 107°
1.79039 x 107°
2.57850 x 107¢
3.46791 x 107¢
4.42683 x 107¢
5.42284 x 107¢

x1 0‘7ab§olute error at t=0:25

x1 0'6 apsolute error at t=Q.5
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Figure 1. The absolute error between the numerical solution and the exact solution of Example 1 obtained by LLAMQ method,
where ¢, =1x 10°,7=0.01,h = 0.01,£ = 0.25,0.5,0.75,1

1. M LLAMQ 7734515218901 | MBERSHERBZENBERE, H¥P o, =1x10",7=0.01,h=0.01,

t=10.25,0.5,0.75,1

M T FNE T TR, LLAMQ JFVEAE t=0.1 B 1= 1 FAERERZIW L, L, F1 RMS =R ZHH/N,

ARG BERL G -

Table 2. The L, error obtained by LLAMQ, LAMQ, LDMQ method in Example 1 is compared with that obtained by LEMQ

method in Ma’s paper, where 7 =0.01,/2=0.01

# 2. {£A LLAMQ, LdMQ, LDMQ J5::52IMf%I | B L iRES Ma XX LEMQ 75BN L iRExtE, Hep

7=0.01,A=0.01

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8

0.9
1.0

LLdMQ
2.70763 x 10°8
2.10389 x 107
6.68035 x 107
1.45660 x 1076
2.56886 x 1076
3.94854 x 107
5.51261 x 107
7.17236 x 107
8.84828 x 1076
1.04778 x 1075

LdMQ
1.31430 x 1075
2.52045 x 1075
3.54048 x 1075
4.34241 x 1075
4.93755 x 1075
5.36551 x 1075
5.67684 x 1075
5.91988 x 1075
6.13392 x 1075
6.34724 x 1075

LEMQ [12]
1.5378 x 10°5
4.2499 x 1075
9.0176 x 10
1.6248 x 10
2.5840 x 104
3.7271 x 107
49759 x 10
6.2418 x 107
7.4389 x 107
7.4389 x 107

LEMQ

1.53836 x 10°5
426424 x 1075
9.10860 x 105
1.65798 x 107
2.67298 x 107
3.92352 x 107
5.35366 x 10
6.89835 x 107
8.49459 x 107
1.00883 x 103

MFE 2 T LIS H, LLAMQ HiEfE t=0.1 |t = 1 FAEERZIK L, R ZHRT LdMQ, LEMQ [12],
LDMQ J5i%, HA LLAMQ HikAE ¢ = 0.1 ] ¢ = 0.9 FALER ZI/ L, iR Z ¥ LdMQ HikE D /N—44%

i/
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Table 3. The error between the numerical solution and the exact solution of Example 1 obtained by LLAMQ method, where
¢, =1x10",7=0.01,/=0.01

3. A LLAMQ A5 EIR0) | MBEMSHERMBEMNIRE, Hbc, =1x10",7=0.01,/=0.01

t L, L RMS

1.04778 x 107

1.08592 x 107

5.42284 x 107°

2 2.03397 x 1075 2.47381 x 107 1.23536 x 1075
3 3.92021 x 1075 5.98542 x 1074 2.98897 x 1073
4 5.15423 x 1075 7.28496 x 107 3.63794 x 1075
5 2.46843 x 1073 3.65894 x 107 1.82719 x 1073
6 3.07180 x 1075 3.54078 x 107 1.76818 x 107>
7 3.92121 x 1073 6.46678 x 1074 3.22936 x 1075
8 2.26343 x 1075 2.27981 x 107 1.13848 x 1075
9 3.36228 x 1075 4.49253 x 107 2.24346 x 1075
10 3.79370 x 1075 491271 x 107 2.45329 x 1073
25 %107 absolute error at t=2.5 25 %107 absolute error at t=5
8 2 8 27
) )
315 2157
= S
c 1 c 1f
> =
3 3
205 805
0 0
-2 -1 0 1 2 -2 -1 0 1 2
Space x Space x
%107 apsolute error at t=?.5 4 %107° apsolute error at t=j0
3
3 5
> 2 3
€ €2
> >
c c
=1 =
0 » 1t
o] o]
© ©
0 : : ' 0 : : :
-2 -1 0 1 2 -2 -1 0 1 2
Space x Space x

Figure 2. The absolute error between the numerical solution and the exact solution of Example 1 obtained by
LLdMQ method, where ¢, = 1x10%,7=0.01,A=0.01,£ =2.5,5,7.5,10

2. £/ LLAMQ BRG] 1| MBEM SRR BINETIRE, Hf

¢, =1x10",7=0.01,h = 0.01,£ = 2.5,5,7.5,10
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M 3 FIE 2 TR, LLAMQ J7V4E ¢ = 0.1 # ¢ = 10 FAEERZIM L, L, F1 RMS 125 LdMQ
TIEAE t=0.1 3] 1=10 HAERENZIM) L, , L, F1 RMS R Z 2R — M EEH, BEICRAEEMERE, EadEsk
PR 7 2 BRI TA) 17 5L
Table 4. The error between the numerical solution and the exact solution of Example 1 obtained by LLAMQ method, where
¢, =1x10",7=0.01,4=0.01

