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Abstract

The edge-coloring problem of cubic graphs is one of the core research topics in graph theory. As an
important class of graphs, bridgeless cubic graphs have edge-coloring properties closely related to
classic graph theory conjectures such as the Petersen Coloring Conjecture and the Berge-Fulkerson
Conjecture. According to Vizing’s Theorem, the edge chromatic number of a cubic graph is either 3
or 4. A bridgeless cubic graph that is not 3-edge-colorable is called a snark, and the research on the
upper bound of the normal edge-coloring of such graphs is a difficult point in this field. In a proper
edge-coloring of a cubic graph, an edge e is said to be normal if the cardinality of the color set used
for the five edges incident to one endpoint of e is 3 or 5. A normal k-edge-coloring of a cubic graph
refers to an edge-coloring of the cubic graph using k colors, where every edge in the graph is normal.
We use the normal chromatic index y,(G) to denote the smallest positive integer k for which a

normal k-edge-coloring of graph G exists. Existing studies have proven that the normal chromatic
index of any bridgeless cubic graph is at most 7. Scholars have proposed the conjecture that the
normal chromaticindex is at most 6, and have obtained the lower bound of the proportion of normal
edges under partial normal 6-edge-coloring. However, there is still a lack of systematic research on
the precise upper bound of non-normal edges under 6-edge-coloring, and the influence of cycle core
structures and coloring defect numbers on coloring results. Taking bridgeless cubic graphs as the
research object, this paper conducts an in-depth study on the problem of their partial normal 6-
edge-coloring. Based on graph theory concepts such as cores and 1-factors, we discuss the 6-edge-
coloring strategies of bridgeless cubic graphs with different cycle core structures by cases, through
the method of constructing a main coloring and extending it to the entire graph step by step. We
study non-trivial snarks with a coloring defect number of at most 5, and prove that there exists a
proper 6-edge-coloring such that there is at most one abnormal edge.
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1. &5
1.1. EXEFEZ

AT AR J B v B AN

— B G N IRE AT R /\”Uﬂsm/‘ﬁ%V( ) MLEE E(G) iﬂ?\]G=(V(G),E(G))o Hr,
TRV (G) FRTTEHERMATA, REREPREARN R 45 E(G) PRITTERARNIL, BRI B — X5
o W Ne=uv, RRWURE u 5TE v ZIAFAERKKRR . il e=uve E(G), MFWE us v 514 e
BRI A PANTI A S A — S 5RHE,  MURRIX PN THL AR AR s 2 P SR L s — AN TR, IIFRIX G 2% 4 AH
o B G PEREW DA FI R Z 8] 2 2 AL — 2510, HAAFAERAT R W UK, WIFRE G 2 fH
A,

HEHWRAV(H)cV(G)HE(H)E(G), WFRHNGHITE, iILNHcG. AT B HFL “Xf
TR uveV(H), HueE(G)MuveE(H)” , WIKH NG HFHTE, iﬂyﬂH=G[V(H)]o X =
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Wk veV(G), 5 v REAZREEN v IEZEL 1009 degG(y) (FIEN deg(v)). 45 & G BT A TH AT A
FERIIRIEE, WAR G NIEN . A WU I EEES N ke WFR G 9 k- IEN . ARSI O i 5 =
TE 0 P B AN T R L 3 (K

®G=(V(G).E(G)) NEDUE —AMEIEBE . FAA/EATHES C E(G), MM S 521 E
G-S A 2D PAEE S S, WHR S AK G —/MEFAEIE. k HOvE G MIERLEmAE, H
1k =min{|S|| S < E(G), G- S Tl HAEIE]

G MUEM c E(G), & M PHERMFLIAMEE, WK M A G F— IR, #ILE M 2
“RANTI v eV (G)H5 M b —210 K17, MFR My G I5ESRITES, 1o 1-B7

i CR G hil—ARE, W (C) RBEFAMNE C LEEDH AU mTE C LRI mRIMES. K0
#u, # P3G Hllx, y ANGAIIE, W (P) FRIAAE P L, HEDH i RAE Px-y LRI
HhE S

WC =12k NEIESES, HWS ¢ E(G)— CHiL “IMEREMAL e e, e E(G), A
p(e)#d(e,)” » WIS N G~ NIEFDLE, BHNEILEC. HHROESKDN k& WK PN k-85
.

