Advances in Applied Mathematics NF%Z£HE &, 2026, 15(4), 201-209 Hans X
Published Online April 2026 in Hans. https://www.hanspub.org/journal/aam
https://doi.org/10.12677/aam.2026.154150

i

B FEIBUHE = e SRS PR B TR i

1 %
ITARIMREHE S Gk %6, TR M

ks HRA: 20264F3A3H; FHHEM: 20264F3H27H; KA HM: 20265F4A8H

H E

AT LR T BB U E R = RERS T MR TR, BEZIE LU EZ SN2 R E T,
FREEHFENEEF RN B BHE. FEEEGTH P USSR TERER, RIGETERGH
HENGTHT EFEHEEHR, L AAFEEXRMSHRNquiritBSEA . FEREREE, BRIIFIA
Aliceli B HEIER T #) B RBHNE, 2 CEENERTETERY), FRIAKEARZXKX, Nmdsk—K
BETRWIHEBHRRUERMEE. B SHEESRRY, EASHFERBRLAX EHEXS, &
T ZH “RAEETHXKX” , WRGETYHENEGHIEFHETRE. E—PITRY,
XA RS SO M I ERIFAE T A R B 2 SO RLR AR S HIA T e & X o, oA ] 78
FAUEXANREZRER TR AXERUY, BT BB AU AR EEREH RCF
6, HESIRSHIEMERTRIENEZEA, A A LTS SASRS KRR TRIFRERME T
BRI

XK
BETXN, WS BETE, ETHA

Study on Quantum Discord in Mixed Three-
Level States via Quantum Graph Scattering

Hui He

School of Mathematics and Statistics, Guangdong University of Technology, Guangzhou Guangdong

Received: March 3, 2026; accepted: March 27, 2026; published: April 8, 2026

Abstract

This paper investigates the structure of quantum discord in three-level mixed states generated by
quantum graph scattering protocols, aiming to characterize non-classical quantum correlations be-
yond entanglement. Considering factors such as unobserved degrees of freedom, non-selective sta-
tistical averaging, and environmental decoherence in actual scattering processes, we generalize the
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output states of quantum graph scattering from pure states to density matrix descriptions, estab-
lishing a two-qutrit mixed-state model with a channel-conditioned structure. On this basis, we in-
troduce natural projective measurements under the scattering channel basis at Alice’s side, define
the quantum discord under channel measurements, and obtain its explicit expression, thereby cir-
cumventing the complex measurement optimization issues in general quantum discord calcula-
tions. Analytical and numerical results indicate that, apart from the classical region and the entan-
gled region, the parameter space of this model also exhibits a broad “non-entangled quantum cor-
relation region”, where the system possesses strictly non-zero quantum discord despite the absence
of entanglement. Further analysis reveals that the physical origin of this non-classical correlation
lies in the indistinguishability of conditional output states corresponding to different scattering
branches, while the scattering phase can still significantly modulate the magnitude of quantum dis-
cord within the zero-entanglement region. The results of this paper demonstrate that quantum
graph scattering is not only an effective platform for studying high-dimensional entanglement gen-
eration but also an important model for analyzing non-entangled quantum resources in mixed
states, providing a new theoretical perspective for leveraging geometric scattering structures to
achieve multi-type quantum resource manipulation.

Keywords

Quantum Discord, Mixed State, Quantum Graph, Quantum Entanglement

Copyright © 2026 by author(s) and Hans Publishers Inc.
This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).
http://creativecommons.org/licenses/by/4.0/

1. 51§

BEFHMRETE BRI OREEL — KIFHLOR, ST AE FIRA A, HEE
PRI, HEETRIBAS, HEMY., BE7HHMK. ETUHESETEESESTRIEEMER]-
[5]. #AMM0, BEERSEFEEHIRIARE, AMIZEEANRS]: MPEIEARE TR AR MAHPER 4544 .

BUAEST TR0 ds, RG] BeAAE ok & 20 S8 IR (1 B 1 00l b i AR ML A
B2 —f2 & F KV (quantum discord) [6]-[8].

B RPMER TIPS R E R IEA —E RORIET M98, £V 2 LM JEH)IR
AR RRAFAE AR A MU B A5 1[6] [8]. X —INEAR & TR IO RS E TR, & i EH
DA R T RG ARS8 N 1 2 TR [8]-[10].

