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Abstract

Newton'’s research on the classification of cubic curves is a foundational work in the field of higher-
order algebraic curve studies. Existing studies have mostly focused on Enumeratio Linearum Tertii
Ordinis published by Newton in 1704, while this paper centers on his preliminary research on cubic
curves carried out during 1667~1668. Based on Newton'’s Latin manuscripts and their English trans-
lations, this study aims to clarify the logical system of his classification for cubic curves. Through case
analysis, the authors demonstrate that Newton first simplified the general equation of cubic curves
into nine categories by means of coordinate transformation, and then constructed a four-tier
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classification framework of “Class-Subclass-Subsubclass-Type” according to geometric and alge-
braic characteristics including the intersection points of asymptotes, the existence of curve diame-
ters and the properties of equation roots, ultimately defining 58 distinct types of cubic curves. This
study clarifies the specific criteria and technical approach of Newton’s classification framework for
cubic curves, which is conducive to an in-depth understanding of his original ideological connota-
tion and logical reasoning regarding the classification of cubic curves.
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1. EIRERYERE

R R R R R B A —, M RO RO BUE M 5 AN AESRHR, AT 2k
FEIR R G S IEAL, 73 BN BEA BT FOPR AL 1IEMT BIEBRAHEZAERR B AR 1] A, SE3RA(F.

Klein 1849~1925)11] (1R/REAMRNAIY [2] (Erlangen Program, 18T2){EREE WL AR, X 24 J L] 243k 4T
THRNRGMEER A, WU R R =4 T K 52 [3].

TE2-1i(Isaac Newton, 1643~1727)2 8, ANATTGE s Ik i 2R (R Fh 2 dn oz E /b, B840 = i 26 34T 40 2
WHITRES HEN SR R R 7, i = IRt 2 SO Rt 2 SO TSR — Bk, BT DO L EAT 3 2R R I
BRI — 5 AE 17 2D 60 FEARARA I R 2806 = Ikt 243 25, TEAL ) 5 UG F-48 Enumeratio Curvarum
trium Dimensionum [4]HHiE T 58 MAFBLE =R 28 . 1695 FEARM06] it 28 7325 i) b AT Hop 2%, IF
PRy R BB Y — R TR0 E, T 1704 FEA (J6%:) (Optics, 17040) ISk KR, PR (=Rl
LM 25) (Enumeratio Linearum Tertii Ordinis, T CTRIFRN (MZS) ), M5 =L o8GR @, (5 H
FRIC M) PAREVF Z MR Z AL, AFHR A 45 H B AARRIE B I 2, s T DA, Xt A
Bt B AR RS . XAl KRG B & T X SR SRS A, — 5T, AR AR 2 AR B L

78575 ] (Jean Paul de Gua de Malves, 1713~1785)%F (Kr2é) 42 Himi BE#E 5.

AL JUAT R A EAE AR A ARG S, KRR KX IR CHRY )P, R e TR
FET ARG G E, BREA FEE N M R A AR 12 R8I AR E 49 TAF & B 48 89 %42,
Fp AR AR Lo AR o T KR A ATE AAEBE. EA AR e KB A AL BE R R A K3 T, BT MBI, A h A B4
LR o RAABZE A R, LR KA AT R R Ak A k. 7 [5]

Fy 7, X R IR XUk $ T 5

A JEIR(G. W. Leibniz, 1646~1746)%F ik « B il(William Jones, 1675~1749)7E 1711 “ERg I H i i) 4
W FWESBEEREEZY, WA (M2) TEMHEL T, B ) BT

BAZ B BB E S RBE—RF AT AW AR FTHIEN, REFMARAIELY ., W, o RAESH
U F R R X R, e AR 7 [6]

KRR IEAD W, B2R4R(Vincenzo Riccati, 1707~1775)H1§% 41 % JE (Girolamo Saladini, 1731~18313)
TE (4HT48FE ) (Institutiones Analyticae, 1765)IF 5 X (Mz&) M T HEFIEPEAR .
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KFESL  FMBRNM T ZRME S RNER, B REERMEFIER LA, LA RN EN .. ZA,
2B R R E A ER, mIERFRA T (7]

5247 ZR(Gabriel Cramer 1704~1752)th /A FF 315 7 A

AN R, FMRBETETATHRIL, FRALIEH, TRESHRLMG R, LRBETHFRA
T, 7 [8]