F 4. A LLAMQ S4B EIRG) | MBEMSHEMRRENIRE, Hbc, =1x10",7=0.01,4=0.01

t L, L, RMS
10 3.79370 x 1073 491271 x 107 2.45329 x 1073
20 4.12375 x 1073 5.22671 x 107 2.61010 x 1073
30 3.41203 x 107 5.11947 x 107 2.55654 x 1073
40 3.11899 x 107 4.89222 x 107 2.44306 x 1073
50 2.92117 x 1075 4.58141 x 107 2.28785 x 1073
60 2.56762 x 1075 4.15502 x 107 2.07492 x 1073
70 2.34366 x 1075 3.57192 x 107* 1.78373 x 1073
80 1.82100 x 107 2.81794 x 107 1.40721 x 1073
90 1.16020 x 107 1.93533 x 107 9.66457 x 107°
100 7.35848 x 1076 1.06276 x 107* 5.30717 x 1076
4% 10 apsolute error at t=25 3 X 10 apsolute error at t=50
g g
g3 g,
= =
£2 £
=} =}
c oy
= 21
D 1 7}
e} e}
© ]
0 0
-2 -1 0 1 2 -2 -1 0 1 2
Space x Space x
25 %10™ absolute error at t=75 8 %1078 absolute error at t=100
5 2 g
5°
215 2
IS €4
2 1 2
=} =}
z Z2
205 S
0 0
-2 -1 0 1 2 -2 -1 0 1 2
Space x Space x

Figure 3. The absolute error between the numerical solution and the exact solution of Example 1 obtained by
LLdMQ method, where ¢, =1x 10°,7 =0.01,# = 0.01, = 25,50,75,100
[ 3. £/ LLdAMQ 7 A3 EInf | MBERSHERECERNSEINRE, He

c, =1x 10°,7=0.01,4 =0.01, = 25,50,75,100
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M 4 FIFE 3 LA, LLAMQ 7ETH5E] £ =100, B 10000 AN 85K 5 4K 1H AT DLRRR R ERg 12
REHERSIIE R =10 W EARFF 8 ok RAELMERRE, &AM R 77 2 1K 8] 4 B

Table 5. The maximum values of L ,L, and RMS error of Example 1 obtained by LLAMQ method, where
t=1,7=0.01,h=0.01
F 5. (£ LLAMQ /3ABEIMGI 1 B9 L, L, A1 RMS REMZAE, HPr=1r=0.01k1=0.01

c2 L, L, RMS
0.5 3.04090 x 10 1.51748 x 109! 7.57792 x 10%°
0.2 1.19739 x 1072 1.21534 x 107! 6.06914 x 1073
0.1 3.10346 x 1073 3.19692 x 1072 1.59647 x 1073
0.01 5.22194 x 1073 5.41140 x 107 2.70232 x 107
1x10-4 1.07921 x 107 1.11849 x 107 5.58549 x 107°
1x10-8 1.04778 x 107 1.08592 x 107 5.42284 x 107¢

M5 HTUARH, £ ¢, =1x10° I, LLAMQ 771 L, L, F1 RMS % Z i KRB iR/ o ASSCAE R I

T E R T TG R TEIR S E e

Table 6. The minimum values of L_,L, and RMS error of Example 1 obtained by LLAMQ method, where

¢, =1x107°,4 =10, = 0.01

F 6. (£ LLAMQ /73ABEIRGI 1 B9 L, L, #1 RMS IREXF/ME, HFP ¢, =1x10°,1=10,4=0.01

T L, tceuls
0.01 1.25531 x 1071 1.60005 x 10710 7.99026 x 10712 3
0.001 2.74208 x 10714 226144 x 10713 1.12931 x 10714 27
0.0001 2.78640 x 1077 2.28440 x 10716 1.14078 x 1077 378

0.00001 3.38813 x 10720 2.28617 x 1071 1.14166 x 10720 7888

M 6 AT, BEFE ¢ B9, LLAMQ J59:H L, L, A1 RMS 1R 22 1) de MBI/, AE SRt i 5 14

B 18] topy BB K.

Table 7. The minimum values of L_,L, and RMS error of Example 1 obtained by LLAMQ method, where e, =1x107,¢ =1
F 7. £ LLAMQ FF3ABEIMG) 1 B L, L, M1 RMS RER&/ME, HP ¢, =1x10",1=1

(z.h) L, L, RMS fepuls
(0.001, 0.01) 2.74208 x 10-'4 2.26144 x 10~ 1.12931 x 10-'4 3
(0.001, 0.001) 4.38018 x 107! 1.04416 x 1074 1.65075 x 1071 425
(0.0001, 0.01) 2.78640 x 1077 2.28440 x 107! 1.14078 x 1077 31
(0.0001, 0.001) 5.96311 x 107" 1.17968 x 1077 1.86501 x 107 5375
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Mg 7 AT LIAR Y, B ¢ R A TN, LLAMQ AR L, L, I RMS 382605 MRS, (R AT
P TH] fcpu 025 3 Ko

6. R4

ARSCAE ] =R MQ O 5745 5 ks B H 37754t Sine-Gordon J5 FEEATHUE SRR, i il
S, A H =R MQ AU 57 B Ik MQ UM LS 1 BAT 5 R L AU EL AR T, R B H e 107
=R MQ SO 5745 5 170 i W i B R 3 T i AL A A R R R A 1 B v A I TR
Ja SR kSR FUALE A SCHR A (0 s B L 3fe 707 R Ak BE e ZE PR AR 2 A it 2 05 FE -

EHEWH

X% SRR 42(12172186, 11772166).
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