HAgEMLE, B AMAEAMAEERA. H5E BRAEHTRSGHR, gz “ oM giHEE
2287 JIRHOCME X[ 6]-[8]; HIR, e 38 H WO T = 3 & T 28 BUAH DS A S, BRI 7E — M e 4
R P EBONINAME8] [10]. Rl & EXL qutrit X @4t R, &1 R VMR SRR LR
AR MEARAL )R, X AEAR RREE B PRI 7 HAE BAR Y B A T (R AT A 72 (8] [11]. DRk, FHREAA M
P 5t HRE e WAL T R U e B B 2, S 3 A VR S v AR 4 2 1A D 1 I TR R L k) L A
B o

=1 Kl(quantum graph) N7 & FH0IE . B ELIS DL R T3S TR AL 7 — AN E U B 5 i
T B AR S [12]-[14]. MFNH—4E0 5T AR =M%, &1 RBEREAEET T,
WG5S 20 BN S OB BRARAE, SR FL A R AT 14 T T AT RS W S AT HE R [12] [14]6
AR, BB Z AT O SR iait A 5 ILIREI[12] [13][15], WiE#HH I ANETE L
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gER, NI AL AT 45 0 qutrit ZS$2 0577 (8 1 LA F I

FEREHT ¢ T 2 7 BIHUN A = RE RS B T, NATT 32 2200V 1) 2 2 282 1) ) 48 B FL Tl A5 oft A
. BSHSESIIAT N 81T, (ELbryydfEdr, MAAds@EE R gin g K. —Hm, 8
Th R AT BB AT Bl R A 23 1GNP BB A S, R | T E HE, A SRS B AR
RS U7, SRR B R A ALKV AR EEE G 3y DL S IR A T 3 BORUR
BTRARAUAN[4] [16] PRIk, A L D\ B S () W B0 A 8 200 1 i P PP PR AR SR M, 0 UK IE ST X R
ML AT FNRSHER 2, IRt — D H A i 2 Hh & I AFLE AT B BUR LA 454415 T 1 JE & i
KEK

BT EREIE, AR EIBUN AR ) R GORAS T E R YA, BRI DU LA A
H—, BRI AERPRSEMPEM N ERRASE, MNRAGEFE AN £, ETAND
HAUWESH MR Wi 504G, ENZRFEEERN IS ESRR: H=, EAETEES MY
HE A, METFRDICRIRS B B AR . X5 0] A AT B T4 4 7 B U AR Y o i & A4 DG
B, WA BT B S 4IRS RN R R B 1 SR 2 (M 1 2 IR G5 [5] 8]

AR R g, B EIHU TGS SRR G ARG — PRI “IEE K451« Alice
Uity () SR FE A B T L (B B IE L, 10 Bob i i 2 A5 M ER O R BU 2 ST s o X — S5 R 15
RN A PR AT R SO, TR Bt FIIX — A, FRAGINIEIE I N B AR
DUEE, 58 SCHIRL R I8 IR &7 2k Pr(channel discord). 7EIZMEZET, JFAE & B4 BRI
BRI RIE T B ERL, WA TREREAE X querit R ASHRI FhFRA5 B ) i T 3 S5 A e R BE 45
o XFALEE I AR B B bR AE R Ve X, TR IAER e B =N, IEIE N & o R AR
R A BRI S A R

H5UAXTETERBUE RSB EEW ML, A CAERRTaisag, et DR
B NG S E TN . 5— R R TR TG, AR SO 58 1) &1 B 1A 2 A B
I8 2R S50, (B F5EE B B A Ea 2 X, FRalfE b EEAl IR E TR iR IE . (R
I, AT BIHT 3 EARIAE

() # &7 EIEUN = e s A HE BRAS BT AR T

(i) $& i IFo B E & N 1 R UMK — 5 U B B R

(i) #rnE TR SR < TAGEAET R ARSI YR IX IR,

M Z R EE, ACTIERY, JUTEC A Reas s “ &AM g7 , ERehs H 4
I PR E TN o XEWREE TR e ERCONEZE FRUT G SR TS TR
EIRSRFEH I EENE, HONEME TR B BT ) M S BRER 1 BT TR 7 R
I ERR AL A[S] [8] [11].