1.2. ZENERERENTREZRIR

— IR EAE AT A BN 3 IR, 2R EE N ER L —, Hib gyt n e H &5
5EWS A XA O, 1891 4, Petersen [1JUERH TR — AN M = IEW I AFAAE 52 € LR, N=1E
N E R T BE R T 3eAi. 1972 4F, Fulkerson [2]7E b FEAl 32 H T 3544

%548 1.1 (Fulkerson %548). AFE—NTEHr = 1ENE, ZBA] AR B 7S AN 56 36 VT BC 15 478 26 55 2504
e

1979 4, SCHR[3]H 323 T Berge fH4H:

5548 1.2 (Berge 55 4H). AR — LMK, FETMETE, BEiES—%AEmiK.

Celmins [4]F1 Preissmann [51$23] 1" 5-F8 U7 5545 48«

1.3 (S-FEAE S, BRI ZIENE G, fF1E 5-FEXUE & .-

MR Vizing @ BE[6], AT 5L &I 1010 (0 B B4 5 T H R BERIA (BB — 2R D), EAETA+1 (R
Bl), XEMAE S IENER A EEA TR 3 8 4. SR, FEAERTE = IR EEREYE 3 e, xR 3
AT G Te s = IEMNEIFR Y snark (7], [8]), 24 SCHHEZAF N G = TE W EAE B =S58 56 DU EC AL g
(A ToV2 78 55 I () e DR N e B E 2, o T & snark 5 3-14 T e B HEE R .

GHEWAZIENE G5 H, BWU ¢:E(G) > E(H)/E: G T ER=2MPAHATINZL, Zhomt
SIEVIN H R =2 ARAR L, WIFR ¢ RE G 1 H-Gth. 24 H 5 Peterson BN, ZBLS ¢ BEFRA
Peterson e, 7E = I B ) IEH A4 o, #5510 e — A0 USSR IR FL A1 B 4 FH BB e B 4 1
HoR 3w, FROATEA, HEECN S B, FONED, S EGECOME . =R ERIE k-0,
FEARME & AhE o = 1E W BT LA o, HE R el . AT R G 4, (G) &
NETRE G A AE NG k-0 it/ N IE 35 ko

1988 4, Jaeger [91FEH T FIbMEAE, A5 AT [FHY 265 Berge-Fulkerson 5485 5- P&l a5 5 A8 (L
CHR[10]-[12]).

F54H 1.4 (Petersen % S H) . BN ToHF = 1E W AR AE Petersen et .

TESCHR[11]H Jaeger $&HH T Petersen 7 S5 A1 — NS RIR . AMUERH T -

JEFE 1.5. Petersen & (UF R WA KRy, AT =IRG8 H0) Ak 5.
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2. FEBPEHE/\H Snark BIHEB MG 68348 E
2.1. F&HEIR

N i 2 LAY, U0 Berge A %5, Fulkerson 7 225, 49 A I FH I A 0 o MY N S5 1R ) 5226
VLRCAE G BUF BRZNHE o AR R FFFIRR e R ILI RS . BRI S, =1EWE G P 5EsE LI -
FEFI(FFCN G 1) k-BEF), FRIZEH G 1k ANRD B AR 56 L LR T B G
M ={M M, M7} . ¥, G Berge Hiie "> 5-F£4 B, Wili/& G EFLHET B PHHEAE
SEVCHC; G 1Y) Fulkerson 7 it —> 6-FE5 F, W2 G R KIIEIFET F M EICE . ASCHE
FEE k=3 M5ERILAC -FEAIZIE BV . T8 —FER 3-I0EOESH U= 0KATR
(IRESY, DRI 3-FEAI AT B IR 3-10 B r i e . & =1EWE G R T-RE51
M ={M, M, ,M,} PRIZD>—NTEEILE, MRIZAHE G FREFLIHET MBI oA 14 24
B 3 NI ERICE, WRIRFRH A ARE Gl PEERS . WEE GO = HE RN T =1E0
G 1A~ 3-FEF M, AT TR E LB E 5D 3-FEFIRR A AL 3-FE51 . Bl 3-FEFIFTE T IR
BB/, TR G G EEIEEL N ar (G) -

5 3-FEAIMHRI 5 — E AR T =IEMNE G 1) 3-FE4 M ={M M, ,M,} KIZ2H G P
HIEREBTZIDTSHETE, 2N core(M). 5 M AR 3-FEF1, WIFRIEXT R iz, Bk,
W core(M)IIHE S By (M) L Ey, (M) A%, Foth By (M) B E,, (M) 5 BI36R 5T M e R sd e
G, UAAENEESRI S —EEGUNES. &|E, (M)| =k, WFR coreM)N— k-#%. 1EFFEHT
se, H=1ENE G & 3-InalE 0K, B M E="ASH ERICE R S, N coreM)NTE. # G A% 3-
WAIEAR], WHARERIYET.