18 LM FE R Z X At A AR (W) #4708, BikEiR(James Stirling, 1692~1770)7E 3
1717 SEHIRA (R =R #HZRY [9] (Lineae Tertii Ordinis Neutonianae, 1717T)4, A (MZ$) 34t 7 ¥R
FIAIFAER] . Rk 4i(Leonhard Euler, 1707~1783)7E 1748 £ (T34 51) [10] (Introductio an analysin
infinitorum, 1748)4, WS T AW 40 HT57%, W8 = IR M1 26 T0 55 43 S VE R 1 %% P ml Be AR b ke i A 3L 70 2%
M. TRERTE (IREUEIL AT 5118 (Untroduction a I'analyse des lignes courbes algébraiques, 1750)F 5]
FARMON =i 28 “4h il R 03K, wWie T &R RS2 E A

PLACH 7t 22 BB T AR 1704 AE R (Rt ), JeRBHE « £ 15 )8 (Guicciardini Niceolo, 1957-)7E (G
R R/RE L, = IREHZEAIAES) [11] (Beyond the Cartesian Canon: The Enumeration of Cubics, 2009)H7,
XFARE (R ) R =R 2R A2 TAERET 1288 . RAPHR (SRR AW L mE s ) [12], 2
I AR ES 2 B 5 52 ) LART B8 R 40 A 2R M 1Y) 77 v o

H HAF A 5 46 F R gt A7 0 70 10 2 MR 3R 45 (D. T. Whiteside, 1932~2008), ol (Mezs) 1546 FFa
BIVE A SOOI T VR SRS W, AR EEE AW o R B BRI R A — e W HME . DRIBG, A Bh A
R IRETT, SO AR KR TR, A = i 26 7 S AR BEAT A 70 2 AR L 2 o ARSI A0 =
DB 73 2070, TR Az T ST 86 T4 DA S PR S AR R S BE RO AT B 7, AR A 000t
SR R HE A AR

2. SR =R LR 53 2K B BRI

R I AR A T, R = IR — ORI 0 O SRARHERY, RN ARvHE AL AR A L A
LR, (EURIERE B, AEDL 2R BAEAEEAR . WA TS M A SO R MK, R Bk 9 bR
BRI 16 A “TR” 5 AR TK, HEE AW LRSS R s ORI R R G TR,
R 7 AR RFAE RS “ A7 BEAT 5 €, L€ T 58 MARR =i . AR DUE— KRRl
B, VEANE R = 2 o I BARE RS, DUOT (S IR 1 AR SR N VA A %

2.1. AL ERTT R

B RTINS IR, R BC LU I R AB LREEh, M BC EHIRE A
C i 2k EC (N | FTR). R0 BC NANANT, AB BT, ZABC A= ZIMMfIE . i
VAT M SRR AR R A KN FORE Bt 2B B, (IR KR R O, 7 4B E
WHEAFE S A, FR AB 55 BC 2 %R IR, FONHIL EC MEHEITRL, BI%T 2 5 v MM Mok
Ko WAB=z, BC=v, WAL (zv) BFRRF, WLRRISSEHH:

av’ +bzv +czv+dz + eV’ + fov+ g2t + v+ kz +1=0.
FiEFATIUILE BGBH. BGCD 1 oNHF,[H1F AAPQ 5 ABGC HH, AAMR 5 AoFp #fL. ¥

PO=AM =1, AP=q, MR=p, AN=r, Na=s, CG=y, aF =x, BTHEI=MAFRMER LS
FILLF K &
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AM :MR=aF :Ff, Bll:p=x:FpB, 52| FB = px

HGC+BF+aN=CB, Mlv=y+px+s;
[FFE,
PQ:PA=CG:pG, Wl:q=y:BG, 153 pG=qy

HGB+Fa+NA=BA, M z=qy+x+r;

Bv=y+pr+sflz=qy+x+r RNFHEHFE, FTLARF]:
(a+bq +eq’ -i—d(]})y3 +(3ap+b+2bpq +cpq’ +2cq +3dq2)xy2
—i—(3apz-1-2bp+bpzq+20pq+c+3afq)x2y+(ap3+bp2+cp+d)x3
4—(3as+2bqs+cqzs+br+Zcqr+3a’qqr+e+fq—kng)y2
+(6aps+2bpqs+2bs+2cqs+2bpr+2cpqr+20r+6dqr+2ep+f+qu+2gq)xy

(1)
+ 3apzs+2bps+cs+bpzr+20pr+3dr+ep2 +fp+g)x2

4—(3as2 +bgs® +2brs +2cqrs +cr’ +3dqr’ +2es + fgs+ fr +2gqr+h+ kq)y
+(3aps2 +bs® +2bprs +2crs +cpr’ +3dr’ +2eps + fs +ﬁ7r+2gr+hp+k)x

+as’ +brs’ +cr’s+dr ves’ + frs+ gr’ +hs+kr +1=0.