ASCHARI 2 HA R B R 1, AT BRSO E R YR I 2 S A B (1) 25 FE AR MR s B S
]I R e S, R U@ N HOAT RS AR B A L RS EE N R E TR
BAEL, FTRERX ., KX 5 X =550,

2. BESKRSRE

FESEBR BT AR o, RGUIRSA TR Gt R BUYIRAS, X EJR T B A b AR BE A A AR R
AR BRI ERIRRS, S9N HUN BRI I SE -1 2 S BUR & &, ULAE T K%
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HARQM I,y AT ZIEA FEUN 2 SCZ B HES AT IR REEE : 2y =1, RGoxt b T EAR
TP AR B0 <y <UIF, XN RART BT IRE: Zy =00, PFraiEmm T
EHK, RBBUNZIGREE. H5E, 7 AT DORIETMGLEENLAL . BoA RSB0 U b BUR R 75— 10
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B, 4y AN . J7%A o® R AN, A
y=eh @)
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Pr)= 2P 1), 816, &), ®
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)= b1, 016, &1),
A DA RIS 20 32 1A 1 2 B 2
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<77k|’7j>:{7,eim’;¢k
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2

b

AL, AT NS 0l S IR IR0 B L B SR o O T AR S, 1T L
AR (E) > TSEFRG0 B % H 25 REERAR A A T3
p=[/(E)p(E)dE )

F T IR AR B S T AR AL AR T RE RS Re R TR I 55 AN [RTBUN J8 38 22 18] (AR T2 m - A\
T AEAT 2008 AR B P R BN AEXT A U S8, BIXE BTy <1 RS THE -
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FEARTTH, A 175 8 M SES 3 B A RO AR G825 DU B R s

P =20, | Vi) (¥ | 2p, =1 ®)
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= Z(:)|’j|2 |jA><jA |®|r‘/’><rj |Z;t[t;77ij |iA><jA |®|F,.)<1"j| ©)
Jj= i,

o, 608 B IR AR T 2CP R R SO T N RIS, Ay, € [0,1] Bl AL n, =7, LA
ﬁEﬁuBEﬁfgﬂﬁﬁt féi&ﬁiﬂliTﬁﬁﬁE/gw z()fizy(;hB) 1.
mmﬁ%&NAﬁE%%W%gﬁ

R A G ST G S R TSR B T AR
3. BT AMEXSEEMNE TR

AFTHATGI N E TR r(quantum discord) FIARTEE 3L, Fiit B FLAT o2l 24 9522 1B 1 HH R (2 A
&, ERSEARPEAATERNMEN. BERNTE—PHEL, RE - BHETE TR RS E
AR IR ADCAC I, (E AT PRI DSOS G5 0 T, SRR BB 2 N (1 B SR I B m] 45 21 8
XKL, TSI R -

RGETERE I p,, K, HANEH

Pa=Trs (Pas):P5 =T (Pus) @)
von Neumann 5 3L N
H(p)=-Tr(plogp) ®)
&7 5% B (quantum mutual information)# W N E & KRG G ARSI LR, HE SN
H(pas)=H(ps)+H(ps)=H(ps) ©)
FO LA, AT A RGE A BN — 58 4 1 R T (T} e
' =s, ,(,ZHA =1, (10)

WA WO N p, =Tr[ (12911, ) o,y |
TrA [(HK ®IB):DAB:|

WRIE RYEB AN py, =

pK
the AR {117 ) R HOZ8 ARG ME 52 S
JA(:DAB;{H;;‘}):H(:DB)_ZH(poc) (1)
T AN FI 52 S ECR A& UG BAREEE /1, AniE B R P52 Bra o] g il & U KA -
D, (pu)= @w)gyJ(mgmﬂ) (12)

BRI BRAAE AR, R

D, (pAB)iDB (pAB) (13)
[R] Lt 20 B A Ot I A R — 7
BT RIS EMRA AR, EER—ERHE(K) (7

P b [k) (K|, ® o} (14)
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,TD E=5

MIFRIZA NG M - 87 #&(classical-quantum state), i &
D, (p4s)=0 (15)
i, B RDZIE RSN - &7 AWM. Fplth, BERSE 1, REAXANAGEN(14),
BRI REIEE
DL, B RS R E 3 EE T R2) P EE A A . SR, TEA S E T EEUR
s, B EEAE M R R CIBIE SR AE R

2
Pap = zt[t;ny‘|iA><jA|®|ri><rj| (16)
i,j=0

o {|i, )} IE Alice Uit B 2k, EHE E A MR, Rk, 7ERFIT Alice S 2k Phit, &
1176 J& %I B () 5 ARSI &

I =i, )i, ],i=0,1,2. (17)
FEAE e SCBIE N & T 1) & F 2K Pr(channel discord)
DE:h)(pAB)::I(pAB)_JA (pAB;{HiA}) (18)