BT 2.1 % M = {M,,M,,M,} B G IHERE—A 5 EI00RE 3-F651, U F RS s s

() #% core(M)MRFANEE X, B4 ZHNEE G S REHDLZEMRIEE, Eak—N=0E
MIER g . test, core(M) A T ALZRIMES 2 HANY G A FAE=HE G,

(i) #% core(M)HIAFAN 2-FE TH p sy SRl — S W i 5 — S R 6, MRS 3-FE TR S — 4%
—HEERNSWFARERIL.

(iii) Exs(M)/E% core(M)II—AN5E 3£ ILHL, 4 |E, (M)| = |E, (M )|+2]E, (M) .

(iv) G-Eo(M) 2 3-1 v G a1

(v) M AEAR 3-FEF], Wi core(M) RN ER 733X 35 T, HONKEEZR /D2 6 B 2
=B an .

WEBH. ¥ H=core(M). FRATUHH H NS ER R DN 2. FL b, G RTA v REE—% =
BEEGN, W5 v KRB RSN ZAI AR ERIL . WL, vIE HRRIEECN 3. & v KRB &N EE S
W, MPERDPIEA KRR EBRL, H—FARERL. Bk v £ HBHREECN 2. #5 v REH)
=R R EE S, Wy ART He Bl s, H RS ERE AR 2, HilE Ex(MTE H
PR — N 563 UUAC . 4518 (1) ~(iil) BRI AT ELAEHEH

NUEM(Gv), X G TR T M MR ERSFAR TEE [ 5 G KA ERGD, MHEHA
Ui S AE G YR — A ARBE RN S AR EBED . Ik, AT EAES (1,2, 3 FAHBEHA
P FEM L EEE c NZAG . &5, 5 GI—KIN=FE R, A v s 35 OGP 2R R
Bacille RULFRATRME A (1, 2, 3y R R — M E N ZaE . WA, @XMy IRATE 53 G-
Eo(M)H)—A~ 3-1 G4 th,

RUEBA(v), S 75 Ui E A 3-FE A i% HR AN AT B HA 3 B 32 (2- B ) B 4- P8l il 43 2 R AT o #5744 core(M)
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LS 4-B O = (g0, ) » W O THMKILARESGL, AWM e 5 err FHHNEKILNNERE
We B, “ATERELPAFE—NFNER a1 5 eso AR, WEIXTERILHA M-I FHEE
@¢7V%E¢(el):liﬂ¢(e3)=lj ) /E\:‘:Pi,je{2,3} o BATKE g B ¢ s /7"\¢'(eo)=1 v #(e)=1,
#(e)=i, ¢(e)=j, HRLIREF ¢ (e)=g(e) NE. R, ¢ X DREFLEDK 3-FEF), x5
M I INET G o XEE T core(M)F A VAT . [ ATEH core(M)H AN & E il

2.2. FEBPEEE/NE Snark HIEB S IITE 6113

Snark P AE MU 0] 8 AR 22 SO P 12 31T [13]. X T snark B G BI— AN TS EECS HFHE
H, #FE G-VH) A ER, W H NN k2, K H AWK . # snark B G H{EE—
Xof B PR AR A T A4 I s SR N AN T RS R 1Y), JUiZ% snark PEMIG 5 snark . #573— snark (TR —
Xof L TSRS ) BRI AN AT RS B ), TUIRRIL XN 5 snark . 2 snark B G A2 /D A5 AN T
RIS H T B AA R, WFRZ snark BENANATZ) snark Bl ILEIER], —> snark BN TH] 2] snark
B2 HACS S AU S snark BI[8]. SCHR[13]HTHE T FTA TR 4-03%@ . B 2K 5 B AL 36
(1) snark MJGLEEREG . BT 4TI snark 48 43 (SE0R o EEZ) 99.999089%) i GL (A BRIEHCH 3: A T sl
A KL 36 fEF ML snark B, QL EEEEEOISTELES (3,4, 5, 6} FHUA

2.3. BUNRERBEBAVIET L Snark BRI HZE 6 A&

A F TR GO BB RN AR N snark BIFE 6-10 540, MTEIAEER B UEBIRL R B

SETE 2.2 Rt B IEEUNT 25T 5 IUFEF ML snark B, FAERIVE 6-10 4410, 1SR 2 A % il.

