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Abstract

Finding a Minimum Total Dominating Set (MTDS)—a minimal vertex set where every graph node
has a neighbor in the set—is a critical task in network monitoring and fault detection. However,
existing heuristic approaches often suffer from limited scalability on complex graph structures. To
overcome this, this paper presents an end-to-end deep reinforcement learning solver. The pro-
posed model operates in an autoregressive manner, utilizing a Message Passing Neural Network
(MPNN) to encode local topological dependencies and guide decision-making. Additionally, we
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design a constraint-aware reward function to regulate the solution construction process, ensuring
both feasibility and effectiveness. Experimental results confirm that our method achieves superior
solution quality compared to standard baselines across a wide range of graph sizes and configura-
tions.
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1. 5|8

it (Domination) {E N Bl I SEAME & 2 —, K IHLCRAEES I 7T 5 TN 52 8032 590 1],
FR VR 21 ] P R S IR B Ok R AR T G — B TR, JRTE 2 R S b ) A B N A
BIANE S KRG EB 2] dntS B IS5 /ARG [3], LA 1 4 [4 RIS IS R R[S w55, K
FXACEAS ) R 7t R LM ], a] 2% Abu-Khzam 5 Haynes &5 A 4Rk 55 2([6] [7].

TEABAGFEA b . AR AR R A T P B 5 RGP, RALWIE T 1T LA ROy ERER, I
T SRR R G0 1S AA, A0 SE AR 2 ] A8 HEUEAE R R, fERRGH, — MO A R R R IR 2
PRI NI BUR R (B A0, DMRIE RGCEAR AT M M AT Pt s s s e /7. 0780 N AL 45 58
B ML R AR AR . A R G IS T U R, DU AR A h (1 30 IR S B 55

TS R AT G — MR R, R S Tl O K RO R P R SRR R e
G=(V,E), Hrh VIRV SES, ERRUES, EHENSTES v, ERERERTSELAET
S, B SHEDSATHEMA, WFKS J9— A LAt 4(Dominating Set) [8]. b, HLHE R
T A5 1) P AT S5k 7 o AN T o i/ SO 48 ol B AE TR IR B /N I ST, 2% ) A T V8 B AR S
FAIIE  E ) 2 A

SR, (EVFZ 22 AR PUIE IR BT A, 5 s B R & F UGS A7, T 200 A0 B 1 s AT M
B, EHBE T, 518 T 4R 4% (Total Dominating Set, TDS) [ @[9]. & INAES S i F AR
BED5 S Pl —ANTUSARSE, FR S A— DA . %58 CHERR 7 0%t 5 & e, A 2 B
HAAFLENL T SR, & XREAFIE. 5L ML, 2L REIN T 5 R 856 2R,
8 1) R A M SR SR B O T SN %o A SR S AR AR R B R R oA B R i) — AN BB
33, HRGVELEAR W20 SCHR[10]-[13].

L1 IRER

BT ARAE SR IR, 4 SR IR RSN T SE AP A% B LA, B rp s AN T 20 P FL AT 3 B A
WO T I S o A2 R AE Jy B = T e 3 W BEoR — e AR RO R B e, DAIMAE R A M 2 i TS
R E S N 37 55 rh BT S R AL S S ARTI, IX AN AR S R i T R AT ARSI, A R
(8] LB SR AR R A, AT AR RO DG B B SCROIRES, IS BrE 2 NABETA
WIRTATPE, AR & SE SR AR, AR A0 T R AT W 8 ) A AR

FEIX 5N, 1 RO A TR RRRT 23R 0 Jo B G SR I, 1T A 5 B =) = Th 2 e 5 A4 )
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IR BAE o IX P M AR IR 1 i) R B] o e S RS e PR BT, 349 T AT i 2 TR S A HE e B 2 PR
(LG L5, NI 7 in) @ SRR AEE s S55C |, MTDS [l 8 2 4 UF B 2 NP-#E ] 3.

LA EEXF MTDS [R5 15 32 RO T vk B8 AR N 3 U sl o A xS . X 8708
WA E B A Rz b, I RO IR Pt R EARRUNGE, AE XY R AR g R BN B
MR, A, E—REEMT, 2SCARCLI R BT I N &3 00 2R 2 B 38 1Y 0 1 5 2 [R) 1 485 40 PR R
B BN RN B BR AT AT 2 [R5 038 2 Q0 59 S R AT AT RS, AT RBEER 1) R PR J) 38 W] 7 ik
XK B R AFEER G R BRRE, RN R R

AR, OF TAEFME G NF R kMU B R SR . B #48 / 2% (Graph Neural
Network, GNN) [14]i8# i 40345 B A #E 5 R G HLH 5 2147 SR 45 /R, 11 584k %% ) (Reinforcement
Learning, RL) [15]0 4 2H-A A R A0 O e A1) o s i @, 8 Re A R 8 di 0 5 IR A2 BB P 11
figto SRTM, # RL BN AT MTDS W s LA R PIANBER: — 71, i 2 4 SR L R HPIRES 7R
PR (B = BE A, A4S A BOR R IR ECR A 53— J71H, A NBSME & 5= LH KR T,
QAT LE SR 2 1 2 R A IR CRUE SR P 2 B AT AT R 200, ATk = 38 A B 2 7% .

