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Abstract

In the Local Radial Basis Function Collocation Method (LRBFCM), the choice of the shape parameter
plays a decisive role in determining numerical stability and accuracy. Traditional approaches usu-
ally rely on empirical selection or case-by-case optimization for each problem, making them diffi-
cult to adapt to variations in source terms and boundary conditions. To address this issue, this pa-
per proposes a data-driven adaptive optimization method for the shape parameter in LRBFCM, es-
tablishing a shape-parameter prediction framework with operator-level generalization capability.
Through an offline data-driven training phase, the proposed network learns the mapping between
a given differential operator and its optimal shape parameter once and for all. In the online solving
phase, the trained model can rapidly determine the appropriate shape parameter for arbitrary
source terms and boundary conditions, thereby avoiding trial-and-error tuning and repeated opti-
mization for the same differential operator. Numerical experiments demonstrate that the proposed
method achieves high accuracy while significantly reducing optimization cost, and exhibits excel-
lent stability and generalization performance across different source terms and boundary condi-
tions.
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Figure 1. Network structure
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Figure 2. Collection points in the problem domain, including
internal points (blue) and boundary points (red)
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Table 1. Benchmark problems for the Poisson equation
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Table 2. Optimization results of shape parameters under different benchmark test functions u, ~u, and their relative L’

€rror comparison

F 2. FRIZEENRE R u, ~u, THIFRSERUEREEEX L IREXTEE

best opt

c, & c & p
U, 2.0282 1.2733x10™* 1.4042+0.0215 25752107 (+2.3684x10°)
u, 1.4227 1.2989x107° 1.2475+0.0142 1.5089x 107 (+7.6566x10°)
Uy 1.0191 5.3768x10°° 1.0747 +£0.1234 3.4486 %107 (+2.0390x107)
U, 1.8264 2.1655%107 1.7387 +0.0496 24700107 (+8.2397x10°)
Us 1.4227 1.2743x10° 1.7333£0.0389 2.6331x107°(£1.7438x10°)
g 1.3218 1.4350x107 1.3607£0.0103 6.2156x10° (+1.3260x10*)
U, 1.4227 1.1105%10°° 1.3963 +0.0001 1.0662x107(+1.4153x10°°
U 1.0191 2.2033x10°° 1.3771+0.0368 6.2322x107° (il .8540 x 10’5)
U, 1.2209 1.7151x10° 1.6149+0.0229 6.2224x10°(+1.7343x10™°)
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Table 3. Comparison of runtime (Seconds) between different benchmark test functions u, ~u, and the OC-LRBF method

5 3. FEEEMRER 0, ~ 1, TS5 OC-LRBF 53555 (TR E#)RIEE

TEL VISR 7] B SR AR 7] 21T} (A (OC-LRBF) ¢ (OC-LRBF)
u, 0.7369 181.7058 1.2583x10*
u, 0.6645 183.0763 3.1344 %107
u, 0.6281 181.8338 3.1214x107
u, 0.6995 180.5895 2.7338x107°
7 420.1250 0.9011 182.7044 2.2533x10°
u, 0.6625 182.4419 2.2780x10°
u, 0.6726 182.6722 24955107
U 0.6822 113.3856 3.5297x10°°
U, 0.8355 190.1842 4.0960x10°°
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u (x.) :%{lﬂanh(x_xo _";Sin(zny)ﬂ, (35)

Hr, x, =05EH AN E, a=02WTREME, 5=3c X FAMNEE.
B ANEUE R T AP ERAIRG R, 456 Tess = Mo
u, (x,y)=e"" sin(xmx)cos(kmy), (36)
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AR EEH T A2 IS =M R RS TR R T

uy (x, )= (x2 —x’ )(yz -y’ )sin(4nx)sin(27ty), (37)
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Figure 5. The relative L’ error curves with respect to the shape parameter c,
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Figure 6. Numerical solutions (left) and pointwise absolute error distribution (right)
6. BEMR(A)EBRENRE N (H)E
B, TERREHHRY BT fd, AR R u, ~ u, FRIRRSEARA S B A L iR 24

REL Ah IR, NRPLEFEATLE W, AR SCTTETME) ¢ 5 > fER AR F I, HAXT 2R Z M
ZRYMT R — R RS, HAEA R R ECT AR R Z B8N, BB R R 0 S T4
IZHOEE . R BT M E T HA IR, SR AR RS e T H 5 B A AR AR VT C T IR S 4L
WP BT AR PR T T RIFZ AR I 5 & HE. & 5 Al TARISEMENNRE u, ~u, T
OC-LRBF J7 ikl AT i 18] J AT L2 2 2%

Table 4. Optimization results of shape parameters under different benchmark test functions u, ~u, and their relative I’
error comparison

F 4. FRIZEENRE R v, ~u, THFRSERUEREEEX L IREXTEE

e & p ™ &
u, 3.0373 2.5265x107° 3.2732+0.0497 2.8690x107°(+1.5181x10°°)
U, 3.4409 49717x10° 3.8949 +0.0446 6.3694x107(+9.8987x10™)
U, 43491 2.7127x10°™ 3.9687 +0.0360 2.8329x107(+3.3199x10°)

Table 5. Comparison of runtime (Seconds) between different benchmark test functions u, ~u, and the OC-LRBF Method
2 5. FEIEAEMR EH v, ~u, T5 OC-LRBF F53AEITATEI(H) 3Tt

TELR ISR 18] AR I [A] iz {7 R A](OC-LRBF) e, (OC-LRBF)
u, 0.9315 314.3020 3.3924x107°
u, 2158.3883 0.9039 313.8505 5.8746x107
u, 0.8941 313.7250 2.8014x10™
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B[R] — 555 ) — ORI D) S PG TN o FEAELRSR AR B, MR AR AN [R50 5 3 5 2% 1 1 N A AR
TR IR ZH, TS PR AL Gk R B WS 5 R R . BUE SRR, 12054
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