SR ARAE S, 4 (z,v) ABARR RO, BHE) (x,y) BFRR R, HIAS oF 7 GC 2 [
o LA BLE W, TR IR RAATIERE, =RIERRIET R AR A S, M2t i A Sk
.
FENXFERI I TTRE NG, AWk S i AR AR AR Bk it 267 FR ()R O B LAR 9 DM RiE
1.bxy* =dx® + gx* + hy + kx +1.
2.bxy* =—dx’ +gx* +hy +hkx +1
3.bxy" =gx" +hy+hkx+1.
4. bxy* =hy +kx+1.
5. bxy* =hy —kx+1.
6. bxy* =hy +1.
7. ey’ =dx’ +hx+1.
8. fiy=dx’ +1.
9. hy =dx’.

N EA)ACTEIAFRAER 1 N, AR A AR A
FLNTTELN bxy® = dx® + gx® + hy +hoc + 1 IOARAERL, mEFG DR RIS 1. 34 5. 6 3, HP

2
Y, Xy, v, xy Bl E. q:fﬁﬁiﬁﬁ%/%ﬁp:?%, r=3a+2bq+cq’, c=e+ fq+gq’,
q+3a

p=b+2cq+3dg’ r=q(sp+r)=mza’ s =LLET R R R BB O ARRE 2] . Ak
-Tp - -

KAENXONIG, BRI (DTS 14 34 5. 6 TOLKR), AR by = dx’ + gx” + hy +kc +1 30
T
gi b, AWUEE A IEAR L =AY AR AR TV & IR — ROT R B — BB, R O A
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Figure 1. Newton’s diagram for constructing cubic curves

E 1. FiimE= xR ERE 4]

22. @RS “FH HRE

SRR R 9 FARERS, AU R TARGREIRN . TR R B AR B R 2
LB R M E R R UK ERRAENE, USRI LR R “ TR RO RYE .
MMl S RS o . BRI DL, AR R R DOy TR, R BRER
TAAKRAS I R, SXONJE SETERSAR R MR W T RYERE .

XEFARERL 1 Ok UL, WERAK by d FFSHIF, LXK IR 2y =28k, JFHAER
P 2 B 2 ELANTAT o 2R T BR 43 SIS A7 e AR AR il 2807 PR s R ILJE 1), RITER by —d® =0 2k
SE (4 x T I T, AR MR R IT AT LA 2B A ), I FEHNE L T AT F x =0 Ml y =+ Jd/bx , B8 x=0

R, Wy =tJd/bx+ K NASBKINIEL TR, BONELRIET b5 A v, pids x°

MIRBOAE, WUERIME K =+—S5— , fAE = EWHER T x=0 Ml y =+ fd/bx+—5—. W24

2Jbd 2Jbd
& , -_& 3 . DS, XTSRRI 2R (1 2 ).
Ad +2 T AS = - \/_ L AD 5 BEH: Dd. DS, XKML RIEnEnE 2 FiaR). Kb

N TTRE, W DR RN L S =N S x=0 M T S, B2 AS=—1/h, Mz SH
BEAsbR, 5 y=[d/bx+ \/_iﬁﬁéﬂtﬁay 33 5l o KIREARAR, B

A9=(4d1+2ghm)/(g2 ~4dk ~4dn\[d]b)

'3y——\/7x+ 7]‘H§C:J:15 s, P33 s BB R, D
3:(4d1—2gh\/%)/(g2—4dk+4th),
GRS ELP

DOI: 10.12677/aam.2026.153095 152 I3RS


https://doi.org/10.12677/aam.2026.153095

(1) 2 h#0 H g* —4dk » +4dh\Jd[b I, WL SENEEA =AM, KEH—FIH Lk,

(2) M h=0H g*—4dk = +4dhJd[b 5 h=0 H g* —4dk = +4dh\Jd[b I, 1Lk 5HHELA NS,
HONEE 2%

(3) Mh=03H g* —4dk =+4dh\[d/b I, L SHNELTA M, WAE=TH.