1.2. HxT1E

sG] O 2 N T AH S AR R SR AR, HAZ O AR R R 20 A A i R T A N P 91 e 5 i)
A, R REAR RE I I SR IEAC FHBOP MG R, INIMAE TG TR B QB S AR B 1 L R 2 2 A IRk
HHE[16].

Khalil %5 A3 H 7545 #4940 B # N\ (Structure2Vee, S2V)5 Q ZEIHI45 & HIHESE(S2V-DQN), R4tk
HCHE IR B s A2 ) 5l N B BRI AR A R 8. % 5 i i B G AT RN SRR, 7RG R b ST A
RAMEME R AL, FER TSRS IZ D R i, FES/ NS 55 S K BIRIIRAT 7 ) AE AT 55 TR 3 1
FLAEA[F] RO T IEREPE[17]. BEJS, Guo 552 it — B4R T —Fhds G L7 % I fli W 5 2% BEI Uik
(R BE B A ST R, 3 I B it B S AT 55 A MDP I 51 N BE T A2 e AE (1) PPO 80325, 7ERARAK
R 5 SICH B 7 T Y HUR T RS TH[18].

B0} /N A S AE(MTDS) il i, IUA B A7 32 BARFE T IR VA S A U AR B Je o . 7Eds e
SERCNRT L ST B Z IR IED T, O TARS T 45 T 2 Tt () S92 B B0 g s 1 E — M ]
&7, Chlebik H1 Chlebikova. Zhu &5 N HIHTFE RS2 1% nl AR LT UE SO ORISR . R IX L
SERIEIW AT FEAT AN, (BB A M, MEDUTE B 44 55 4 X 4 o SRR R 8 AT
#[19] [20].

TE AT I P, A T — 0 H 8 Tl R 5 535 B RR A F & . Alipour 5 Nt
AN R 5 6 P 90T T BT T R R R E A A 58 A 23 A AT AR s Belhoul 55 AU A A€ v 5 A
FEHR, WAL T /A SO I o A A3 1) . SR, X 2RO VAT U E T RE AR/ ME” BRI
AIATRE, BURHEUERM B S M B, DA ORAR 1 4 Bt PR 21] [22]

SRR, BUGEXT MTDS (R #7772 2 f AR J R RN 5 3848 2 WL Bl e R R AA st B il
by FEERRIRERE 1 2 BR T B S M R U e B B o T X — O S A PR B AR B e X 2%, X e T VR R 2 AL
REJD. TR DA R 2 A e M TN A E B AN

MR AEN S, #2245 101L(Neural Combinatorial Optimization, NCO) [23 132 # B 4L &84k 45
B [24]-[27) R T TT19), WOAGEAME FIR RER SR AL 1R B . R AR R A TRAT R R R R4
RN SE 2 BAT 5%, T8I B o) BN S o) R I MG NG s B JS, o Em aRA  SIHEZE B B
PAIRA o N T R QBRI R AR . R, R AR G )R e sUSR I RE SR T KIS A 30 AR, 7T &5 F5
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Xev AW R G ALG IR R, X T 200 R T A DU S B A & AE 0L, TS EOR A
SRR R w281 -

WA, — St B 0h 28 WX 2% (Graph Neural Network, GNN) 1584k 2% 2] 5 158 B TR g fe K Ar & T
R # B SSRGS 7V AR G 2 5 NS ot R A R R A DU B ARVE SR, RAEAERD
SRS EIAR T —ESOR, (REE— RGN, A= —Fh B i 210 77 7 B4 A O A2 A SR 240 B
(1) MTDS fi R a2 eSS o 55— 7T, R oAb 22 2] I NG BUS R ARESL . M EIR A KB 1SR Al 3R
BE TSN BT B ST, 1T AR A BRI B FR R R 2 IR AN, FESR T Rz AL RE
IR, A R T TH ST 4H[29]-[31].

2. BXT5E

AT Jent /N LA (MTDS) [l BUEAT TR A€ X, Bl JG A SR AR SCHE ) 2 T B ) s A 5% S SR il
WEZE . BARI S, FATUEH BRI IMERTTE, JERGMAR [ st IR M gt f2, afRES
IE BVEAS IR 2 R A DL R R I o Bk b, IR TEAH R T — T 5] SRR ) 2 AR 2L i
AL BERTVERESE I 1 BT .

