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Abstract

This paper investigates the existence and explicit representation of solutions to the Yang-Baxter op-
erator equation in Hilbert spaces. First, we establish a connection between the nonlinear Yang-Bax-
ter operator equation and a system of linear operator equations, thereby transforming the solution
problem of the former into that of the latter. Next, using matrix representations of operators and gen-
eralized inverse theory, we characterize the solvability of the linear system and derive explicit expres-
sions for its solutions. Based on these results, necessary and sufficient conditions for the solvability
of the Yang-Baxter operator equation are obtained, and representations of its solutions are given in
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terms of both generalized inverses and matrix forms.
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1. 5|
W B(H) M Hilbert 5[8) H LA REERFIIESE. BE AeB(H), BTk
AXA = XAX (1
X e B(H) AfFRET, BR(1)N Yang-Baxter HF . ZHE—RIELERE I, HTEMN
Yang-Baxter J5 ¢

][l

A(u)B(u+v)A(v)=B(v)A(u+v)B(u)

Horb A(u), B(v) NE LKA, B HIE RS &R RS, 2 E AR MR R E
BTRE[1] [2].

A BRAEZSE, TTR(D)#PRN Yang-Baxter FEFETTHE, HORMESAHRVERTR 51 1 AR 2 5 0 H Jg
THRNBTTE . SCHR[3 T RS2 HE e R 1 A 25K fi# Yang-Baxter FEFF 712 AXA = XAX , NJE B AR
R T A, 1 A ARG, SCHR[4) 65 BhAE FEXS ML Jordan ARHEFE /3 H 7%, 453 H Yang-
Baxter 5[5 5 FEII T iR SCHR[SNIZS Y Yang-Baxter 0[5 5 FE BT A ) B 0Bk 30 SCHR[6]MI4h 77
R 414 Jordan FRETE 75, FI S5 S0 RE 0015 40 8 S50 RRAE BRI 1) 7325, HIRAEFE T2 AXA = XAX 3E
F LR IIATAEE W, X AC e AN AR AC #efift, 7ECEEAE 45 Y Yang-Baxter FiF5E 7 F2 1 T A0 Hefif . 1
A X FE BRI, SCHR[ 7] CAARARLRS A 4 5 185 23 BT A% 10 0 325, 78 A AT ] PR 2% A 1) 1 4 T %1 T Yang-
Baxter f5[E TR FTA R, HE G2 MBS0 B AR BARRE DI 25, SCER[S)4AH T
IR ARG/ SCER[O] (10K FEJams NREEE L 0 & 40 Rt — 2D 40 e &8 = IR Y R S 40 R, 40
BITE A = AT A4 = ATEIE TR T Yang-Baxter FiFE 7 F2 Ak, FE | Yang-Baxter /7 FRfF 14514 £1X)
AEAT 5 AR, SCRR[ 1S B RERE A AL AR B 7T T Yang-Baxter 5 /772 AXA = XAX MAE# Fff, 153
Ew7 i o RIA 0, o R I BT A AL A 0 S 26 B oAl R I [E AN EE R . X T EA M
A Jordan BAIAEFATSE 3 x 3 HifE 4 . 455 Jordan bRHETE J = diag(J,[A]. 7, [1]) G A#0H u#0),
SCHR[ 121383 15718 Jordan HURHIE(E A 5 1 /& S AH%E1S 31| Yang-Baxter 5[5 7 FE AXA = XAX WG . &
BEEERE b, SCRR[ 1310 — D4 X B —A Jordan BRAHER 5 3 x 3 FERE 4 SKF T Yang-Baxter 55 /%77 F2
JYT =YJY (FhJ =J,[A), A= 0)RFTAE AT R, JET BRI AR HAS 2 7 0572 AXA = XAX WA
T U MRS A NEA = AAFHERRFEER 3 x 3 Al AARRERS, SCHR[14]45H T Yang-Baxter
FERE T RE M BT S e iR A AR RS . 4T Hilbert 5[ 1 [f] Yang-Baxter 57 5 F2(1), SCHR[15] [16]437
1E A ARk 1 AR 2 P, R EFRHE SRR B S, Rt T R R R T T 2
H, TR TIZTERIM.

A SCH AR BT FE Hilbert 25 [A]H Yang-Baxter 5777 #2(1) I LA AR IR G52 1 Yang-Baxter
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Ry EAnRE T EAZRIRERR, BKARLIER Yang-Baxter H1 7RI AL VA5 5 5 R4
R . MRS T RO 5 SGE PR, ZIm 2 7O R R R e, AT 45 AR A R oR R
15, LA E] Yang-Baxter 577 FEHIMEAFAE MR AT LA SAR I ) SGE R AR BT AR o

2. M&EHEIA

AT ETRUE, SCRBH L TFIES: R(4) R 4 0 R(4) FR R(A) MIEH Al ) FR
A BRHBIZE R (P) LB BT . R AT Ry SCR5] HE

X 21 WAPeB(H), INHMIESET.

() # P* = P, WIBK P NREET IR T).