PRI IR B AR, AW A PE 20 1 i 28 BAANE SR Mt 42 525 7€ 7 n) L4658 ra IR SRS 34 I
I HIXANHIAT R K EL B y BPPATI BELL BC 5L bxy® =dx’ +gx” + hy + kx+ 1 FHZ T A C Al
c(BC=y,, BE=y,), fifq

N :iiL\/h2+4bx(dx3+gx2+loc+l),
Y, 2bx 2bx

R YRR Ce K K AL TR, R4 Y:%(yl+y2):h/2bx, FICA st K AEMZR 2bxy =h |, ]
W2 OX (W1l 2 Frw), [FFERITE R LR AT 28 Erdy BT HE A
Jbd

by2=—2x/ﬁxy+3dx2+2gx+k+h7,
PARU 2R KxI g TR R
by2=2@xy+3dx2+2gx+k—h@o
CPSCEF
(1) M h=0H g* —4dk = +4dhJd/b I, FiRMMETIRBICNE L, L — TR M% R B HAR
(2) Hh=08, Xk OX IR — K EHL AB, HRMMZRIFAL, B AB A=K H
1, EXRB TR, HA - FERME;
(3) ¥ h=0HH g’ =4dk i}, FR=FKMLHSBUNEL, XEHE=FHRML, HF-%HRE.
A O, AR DA v B T 26 S i 2R A s R . AR IR E M N DK, K 9 FRARHE AL — 25
P BA U Z R “ 72K, HARFUR B HE &M BEAR KU Jm e, SEB00 bR R i 4128 73

%,
2.3. RISy “WK” HERAE

RIS HL 2  EARRHIE SR “ 2R MR E, HEURIL, F—FKT, ArdERd e R
e I AFAE e A WL A58 s I HARTE L, 2 FEOZ 2 HBOA AR R URTES . B, PUXECH R
BIAEAE S5 SE N HIWTbRAE, Al “ 7287 g2 “Wk” .

TES —RArHE S — T8, M g= 0B, WTLMHMHACE T ADdS, HFME R — 2
Kl 2FR); Hg=0, [#0, BT TS A, ISR RNE ZTH; Hg=0, [=00, &4 R TE
Mk irty, J a4 B ERTE (e i 2k ERTE R B N 4 P4y, PO =Rt & A o, ah
LB FAEAERPRIE, P PR IRIER L 9%, ARG o 5 =K

KEFREERRR, DA TRARERS N “WK” , i ERER AR, X F 0ok
RAET LR BT O X BAAE =ARFERIE L, 28 3. 7. 8 FRPTIRILH R I 285 SOt 1Y,
I, X RBRAERURAEAE “R” R

AAE “ 2R RIS IR B, I o bR HE AR E 2R B AELE S DUR F Wl i 4 58 s AR R G TR
W AR B N IA WK, I TR R N IR T A I R .
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Figure 2. D. T. Whiteside’s reconstruction of the graphical figures in Newton’s manuscripts [4]
B 2. D. T. Whiteside X 4§ F 5 HiL BRI E#3(4)

2.4. HmRsS “B” BNERE

AR Ry Ea W 1AL, HIFE - SR T b R AR SV IR T =
Jt, i Bl AR A TR S R A TE . PITER R, =R S R N A2 s oL e
AR FE GRS 755 A E)EERE . B, @ iE s mor it ot AR KA
6%, W “IR” E—Dann oy R .

PR o A = Y 2% 5 00 2% X AR H i T AR dit + g’ +h + I+ B2 [4b = 0, F DT ARAR KR I
T, SRS il 2k i BARTEASEATRI 7>, 50— R RS — 2RI EE — 2RI R > 1 6 MR 1 Fw), XA

XU 2R OX R CUE 2.2 TR
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PIEEE 1. 6 BB Bk TRERINRN AP, Aw, Ar,

Ap

%1 R WRPTE R A S AR, A SRR BB = A = &5 3, AN
SCHRE I ZRETL L, B — AN, JFH IR ST ADde (A 3 FirR).

96 B WERTTRERIMR A NER, s AN SR N IER . PR, HFrAIRBUERE, of £
RN 4 FR)s AT A IREGE IR, GL 2L LN &l 5 fioR), =kl oL i, /£

AL B PN R AR BT TRV I R TR 5T L, PR N R 2k

Figure 3. Type 1 diagram [4]
& 3. %8 1 BEIR4]

Figure 4. Type 6 diagram [4]
4. 58 6 BUEITR[4]
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Figure S. Type 6 diagram [4]
& 5. %8 6 BEIR[4]