¥

Next Action
Solution
State Feasible \
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Figure 1. Flowchart of the reinforcement learning algorithm framework

1. SRUF I EEESRIEE

2.1. MTDS [BIEE X

FE—ANTERE G=(V,E), TAEENHvel, ik N(v) AA S v BEMERSE S, 1248
GARET Ry A EZET, AN ATEScV HENMER T RveV, HAEESGTRDIE
AT S, MwelV, N(v)nS=0, Kb N(v)= {u eVl|(vu)e E} » MFR S H—A4 AL 4E(Total
Dominating Set) % L EE KA — AN s #B 0 2008 1 402 06 R4 SCRE, BRI AU RRIE I B B 2 G 2%
i, FIRHEE S S AT Rt Db A AR T ) LAY RSB

TEFTA R IR A A S b, W R D RS ST R v B/ 4 3CRC4E (Minimum Total
Dominating Set, MTDS), %[0 ¥ H b5 & 75 CRUE A SCRC A AR SOL T N, Sk as o4y s 3eE SmT g
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/N,

S" = argmin {|S| : S is a total dominating set of G}.
Scv

2.2. BERT

BRI Z (I 72 % 48 ] DeepWalk. LINE Al Struc2Vec %5 /5 SRR RN, (BAEAR T, FATESE
T kAR AT A ROEBE ) R PR 4 R R DL R AR B G R, A SR Y Bk i
P2 Y 2% (Message Passing Neural Network, MPNN)YEAPIR A gt 2%, X 2451 EPRES AT RN F 2.

FEWFEE ¢ BEIEPRS T SRR R . TN S veV , HYIMREEREE X N:

n = Concat(x, ,,deg (v),I[veS,]. pou (v))

B,y e (LI FORT AR T BT, deg (v) AE— LI SR I[ve s, | AHREEL
THRFTRTBT LN LIS, o (v) FRT v (AR B 2 /04 S B\ IR, XL
TEZRE Z)E 1 R R AR R (5 2 LSS i SR .
N T AR EEHIE BRI AR R, ASCRA— M K ZH) MPNN AT B . 28 &k 2
B, BT R S AL R AR A R
m‘()k) _ Z M(k)(hlsk_l),hék_l))
uEN(Y)

B SRS B & b — 2R R R G B SR
Ak — ) (h(kfl)’h(k))

v v

Forp, MO () FIU® () S BIFIRE kR BRSO SRR, AR SRAUE AR AT, AT
BRI I0(E . 258 K R PR 8100 s A R F IR 4Em O M fiit

2.3. BLES

AR A S AR MTDS Wl @7 3K A 75 B 25 e IRAS A3 R) . B 23 [A) 2 2 Jah o £ A
b, R XEERE O M4 (DoubleDeepQ-Network, DDQN){E Jy R iR 5 ik .

2.3.1. BUEFEIRE

ACH MTDS [ 15— AN T R A R 5 FE(MDP),  HoAZ OB e LW R :

1) R&E s, « RSB EWIRANGEESHT SURMEIL R S, FHCAZE S AR AR E . BT S, R
DG EMERRERGETAMES S,) WHBEBRIEE, UL T IR S22 b 4 B
BEAE, AT A H S R SR A A B 25 H 15 2.

2) FfEa, : BNEE SN IE—Ti M v eV BIEFORSATIIE . & EEREx {01} RRTT v
HIETURIEE S, , WHATHNEq, =v M TEH

x, < 1-x,

A RURES R AR, AR N (v) BOAR O 2 5 EORE R0 0, I kA Ja BRIk S EoR

3) Bl I ER BN T2 R A 4SRRI AL R R IR 55 . AT 1
54 SCRO AR — B 2 AL R RE A M IS AR R AR P RERS 1B 2D [ W AT X s, IR TR
JRHIAS RGN o 220 R K B R AR 2R 2.4 PR i

4) SEUMEREQ(s,a:0) : RHISHCN O HIAE O WA BN AN R BEATIL L, T PP Ali R
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& s TP a BIHIE Ritnlk:

T
Q(s,a;0)~ E{Z Y

K=0

s, =8,q, =v}

P E AN IR R i OB TR TS O fELAf T
5) g n: EINZRLREF, KM e -greedy SEMSHEAT AL, B LABER e BENLIE BN EHETIR R, U
MR 1 — e JEFE AT O KB

n(v|s) =arg I?S.;(Q(S,V')

2.3.2. DDQN

N T ARBEI SRS AR 1A 8 MR IR SUE AR e DQN SR WM S il 25, A SCRH T X IR
£ Q M (Double Deep Q-Network, DDQN) A4 . AN A T-45 48 )i 7%, A T# e/ 2 S BLAE(MTDS)
SRR FRAT N — AN SCREIRAS [ 1 vT 30 Ly /R AT R SR FR . FEMCAESE R, A AR B0 E 23 1R e ST
T RIRAS 1 “80%:” $#4E(Flip Operation), B o VR T0 AN N RAE i o vV MR SE FR RS Bk o IX AR SRR 1
RASFEF ML REAR RE RS TE MR 23 IR Hh EAT RIS AR R SR A, AN ARk 1 R S i L e k. 7ER—
ANBFEE ¢ R REARIE T U AT R &R IRES S RS AMEE, R B O RS H RIS L PRt i Rk
KIAEAR R S, WA HARE y, WEEE S 0 H bR 4 0 AT 1HE

Y= +;/Q(sm,argma}xQ(sm,a';ﬁ);ﬁ_)

Hrp, OFRRAEL O M IIZEL, 16 MK BARM L 24 i3 1E k8 72 5 PEAh i kAT
fiftA#(decoupling), DDQN RS 7 O AR E L% .