UER

G Wt D 3, 3 N RIRATEE G fEQ B EECN 3, 4, ST, #AA/ERNE
6-1aguth, fRERA—FKFHL.

Wi s 2.3 GetaihbEgch 3 B9FEF L snark B G, FAAERITE 6-1a 4% th, 1R Z A —%mHEiL.

UEW

G IR —A> 6-l, LA C=xexe, xe (e eE). IL(C) 5 x MEHILA £, . WA 1w,
ABEP(f)= () =1, ¢(f)=4(fi)=2+ #(f)=¢(f)=3. B LA S, 600,
d(e;)=0(e,)=0(e;) =4+ d(e)=0(es)=5- ¢p(e;)=6. LZPET, (C) LMLEIAEDINEIL), 7
G ERA es RAFMTEIL.

Figure 1. 6-edge-coloring of the core of graph G, where
the dashed edges are abnormal edges

1. B G#EM 6-aRe, HpEZaAIEREil
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Wi 2.4 JOBEECN 4 FAEF M snark B G, FR7ERTE 6-14 5460, IR REZRA K7L,

UM

Kl G 2 LI snark &, #E G ZPEH 4-1405E 1K), quz:é'l\ 3-1e, Kl G M — 8-,
WA C=xex,e - xe (e e k). iL(C) L5 x MARHILA £, . HEREGA (C) MBBIEAL, 2,3}, AW
B(f)=0(f,)=1, FHTRE £ ROEL. WE2P0R, &6(f)=¢(f,), PUE
$(15)=0(f)=2, ¢(f)=¢(f)=3. LM LM 5 63RO, de)=g(e)=d(e)=d(a)=4>
d(e)=0(e;)=¢(e;)=5" ¢(e5):607£1§ @ , (C) LREAMFRIL, fEE L SMEREEMLE, 5,
(C) LM RTasE L, 8 G LR e RIFMIEL.

f2

Ny

Figure 2. A 6-edge-coloring of the core of graph G when ¢(f;)=¢(/,),

where the dashed edges are abnormal edges

E 2. 4(f)=90(f)0, BG&ENBRE, HdhELiAAIENTA

B B(A)6=p(A) WME3 B, U (1) =9(1)=2, $(5)=b() =1, #(5)=9(%)=3
TEWE B4, 5, 63440, g(e,)=¢(e,)=d(e;)=d(e) =4, d(e)=0(es)=5, d(e;))=¢(e;)=6. FEIZGE
@F, (C) ERtMEIRL, 7B ESHRARSOHGHE, % (C) LR hTasEl, £ 6 L
BAH A

s
f5 f6

Figure 3. The 6-edge-coloring of the core of graph G under
the condition that ¢( fz) # ¢( fz)

B 3. ¢(f,)=¢(f,) B, B G#LER 6-ARE
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Wi s 2.5 BetaBRIEECHN 5 IFET L snark Bl G, FAERTE 6-1a 4L th, SR E A —%RHil.

kA .

G 724V JUI snark B, W& G RIEIF 4-103E@E K], B G hAE 3-1E, G Mt — 10-1,
LA C=xex,e,x5e,(e € E,) o 1L(C) L5 x, MABHILN £ . HEROLE(C) HIFE{1,2,3}. BT
RN (1,2, 3 HFEELE (C) HBL, 750 AT LI B B 6 G L 30 FTHI, AE (C) LR ST 6
FILHMFEMBIt, HEDH 4 FAFMEAMZSG. 5 TRBANE (C) ERBGEL, Ay 2 W
SFILGHUE 3, HARDERGHUE 1 5 2,