Q) H A =1, WA RNNEHET

X 22 BAeB(H). # A eB(H)WL A4 A=A, WK A & AN,

FI# 2.1 WA PeB(H). & PRIEHET, WPA=AZ[HMNER(4)R(P)-

Sl 22 W AeB(H) HR(A)ZMM. # A RHETHERAN:

A_AH 0
Lo 4,)

A= (A” BIZ),
BZI A22

Hrh B, B, € B(H) W& 4,B,4,, =0 H 4,,8,4,=0.
FI# 2.3 [17) B A4,CeB(H), HR(A)ZWK. MATIREAX =C A X e B(H) B HMH
R(C)=R(A). LI, JrFEM—fkhw A
X=A4C+(I-44)U,

4~ BAW IR

Hr U e B(H) RIERHET
51# 24(17] % 4,B,C,DeB(H), HR(A4),R(B) WM. WLHFITFEH AX = C,XB =D HfE4
HNY¥ 44 C=C, DB B=D, AD=CB. MWK, B@FEERN
X:A’C+(1—A’A)DB’ +(1—A’A)Z(1—BB’),
R Z e B(H) RAERS T
3. Yang-Baxter E-F 5 2R0M&

AFFVE Yang-Baxter 557 TR IR IAAAENE LR . %%, # Yang-Baxter 57772 AXA = XAX
H5EmE O RHETEER, 4 Yang-Baxter 57 7 FERIRATAE 261
TH31 5 4e B(’H) . #& Yang-Baxter H T HFE AXA= XAX Bf#, WHEHTF Pe B(H) , [FHT

AX =P AX =P
ﬁﬁﬁ{MEjM&jo&Z,ﬁ$%%%ﬁ¥PeBwﬂ,%ﬁ%ﬁﬁﬁ{@zﬂﬁﬁ?mWh@Bum
TR AXA = XAX BfR. Ht—, HETF A, PHEFWEE, N Yang-Baxter /7FE AXA = XAX HIf#AN

X:PAP’+(A’P+(1—A’A))Y(1—PP’),

S Y e B(H) RATESET
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UERA #7 Yang-Baxter Jji% AXA = XAX Ff#, WA X eB(H), 2 AX =P, ZHE PA=XP, N\
AX =P
X RITHEA af 78
IR {XP:PA [ fif

AX

N e N =P 4 /)
&2, EXGB(H)%EEéE{XP_PA MIff, W AX =P %3 AXA=PA, 4& PA=XP, 013

AXA=XP=XAX , B X /& Yang-Baxter /7% AXA = XAX HIfiit.
WH—2, HET APHEGHMEE, Hb AX =P, XP = PAKI
R(P)SR(A),R(AP)=R(A"),APA= AXP =P,
Fi&, 5P 2.4, 157 Yang-Baxter 5% AXA = XAX WIfER
X = A'P+(1—A‘A)PAP' +(1—A"A)Z(1—PP')
= A P+PAP — A PP +(1—A‘A)Z(I—PP‘)
= PAP" +(A’P+(I—A’A)Y)([—PP’),
Jorf Y € B(H) RATESET . .
BAER, w8 3.1 KLY Yang-Baxter 51 7 FE AR FEAL N M H T 5 FR 4

{AXzP

XP=PA )

RO L. T T FRA TR 5 B2 M ST T IR %, DASRAS Yang-Baxter 55775 R (AR IO AEE 26 AF LK
RN o
4 PeB(H) RBHHET, Mo, EERMREH=R(P)OR(P) T, HF AP AHWFHHTHE

A—( 1 IZJ,P—( ]j. (3)
A21 A22 O O

SEE32 B APeB(H), R(A)AHR(AA)SR(4). # PRBSHF, W FAIGREL:
() TTHHAQE MRS BANYS A4 P=P,PA=AP.
Q) HHRAQEM, W 4, =08, AR 4 HHEA W FHEREER:

A= 4, 0 O A =@ 4, B o
0 4, ’ 0 4, ’

) e I P
Horbt A AL, R (Ay) RV, B, RAEEL 48,4, =0 M T, cb:[ !

o N oy f ‘jé
0 [] LR, TFE(2)
FIfR X W RR N
[AH 0 ]
X=0" B D,
0 (I-dpd,)U

HUe B(R(P)L ,R(P)l) RATES . 325, 35 4, RS, WTR4Q)MAN

_ -l 4, 0
X=0 (OX
0 0

B (1) LY. BHBRAQHE M, WAFTE X eB(H) 13 AX = P 1 PA= XP [FBf {2, ARHE
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AX =P, HIR(P)SR(A). H A4 RBEHTHR(A47)=R(4), LEFIFE 2.1, w5l
AAP=P.
FiH XP=PA, H A APA= A" AXP . %54 AX =P ) P RWEH T, A
A APA=A P> = A P. (4)
ERE A4 REHT, B2, RECREMNER(4 A)SR(A), KA APA=PA. TH, BHEH®R
En[ 3% PA=4P.
7ot W AA P=P M PA=A P, 2 X=4P, 4, AX=P, H
XP=AP =A4P=PA
XEW X =4 P RFFEAQMIM, WHFRAQR)H R
(2) HXP=PAH PRFEHT, 1§ PAP=PA4. WG, TATA