% Q MEZSIIIZR B b5 B/ M O 155 B A5 A 2 (8135 75 1% 22 (MSE) i 2%«

£(6)=5(Q(s,0,:0)=1,)

FRATVR 6 BE T B B0 AE 2R X 4% ) S EGHEAT IR0, TTEE XS B AR 2, TSR FH 4 B3 S s R s

MZHLP) - [R5
0 «—10+(1-7)0"

i, 7e(0,1) R TEHSECERERNHSH.
24. BETARBANFHERZRNG

W BRAR L T B A SO A R A B TR 51 3 R BRI OB B AE S B bR () SRR
W B ECEE AR AT, (i) (E3R1S nlAT Al b, 3 — 2D/ MUERE IR . S 1 5 IR % 22 il v g

SURBIINGRATEE M, [ 4 75 2 A S B B R A, AT T — Al i 3 2 K il (dense
reward) A3, %A A = BA BB RSO R3S WS, vV N DI IEE TR LS. K

ISP IH— A FE bR R ZE A BT R RIRES, RIEVETELEE R p, A — R o, -
0, :ﬁZH[N(v)mS, # @]
o =I5
7]

Hep, N(v) ZorTis v FIFBEIAEE v B S 0BEES). BHICETER p B2 1, ZETHRE
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A AN — AN EER B SCICE. FET0E, FRATH “ 528 X503 2 (step-wise improvement)” & S UTF
Apl =P~ P

Ao, =0,-0,,
Ap, > O W EE R AT AT VA B 1 3G 5R(RVE Bk B9Ef7), 1T Ao, > 0 T R R AR RS YA S A6 ok

2.4.1. AI{THAREHE R
YAk T A AT AT X 8 (infeasible region)i, AL B EAE S 2 i AT AU S VE . ik, 2l
B BTt N —J7 R RE W S T B LU A, 51— J7 N WARYE M ADIRAES 5 e a2 AT IR Z (Al i ER
2 (distance to feasibility )i I {E i -
Ripiia = A-Ap, =2 '(1 P )

Hr, A>0= MY REL T BOE QARSI ZBEATRARMA Ap, AT S HE, Kt
Xt (BB ) E S5 R PRI 00) s B S B, T9 bt g — e R — MEZRZ A

2.4.2. BESHL
— HIA A AL R (p, +1=1), FHER HARMEVIHON AR /M. BEI S AL ™
it AU TS B i/ N AR 5 DK/ A BV AR e 52 Bt -
R a = 1 Ao,

vailid
Horb, R p > 0 g TRETITUR I 35 2 E S EARIIRNARE T, B2 LRI Ao, 1 B
FAL 9 i T S A5t o

243. G—REERY
N T RTHE R IHNHITEE R KRR, BAVER — DI EED ARSI T — AU 8 O 18] 1%
Tie>0. GEEnk, 5 DRRAS— LR EUE LT
Riaia =€ i pyy <1
" {Rvalid —c, ifp, =1
ARSCHVBE R = AR R R A p B FLRIRE . FEBNIZRE I, FAT XL SRR T
I 7 MR A S . (EAF SRR, RESHR S RIFEE, (B G T R R B 70 Z 8, AR 22 )
SRR ] A AN A XA B o 0 Stz X — LA A R RES A2 DS DL B B0 T 2 T AT 1
IR, TAE— B R B G MIG, SR 0 1) 06 TR TS A5 A R8T

3. IR EER SR
3.1. SEIRAERR

ORI 7 > SIS AE AN R I 250 R B SR, AT IR SEIL 1 — AN Sl ) BEATL GRS 1 A= et
(random non-isolated graph generator) H T Il 2k, 52T [E € B LI Za 77 XA, 24 A8 REBE 72
N ZRId R A FE 2R BN A A il 2 AEAG I BRI S8, AT St 35 B T I SR R 78 2 YO T o B0 die /N 4 S 4 1)
AR, RAE R SOE R 5N T DU PSS LR IE S A R -
®  ZASE NS X TR AN IGRREAS, BRI AR E B, T2 1E X A)[0.2, 1.0] A HEAT I 5 KA.

VT B T3 G A S 5 SR o R O A AR, AT AR A R AR 2 o B AN R I % B A R

T AP 1 36 P R SR SR
® EEVECRIENLE: 5T /N A SCRC AR ) RV SR B R AN AEAE AL R, A A AE AL 36 PRI 25 J 200 BT
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B R EHOHATRE . — BRI EEECN 0 M AL RGUR Ry LRI —%&E i . ZL

H IR BT AR ORI E R EIAEAE A I A SR AR R, AT ERUE VI ZRd R R T AT 1 S AR 1 .

FEINZRMY B, FRATAAE A5 s N =20 1)/ N RE DL B AT AL . D T oA A e R W3R
IhEER b R EREAZ 4K BE /1 (zero-shot generalization), MR BLAIAMAEE T o Fodm4E, Hrp a8 s Em
AL S5, ALFE = A 5 4% B (Triangular Lattices) 1A% B (Grid Graphs), F K6 56015 24 75 50 45 /) 20 3R
W FHIR M.