Table 1. The correspondence between roots and curve morphology

= 1. IRSHEHSHX R XFR

i AR BB 2
F1H SR A 5 EAMZ Y, —ANGRIE
y st
mom AR ABLAR /95 [ AR A 25 AU A S T —

(AP=Aw 58 Ax = Ap )

ZRAHEE : S b A B
H3m s S CARUEA TR AR T
HaH TR 5 A = Ar )/ PR FEAR HLS P SRR S AR 45 =AU, IR R
RIS AP = Ao ) BB AR AR 5 AN B AR IR e o
FEHsH LR A P 2853 SCAAS T — R, BTV R
FoH BN EAR/ANSEAR B IER . B AR A e 2%

AMER Y, ABUE RIS =R S U2 OX ISR TT R, DIARISERENE . FF 51500 LUAGR A
SERAERE, AEHEXT N B2 RS ZE R, AR TR Ry “RT o RiE R WK R AR
%, ALY R - TR - WK - A PURBRRER 0 REGH, R R 58 M AFEIR I = £ .

AR, APHE IR TR R I T 58 AN, HAESS 1. 20 3. 7 KM LG 720
IS (KT R PRI o RV R A T A rp R O T 28 gy 28 TR HEAT SRR 23, DCHHR 25 i ZE AR IR 3 B S 1
R IR TR <R poyalk, (ARG Qe 75 1704 SEHRRET CR2E) Seaxt BifY 72 Fift i 26
T2z, XLCEE RO T &R M A HIETE & A . SR SRR R E ORI . LR s AR LT
FFiE. £E 1704 SFHARE) CR28) o, AW IR PR IEGE G IR0 7, 3B 2 BUA L4172 52
BEATIE 5oy, BIUnEE 3 SRA95E | 7RIS 4 B, fEIRIG TR, ZFU0R MR OV EESCR, B35 P
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MR BRSNS T2 4 R=ep, I BIZBAS ARG DL 73 506 AN R K £GP o TIAE 1704 45 H AR
CHEE) AR IX A AN SR 20 o 1 ASTE P R il 2, BIES DO+ SURP RIS FH R I 26131 £EIX
FESEINAHECHR 3 T, ARl AR o th 72 B =i 4k, Bksr 8 e R 2 s

Table 2. Newton’s cubic curves: classification hierarchy number comparison table

F 2 =R D XERBENRR

% T RIZ S it i
1K 3 7 23 32
WS 2 2 10 12
FE3R 2 0 10 11
Fak 2 2 4 4
BSR 2 2 3 3
Hok 2 0 2 2
#BI1E 1 0 4 6
#H8%K 1 0 1 1
H9K 1 1 1 1
it 16 14 58 72

3. 858

ASSCRAAR =k e 70 SR T 8 e SRS SRS M S B A A% O U E A, Sl SR i 12
BRERIPI NS, RGBT AR X =R 2 K8 R. WEERM], AREIEL “3K - 1k - Wk
- B ONHERHEAT DU RS R, R T Ol A AR AR e A 2 — TR R 9 FARHERY, BUE Tk
RAR KA PR 2 UL A R R . BARMAAENERI D “ TR e B, BIRiEAhR
BEARBNAAERE DO, 3R <77 "I “WRT . BRAMRETERIEETE “ R
Wik, BRI 58 SRR =k 2k, SERERIL T AP R = IR A 7 R TR

AR 1704 SEHARIN) CR) PRS2 T = IRih 23 REE R, RILHL I IR 1 5 B4k T A0
UERL, (R RPN, S 1L B 2 A AN, AT N AR 2 Sk Z T A HE TS
£, EAREEEE B . EARSOE I AR 0 T AR PR IR, 375 007 3 22 30 2 0 0 20 2 R A ST A
ARFRAR R WL S MU R . T REARARECRE I At 2 b, [RIN 7 3RAT eI TohBREE 2
X RPFRIEEAVFR Lo, BAAERF R T =Rl KWL, 2 RET 1704 FHARM (L
), A 1667~1668 AU T BUK R 46 TR IERLD o ASCULBRIGFREAZ OB TR B, X
L = R 2 7y SR HIE B, gRah TR REET 1704 SRR, B/ 3T B R 46 TR Y
AR, N REERM TS5,

AR = 2 R TTAE, APOTR T sk th 2 R G 2RI Seim, gt 15 S U th ZE AT T Y
KIESHW, R IBRINEE . SRR a S O ARECS U REAETT 30, X E s U 2t
AAEFEERERRREL, EHABRANFFERESRA T

B oW
TR PH AL R S 4 s B 2 0 AR 3 I 245
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