B 1 (C) LA 6 Bt 1. WIS 4 B, 259K 6 ZIBARHIAS, i
#(1)=0(5)=0(f)=0(f))=8()=4(/)=1- 8(/1)=0(f)=2 #(f)=¢(fy)=3 R,
d(e)=d(e,)=0d(es)=d(e)=¢(en) =4 d(a)=9¢(e))=d(es)=p(es) =5 ¢(e;) =6 FEZRET, <C>
EHAEIR, fER B SARFEEEA SR, & (C) BTN, £/ G LR e 2
B F5i 6 AR A R 6( 1) =4(12) = (1) = 8(11) = #(5) = #(f) =1 #( 1) =9(fe) =2
8(f5)=0(f10) =3 Ht g(e;)=¢(e,)=¢(e)=¢(e)=¢(ay) =4 d(e)=¢(e;)=¢(e;)=5"
Bles)=p(e) =6 HHRET, (C) LRiFIL, M ESHFAREEALHLS, # (C) Lrak
TR ED, £8 G BRAIEEL.

B0 2: (C) BA 4 553U 3Ht 1, WA 4 KL 40 2.

B0 A: (C) LAES: 4 KIABOMFEL. WE 5 PR, S5P 1 KRR, JeBit 2 fEam s,
AP (/)= (o) =d(f1)= (L) =1: 6(fs)=0(fe)=¢(f)=0(f)=2+ 8(f)=0(/1n) =3 RO
der)=p(e))=d(e)=p(es) =dlen) =4 d(a)=d(e))=d(e) =5+ ples)=p(e;) =6 EHRET, (C)
FHEMFERL, e SHRRBEE S, % (C) ERUNRUEED, £E G EREDL e
ERTEIL .

S | AT, R 2 AR AHIAS, RO g(f)=d(f)=d(f)=d(f) =1,

BV =) =b(5)=8(f) =2+ B(1)=9(1)=3 B pe))=p(e))=les) = ple) = plen) =4
b(e)=d(e)=d(e)=5+ dle)=d(e,)=6 . EHRET, (C) LAt FIL, 1M L SHIFSEL
EAHAE, i, (C) BRI s E L, R G ERAIENEL

4=

Figure 4. Two coloring schemes in Case 1, where the dashed edges are abnormal edges

B 4. B0 pAmMResR, HhEZNAIFEIES

50 B: (C) EBAES: 4 SFUHEHE. Wl 6 Fm, ¢(f)=6(5)=6(f)=0(f;)=1>
#(f)=0(fi)=0(f)=0(f)=2 ¢(f;)=0(fis) =30 R, d(e,)=4(e,)=d(e;) =¢(e) =¢(e) =4
d(e)=p(es)=d(e) =5+ d(e;)=p(e;) =6 EZPET, (C) LARCMFML, 7EE E5HFRSIEA
AR, # (C) ERNTIAEE L, R G ERFIL e RAFMEIL.
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Figure 5. Two coloring schemes in Case A, where the dashed edges are abnormal edges

B s 1B ARHEMReRR, HhELNAIFITES

$UD= 40 ) A1 ) HUI=HR)=SL) =2 L) =)0 s
#(e;)=¢(e;)=¢(e)=¢(e)=¢(a,) =4 d(e)=9(e;)=¢(e;) =5 g(e))=0(e,) =6 FEZRET, (C)
ER ARG, ER ESHRMEEHE ML, (C)LE’JJE NITIAE L, £ G ERAT e 2
FERTEL -

B0 =9(1)=0(£) =) =15 0(5)=b(£)=0(£)=b(f)=2> B(£,)=(f)=3 0. R,
d(e;)=9(e;)=¢(e)=¢(a)=¢(en) =4 dle))=d(e;)=0(e) =5 d(e)=¢(es) =6 FELRET, (C)
EHOAARRL, (e SRRSO SHLE, W (C) ERNTAEEL, - G ERAIL e
ERVEIL .

GUR)=0(£)=0(5)=0(R) =10 B(£)=0(£)=0(£)=0(fo)=2+ #(£)=p() =41 e,
ler)=p(e)=¢(e)=p(e)=(en) =4 d(e)=p(e;)=¢(e;) =5 b(es)=¢(e) =6 FEHRLET, (C)
bR EAHFRRL, fEE_ESHRMEEH AL, ) (C)LEI’]Jﬂjj N EL, £ G ERAL et
FERTEL -

Figure 6. Four coloring schemes in Case B, where the dashed edges are abnormal edges

B 6. 185 B FHIMMRESNK, HPELDRENED
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gi b, ReOBIEECH 4 AT N snark B G, ARG 6-10 504 th, HRRE RA —%AHL.
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