3.2. SLWRE

NIRRT HE TR I Rk, AR SO J1 9T 3R 5 V) (Greedy baseline)(EAXT LUIELR . ZHIAIER —
IR A I PR T 5 B 22 T AR SR ST AL, 8 T AR DS C R 1) AR B R KTV

TEVEMT HR AR T T, AT E MR, RS SRR 1 SRS BT AR H VR FE i Al 2
> REARAE BT A A S5 F 35 Re 0% A2 08 A O A R 2 AF I T AT A, DRI PPAl I FE AN B T AT PE St
AN SR £ T A o 2= R0 B

TESEIRANAT 710, AL J77:5E T PyTorch HEZLSZEL. MPNN 4ifid#s K = 3 /ML HEM R, BRI
YEFEH N 64. WZMBCRA Adam A4S, #2134 1 < 1074, SIIZRPHECN 800,000, REFE e EHT
10,000 M H 1.0 LA 0.05. £ [RBOh A ERN 100,000, fEXCK/N 32, FrA S5 E NVIDI-
ARTXA6000 GPU - 5¢ ..

3.3. RO

3.3.1. BENERHE FREEEITME(ER 5 BA)

T SRR R LR AN [ % B S AN S5 R R B R, FRATE R 2R S L E 1) Erdos-Renyi (ER)
1 Barabasi-Albert (BA)E_E#E4T 7 S236 MR . #F Gurobi SKAF 215 B R AE N i3k, TR A SR Y
(Ours) 5 FH 1 Z B (Gap) »

£ ER BEALEI Y, 7E17 OB ININ =200, A SCO7 v Re 08 B s AR d(Gap XN 0%~12.5%). B
BRI K (N = 200), BARS BN Gap AT K, HARX T1E40 8 K LERAR R R E R . LA
ER (p = 0.1, N = 200) A%, ESRFATHIMH(26.0)55 Gurobi (15.0)fF7EZE R, {HM LT Greedy (85.0)F1 GA
(47.0), BAVWTHED LI T 69.4%F1 44.7%HIVERESE T+ o 1X 3 BHLE AL R FUASAR i 1 K AR A0t 1] 7t
i, BT GNN [ Re ik EARAE DUA BB i L, (H IR SR T im B AL i) Jr 285k mg, Lk 1.

Table 1. Evaluation of ability on ER graphs
7= 1. ER B ERYRE /11T

P Nodes Ours Gurobi GA Greedy Gap (%)
20 9.0 8.0 8.0 10.0 12.50
40 13.0 12.0 14.0 19.0 8.33

0.1 80 14.0 12.0 24.0 30.0 16.67
100 17.0 13.0 27.0 41.0 30.77
200 26.0 15.0 47.0 85.0 73.33
20 3.0 3.0 3.0 4.0 0.00

03 40 5.0 4.0 6.0 14.0 25.00
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gk

80
100
200

10.0
13.0
26.0

5.0
5.0
6.0

9.0
12.0
41.0

27.0
39.0
82.0

100.00
160,00
333.33

1E BA TCHREEMZE B, SRiGah RAREH, 2R Tobr BEF N A BORAIE R . E/ANIIE] (N =
20,40): L m=4 &/2E m=8, BIAEEZ IOA B ERAME(Gap = 0%E3EIT 0%), UFBA T HAEMRYE 2 AR
FRASTRE . AE MBI E(N=200): THXTE A4 HEBSEH, Greedy FIEHIMERE SR N BRI I0 m =8 I fif4E
KANIE 82.0), THERATE AL AESEHITE 29.00 KA IR Gap 153 107.14%, (HAX T Greedy 535, fi#
SRR T 65%, A JJUEH T RL SRIE e R0kE G ffHE 70 XS 45 v i i Qg 4, AR 2.

Z ' Gap (ZH)E A
Ours — gu'robi «100%
gurobi
Table 2. Evaluation of ability on BA graphs
7= 2. BA B ERYRE /11T
m Nodes Ours Gurobi GA Greedy Gap (%)
20 2.0 2.0 2.0 5.0 0.00
40 6.0 6.0 8.0 11.0 0.00
4 80 16.0 11.0 22.0 33.0 45.45
100 19.0 12.0 25.0 44.0 58.33
200 45.0 25.0 75.0 91.0 80.00
20 2.0 2.0 2.0 7.0 0.00
40 4.0 3.0 5.0 12.0 33.33
8 80 12.0 7.0 13.0 31.0 71.43
100 14.0 8.0 20.0 40.0 75.00
200 29.0 14.0 58.0 82.0 107.14

3.3.2. AN SE ERFEHERZL

N T ISR AR S AT AR ), BATKANAE N =20 BEHLE EIIZR5e murmiay, B R 21097 Ao
B 20 F1| 200 ANEE 1 = S MRS B _E AT, HREEAT AR TR0 (fine-tuning) . SEIG45 SRAG JHIE
ST IZHESL R & O FREARIE R RE -

SAE NGB DUR IR TN B LI b, (ERIALR IR R Th 3R
RIFEMA T dks AR S5, HLA 3.