I Pl All Alz [ })1 — I 131 All A12
0 0){4, 4,)l0 0) (0 o)l4, 4,)

A11+EA21 (A|1+IDIA21)PI — A11+P1A21 A12+P1A22
0 0 0 0 '

FLAY 4, =08, A4,=4,R-PA4,, . T7&

A11 A11P1 _PIAZZ
0 4, '

1
0

_ gl 4, 0
A= O,
0 4,

I P
é\(l):[ Ilj AR @ Wi, ﬂcblz[

-P
0 11]0 ML, AFFRN

BN @ W H R (A) 2RI, il 4, F 4, #5& AEERE T T2, molB 2.2 5

A :d)‘[A“ Bl}]cp, (5)
B21 A22

Hrh B,,B, € B(H) /2 4,B,4, =0 H 4,,B, 4, =0. FiHE 44 P=P, BATEH

(AHAU _PIAZZBZI A11A1713 _PlAzzBHRJ _ (1 Plj

A,B,, Ay, B, P 0 0
153
A, B, =0, A, A7 = 1. (6)
XHPA=AP, H
(A” A”PIHAH—EBZI A“PI—PIBNR]
0 0 B,, B, P ’
T AT

4, =4,, B8, =0. @)
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g5 )X, B
A’ =1,B, =0. ®)

B, mG), 4 FoxA

4 =] 4, B ,
0 4,

Horb 4 EXTER, R (Ay) MK, B, WL 48,4, =0 FIEEHT.
SR RRAQ)BIM . Wi X BN

X = Xy Xy, R(P) R(P)
‘[Xm XQJ‘[R(P)L “lreey )
N, HAX =P, H

[AIIXII +A11P1X21 _P1A22X21 A11X12 +A11P1X22 _RAszzzJ _ {] PIJ
A22X21 Aszzz 0 0

A X, + A4 PXy =1, A\ X, + A PXy =P, Ap,X, =0, 4,X,, =0. ©)
HiX, HPA=XPULJK 4, =4 ,P-PA4,, TAIH
(4
0 0 X, X,B)
X, =4, X, =0. (10)
HER, 9XH 4,Xx, =0, HIIFH23, H
Xy, =(1-4,4,,)U, (11)

KU e B(R(P)R(P) ). FHEADREAORIE AT, A
4,X,, =F - 4,R (1 - Angzz)U'

11>

S5 4L =1, &A1
X :AIIE_E(I_A;2A22)U' (12)
Fo&, H10), ADF(12), HEITRHAQHIM X N

b% _{An A11P1 _Pl (I_A2_2A22>U]

0 (71— 4,4, )U a3

(4, 0
B (o (I—AzzAzz)UJq)’
HoU e B(R(P),R(P))-

HE3B, H oA, RS, MHIO)RA 4, =0, B X, =0. ML HIO)R I i
X, = A R BRI, EAERRAQMMR X A
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UE

WRAEEE 3.1 FUEEE 3.2, FRATATLAMF 3] Yang-Baxter 51 7 R (MIMRATLE 10 25 AF LA K A 10 51 0
AR

i 31 B A PeB(H), HHR(A)RAEHLR(4 A)cR(4), PRBEHT. #44P=P,
PA=A4"P, W Yang-Baxter 5T /12 AXA = XAX ¢, H>% 4, =0,

(4 0
X=0 )
0 (I-dp4,)U

& Yang-Baxter L7 I7FE AXA = XAX Wfit, 364 4, XT &1, R (4,) 2N, U e B(R(P),R(P)')-
UEBl # A4 P=P,PA=A"P, WHEH 3.2 (1), RHITBEHAQ)GME, FHHERH3.1, HITEHAQ) KM
WRFET IR AXA= XAX Ifft. A4, HEH 3.2Q2), BafELie. iEE.
H#L 3.2 1\&AEB(’H), R(A)Pﬂﬂ_ R(A’A)gR(A)o # Yang-Baxter H T HFE AXA = XAX @
X eB(H), H AX RS, W 4, =00, Yang-Baxter 5 T 777 AXA = XAX HIft )y

(A“ 0 J
X=0" B D,
0 (1-4y4,)U
Sl ATEY, R (4,) I, UeB(R(P),R(P) ). 2, 4 4, RESET, JTFLIIAR X Jy
I(All OJ
X=0 O,
0 0

SEE 33 WA PeB(H), PRWEFHT. ¥ Al MBS, W)L,
Y BUETRAQAM X eB(H) . B 4, ARES, WL~y eR(P), MfFAy=0.
AX = P U} P RS, AfAR 3]
AXy=Py=y. (14)

P PA=XP, H PAy = XPy . X1 PAy =0,XPy =Xy, \ifi Xy=0. WHAH, Fy=0, ETE.
ZEWIFIE. IEEE.

E&WE

R HARRIAIE4:(12261065); P95 HARRHFAIE4:(2026MS0315,2022MS01005); P15 i R X EJE =
RHEARINE S 27(1Y20240044, JY20220084) B B H 5 5 F 1A X A1ET AT H (NMGIRT2317).
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