®  —ffj[¥l(Triangular Graphs): FATHIBIRLLE = f) A% 2546 LRI T 5L S0RE 70 ZEMIAAYT 10 A
[, BERLEE 5 AN = 20, 30, 40, 80, 120) 3353 T 5 Gurobi 3R ff#% 56 4 — B R AR ff(Gap =
0.00%). FEGIETE N =120 (IR R, L5 BRI /N 32.0, THRATHIABURS HE L4
BT HS AR 28.0, LT 12.5%MTEREIRTF . BIMEAEAERE i K N =200 B T, BAKIRRH;

T AR H5(50.0 vs 53.0), UEHT T HAERUNE & LIRS A .

® % (Grid Graphs): HEAAESLIRE] b AR DL AR IR S AR 1, BERB BB 2R A IO BR o 72 N =
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20 = N=100 [(JEEIHN, BERAEL KL EZEE (U N=63,81, 100)H IS E B L N=100

i, 5T AL 2R (34.0)FH EL, FRATT IR SR IUAR 2. 35 4 /)N 2 30.0 (45 Gurobi — %K), PEREFRTHZ 11.76%.

Xt 2 P RIS 1G DR AT) RE A B i vh % R U RO R, 78 70 UEW] T MPNN Zw i 8 FIEH 3R 1 S i)

R SRR PR ANE I, T AR R [ A S T4 R R

ARSI (R R ARt AN P 2~5 firs, s 20 83 4 Grid B EREOR, B 4. 18 5 o8 Tri BRI
7No

Table 3. Evaluation of zero-shot generalization ability on regular grid graphs

= 3. MM S E LR TR AZUREITME

ERH Nodes Ours Gurobi GA Greedy Gap (%)
20 8.0 8.0 8.0 8.0 0.00
36 12.0 12.0 13.0 12.0 0.00
63 20.0 20.0 24.0 23.0 0.00
72 24.0 22.0 33.0 24.0 9.09
Grid
81 25.0 25.0 35.0 28.0 0.00
100 30.0 30.0 46.0 34.0 0.00
120 37.0 36.0 56.0 41.0 2.78
128 40.0 38.0 60.0 420 5.26
20 6.0 6.0 6.0 6.0 0.00
30 8.0 8.0 9.0 9.0 0.00
40 10.0 10.0 10.0 11.0 0.00
50 12.0 12.0 17.0 14.0 9.09
60 15.0 14.0 21.0 16.0 7.14
Triangular 80 19.0 19.0 26.0 21.0 0.00
100 24.0 23.0 33.0 27.0 4.35
120 28.0 28.0 47.0 32.0 0.00
160 39.0 36.0 65.0 41.0 8.33
200 50.0 44.0 87.0 53.0 13.64
20 VERTICES

4x5 GRID GRAPH

Figure 2. Solution of MTDS on grid graphs (n = 20)
Bl 2. MRE_E8 MTDS KARLE R (n = 20)
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36 VERTICES
6x6 GRID GRAPH

Figure 3. Solution of MTDS on grid graphs (n = 36)
& 3. M#&E_ERY MTDS KEREE R (n = 36)

20 VERTICES
TRIANGULAR LATTICE GRAPH

Figure 4. Solution of MTDS on triangular lattice graphs (n = 20)
B 4. =A% SE L# MTDS KERES R (n = 20)

()
()

aY,
aY;

\/
\/

(]

aY,
ava\

\/

oY,

40 VERTICES
TRIANGULAR LATTICE GRAPH

Figure 5. Solution of MTDS on triangular lattice graphs (n = 40)
B 5. =fig =& L MTDS KIRLER(n = 40)

3.33. iHEFHEI T

ML B M 0 HT, J T GNN (¥ RL 76 BRI (] B AR A T o AR SR 4R A2 A — e TP . X — 3
REFE T, UG REUE J (a1 S S B Gt AR SO 10 75 B AT P8 I 4 A i T A5 135
FEIF R AT 2 2 B R T AP E 5

R, BATNNZFSMTEAN A A A S R T DRI . — 5, PR 5 e I ] &
BB EE R 2 ARG A B, M TR A I (R 25 5, RR B AR T OSSN
Fo LR EIR, EREZREEITR N, PR I 7 AR R MoK BT 38 PR B A 14.3%.
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BEAh, FHECT RS B SR A5 (U0 Gurobi) BT I I (145 K i 18] 52 2% L, A SO iRAE PRIl 2 IR 24
I, TS RE S RS2 25 00 T8 A aRIR R A BT i, AT AE R S P RE 2 IR B AH 17— B L S i L
L

4. g

SRR fe /N A SRR AR I, $R 17— Mol 21 R B2 DR AL 2 ST SRARAE L . DK MTDS BN 7
GRS R, IF 51N T S AR A 22 0 2% RS RS DL A SRR RN AR 2 22 b HL . AR e A2 o
JEA B EUR R BRI OL T, B R 2 2 ST AR AT R, SRIR S REBW], Frigh B EAn
[RIRRASE A 45 42 F) P K L 38 R B R A2 AR RE T, IFEME A AL T i o % . EIRZE RS
UE T IZHEZAE AL B i 25 K 20 R AL 5 DA IR RUS R AT 30 S B e e . ROR AR R it — 2D % B G 2 TR i
R B SEG], IR R AR AR B A R 2R 0 B e A 1) b 138 A S AR AL %S

K =B
[GitHub] (https://github.com/Hyelow0/RL-Total-Dominating-main)

SE

[1] Ore, O. (1962) Theory of Graphs. American Mathematical Society Colloquium Publications.

[2] Allesina, S. and Bodini, A. (2004) Who Dominates Whom in the Ecosystem? Energy Flow Bottlenecks and Cascading
Extinctions. Journal of Theoretical Biology, 230, 351-358. https://doi.org/10.1016/j.jtbi.2004.05.009

[3] Chen,J., He, K., Du, R., Zheng, M., Xiang, Y. and Yuan, Q. (2015) Dominating Set and Network Coding-Based Routing
in Wireless Mesh Networks. /[EEE Transactions on Parallel and Distributed Systems, 26, 423-433.
https://doi.org/10.1109/tpds.2013.303

[4] Haynes, T.W., Hedetniemi, S.M., Hedetniemi, S.T. and Henning, M. A. (2002) Domination in Graphs Applied to Electric
Power Networks. SIAM Journal on Discrete Mathematics, 15, 519-529. https://doi.org/10.1137/s0895480100375831

[5] Jiang, P., Liu, J., Wu, F., Wang, J. and Xue, A. (2016) Node Deployment Algorithm for Underwater Sensor Networks
Based on Connected Dominating Set. Sensors, 16, Article 388. https://doi.org/10.3390/s16030388

[6] Abu-Khzam, F.N. (2022) An Improved Exact Algorithm for Minimum Dominating Set in Chordal Graphs. Information
Processing Letters, 174, Article ID: 106206. https://doi.org/10.1016/j.ipl.2021.106206

[71 Haynes, T.W., Hedetniemi, S.T. and Slater, P.J. (1998) Fundamentals of Domination in Graphs, Monogr. CRC Press.

[8] Alzoubi, K.M., Wan, P. and Frieder, O. (2003) Maximal Independent Set, Weakly-Connected Dominating Set, and In-
duced Spanners in Wireless AD HOC Networks. International Journal of Foundations of Computer Science, 14, 287-
303. https://doi.org/10.1142/s012905410300173x

[9] Cockayne, E.J., Dawes, R.M. and Hedetniemi, S.T. (1980) Total Domination in Graphs. Networks, 10, 211-219.
https://doi.org/10.1002/net.3230100304

[10] Haynes, T.W., Hedetniemi, S.T. and Henning, M.A. (2020) Topics in Domination in Graphs. Developments in Mathe-
matics, Vol. 64. Springer. https://doi.org/10.1007/978-3-030-51117-3

[11] Haynes, T.W., Hedetniemi, S.T. and Henning, M.A. (2021) Structures of Domination in Graphs. Developments in Math-
ematics, Vol. 66. Springer. https://doi.org/10.1007/978-3-030-58892-2

[12] Haynes, T.W., Hedetniemi, S.T. and Henning, M.A. (2023) Domination in Graphs: Core Concepts. Springer Monographs
in Mathematics. Springer. https://doi.org/10.1007/978-3-031-09496-5

[13] Henning, M.A. and Yeo, A. (2013) Total Domination in Graphs: Springer Monographs in Mathematics. Springer.
https://doi.org/10.1007/978-1-4614-6525-6

[14] Corso, G., Stark, H., Jegelka, S., Jaakkola, T. and Barzilay, R. (2024) Graph Neural Networks. Nature Reviews Methods
Primers, 4, Article No. 17. https://doi.org/10.1038/s43586-024-00294-7

[15] Neftci, E.O. and Averbeck, B.B. (2019) Reinforcement Learning in Artificial and Biological Systems. Nature Machine
Intelligence, 1, 133-143. https://doi.org/10.1038/s42256-019-0025-4

[16] Kool, W., Van Hoof, H. and Welling, M. (2019) Attention, Learn to Solve Routing Problems! /CLR 2019: International

DOI: 10.12677/aam.2026.153110 349 I3RS


https://doi.org/10.12677/aam.2026.153110
https://github.com/Hyelow0/RL-Total-Dominating-main
https://doi.org/10.1016/j.jtbi.2004.05.009
https://doi.org/10.1109/tpds.2013.303
https://doi.org/10.1137/s0895480100375831
https://doi.org/10.3390/s16030388
https://doi.org/10.1016/j.ipl.2021.106206
https://doi.org/10.1142/s012905410300173x
https://doi.org/10.1002/net.3230100304
https://doi.org/10.1007/978-3-030-51117-3
https://doi.org/10.1007/978-3-030-58892-2
https://doi.org/10.1007/978-3-031-09496-5
https://doi.org/10.1007/978-1-4614-6525-6
https://doi.org/10.1038/s43586-024-00294-7
https://doi.org/10.1038/s42256-019-0025-4

SO, T g

[17]

(18]

(19]

[20]

[21]

(22]

[23]

[24]

[25]

[26]

[27]

(28]

[29]

[30]

[31]

Conference on Learning Representations, New Orleans, 6-9 May 2019.

Khalil, E., Dai, H.J., Zhang, Y.Y., Dilkina, B. and Song, L. (2017) Learning Combinatorial Optimization Algorithms
over Graphs. Advances in Neural Information Processing Systems, 30, 6348-6358.

Guo, W., Xu, Y. and Jin, Y. (2023) Swap-Based Deep Reinforcement Learning for Facility Location Problems in Net-
works. arXiv: 2312.15658.

Chlebik, M. and Chlebikova, J. (2008) Approximation Hardness of Dominating Set Problems in Bounded Degree Graphs.
Information and Computation, 206, 1264-1275. https://doi.org/10.1016/].ic.2008.07.003

Zhu, J. (2009) Approximation for Minimum Total Dominating Set. Proceedings of the 2nd International Conference on
Interaction Sciences: Information Technology, Culture and Human, Seoul, 24-26 November 2009, 119-124.
https://doi.org/10.1145/1655925.1655948

Alipour, S., Futuhi, E. and Karimi, S. (2020) On Distributed Algorithms for Minimum Dominating Set Problem, from
Theory to Application. arXiv: 2012.04883.

Belhoul, Y., Yahiaoui, S. and Kheddouci, H. (2014) Efficient Self-Stabilizing Algorithms for Minimal Total K-Domi-
nating Sets in Graphs. Information Processing Letters, 114, 339-343. https://doi.org/10.1016/1.ipl.2014.02.002

Bello, 1., Pham, H., Le, Q.V., et al. (2016) Neural Combinatorial Optimization with Reinforcement Learning. arXiv:
1611.09940.

Applegate, D.L., Bixby, R.E., Chvatal, V. and Cook, W.J. (2006) The Traveling Salesman Problem: A Computational
Study. Princeton University Press.

Perboli, G. and Rosano, M. (2019) Parcel Delivery in Urban Areas: Opportunities and Threats for the Mix of Traditional
and Green Business Models. Transportation Research Part C: Emerging Technologies, 99, 19-36.
https://doi.org/10.1016/j.trc.2019.01.006

Li, Y., Chu, F., Feng, C., Chu, C. and Zhou, M. (2019) Integrated Production Inventory Routing Planning for Intelligent

Food Logistics Systems. IEEE Transactions on Intelligent Transportation Systems, 20, 867-878.
https://doi.org/10.1109/tits.2018.2835145

Brouer, B.D., Alvarez, J.F., Plum, C.E.M., Pisinger, D. and Sigurd, M.M. (2014) A Base Integer Programming Model
and Benchmark Suite for Liner-Shipping Network Design. Transportation Science, 48, 281-312.
https://doi.org/10.1287/trsc.2013.0471

Golden, B., Bodin, L., Doyle, T. and Stewart, W. (1980) Approximate Traveling Salesman Algorithms. Operations Re-
search, 28, 694-711. https://doi.org/10.1287/opre.28.3.694

Chen, M., Liu, S. and He, W. (2024) Learn to Solve Dominating Set Problem with GNN and Reinforcement Learning.
Applied Mathematics and Computation, 474, Article ID: 128717. https://doi.org/10.1016/j.amc.2024.128717

Wang, Q. and Tang, C. (2021) Deep Reinforcement Learning for Transportation Network Combinatorial Optimization:
A Survey. Knowledge-Based Systems, 233, Article ID: 107526. https://doi.org/10.1016/j.knosys.2021.107526

Wang, D. (2023) Reinforcement Learning for Combinatorial Optimization. In: Wang, J., Ed., Encyclopedia of Data
Science and Machine Learning, IGI Global Scientific Publishing, 2857-2871.
https://doi.org/10.4018/978-1-7998-9220-5.ch170

DOI: 10.12677/aam.2026.153110 350 I3RS


https://doi.org/10.12677/aam.2026.153110
https://doi.org/10.1016/j.ic.2008.07.003
https://doi.org/10.1145/1655925.1655948
https://doi.org/10.1016/j.ipl.2014.02.002
https://doi.org/10.1016/j.trc.2019.01.006
https://doi.org/10.1109/tits.2018.2835145
https://doi.org/10.1287/trsc.2013.0471
https://doi.org/10.1287/opre.28.3.694
https://doi.org/10.1016/j.amc.2024.128717
https://doi.org/10.1016/j.knosys.2021.107526
https://doi.org/10.4018/978-1-7998-9220-5.ch170

	基于强化学习的最小全支配集问题求解框架
	摘  要
	关键词
	A Reinforcement Learning Framework for Minimize Total Dominating Set Problem
	Abstract
	Keywords
	1. 引言
	1.1. 研究背景
	1.2. 相关工作

	2. 论文方法
	2.1. MTDS问题定义
	2.2. 图形表示
	2.3. 强化学习
	2.3.1. 强化学习建模
	2.3.2. DDQN

	2.4. 基于约束感知的稠密奖励机制
	2.4.1. 可行性约束的满足
	2.4.2. 解集合优化
	2.4.3. 统一奖励函数


	3. 实验与结果分析 
	3.1. 实验生成
	3.2. 实验设置
	3.3. 结果分析
	3.3.1. 随机图环境下的性能评估(ER与BA)
	3.3.2. 规则格点图上的零样本泛化
	3.3.3. 计算开销分析


	4. 结论
	代  码
	参考文献