R HHAT AR B, & TR A ARG . 7Sy, BATH Hede D
SR SR P AR R
4. BEMNBTHEARES =5 X

AFTEAIEE T & 7 BB P GH T 0 R A, Sl IE N E N B TR R ARk, R
MPNF AT BN R FE TR EE R, TATE KR, &7 RIBUS MBS LR JE, W
REMSAEE A G2 T A AR L B A O

B8 LT Il TE SR A SR A -

pun= St ) @Im )T 19)
#E Alice 3R A ETARRIBUHBRIE T =|i,)(i, |, DUEMEZEN
p=Tr[ (T} ®1) pyy |=[efi=0,1,2, (20)
%1 K1 Bob 4455 py, =T, )(T, | U3 von Neumann 9%
H(py)=0 21)
A 20(1 1) AT A5 Wl & 1 A 22 BURH DG 1t T 40y
Ti(puw{l}) = H (py) (22)
RltE, EENE TR E AT SN
D (pas)=H(ps)=H () (23)

FERUMEIER T, EACRUNETEN & T i TR0 B2 A S MR SR A T Alice 3mZ){
BIAXFRIE. EABHELT, BAESHLEH (p,,)=0, FILEENE T ET7RDBA Alice HiZif
A1 von Neumann %, M- S52EAA PR — 8. RMAERSHEL T, BEAMEHK, BRI HER
FRg RS, XA BT EEUN A T AR AR SR AN e 255 A A1 48
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NG R —f, NI ERANE SR T RRTHE A X . W] X AR R X AE S HCE )
IG5 . WASCE R qutrit JBSICHN p = p(r,4.0)» Fer y BEBUN 73 3 TFAH T T B2 J8 R
B, AFOREENESE, o Fon R T RN S U RS SRS 2y =1 KRB,
Ry =0, FradExmmiseeiER, SIBNOVEER TR - E7aifl, KX Alice Smff) & 12K

N,
SR IIEN . RNV Bob T RGN, 10 o (v.2.0) IRFTARE, FLIUEIME
A

Hoin (7:250) = Ao (2" (7,29))

TR, SR A LT BT 1, (7, 400) = 028
Y (7 Aap) <O, p WHAILEAS: IR, 5 A

Tp
pil -1
N(p)=—| 1

2

TENMGEER . TRA N(p)>0,0 p o THUEXIR, T2 N(p)=0I, LT FA LT AT 7>
Xo EHUERT L, ARSCrh “ 2G5 I 1R B T I8 5 O e L e /N REAE A B4 P A7 4 08 o DO % 20
H, AN AR T 2 8- ME B EEX 7.

A=, BFRIWAFYHICUE EEHEXN T Alice it — IEXH A AL M - &1 (classical-
quantum, CQ)%5#, Bl

3
p=3p, |1, @0 e8

H T A SIRZER A Alice JitUR EIESEAE Jy B 2RI S, (AR AR R, S TE I & T &7 R i
D, (p)=0, HHMCHEEIZEIER F L2 CQ &M, K, 2y =01, FraBEEEM I
%, BN AR B, S UAH D, (p)=0. BEAN, BIME y =0, B TRHRSEIUEE
P T Ise ek, SRR REEEESR N EI CQ 4k, MMV ME KA. ik, diaiT
KOS A, BT EHUN D S50 (8 AT DA R 73 9 DL =S X

Q, ={(r.4.9):D,(p)=0}
FRONZILIX o JE i A TSI T B2 - R T45H, Alice R BN £ 3 NBUME T403) .
Q, ={(r.4.9):D,(p)>0,N(p)=0}
AR A FTHE K . e, AR EUR A, (B i 2t — P, DR

TRDREARE . ZXIHIEX BT “TeMPEEARZ M AHRE R, AR BRI R AR T IR X
1.

Q,,, ={(r.49).N(p)>0}

FOAIIX o L B LSRR AE L, RGN SRR T A 1638 4 X B SRR T
0] 4 i 5 T35 B KL

BIULTT L, 28X 5 AR S O T B D, (o) = 0 2 HE, T 200 20 TS X5 A X 2 ] i 7
ME N (p) =0 BEEM 1y, (7, 20) =0 ritho ORE, ACCIRIERPEHIRNY “LIIX 7 “IEL% R TFHI
X7 Q{7 (TR T A AR 10 S8 4
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MR EE, BRI AERIET Bob dn sk fH4 & L M AR 52 A X 0 AN AR 20 SO0
LA AR PIPIIESSIN , Alice 3 £EIHIE N (4 RS SR AN T JE et Bob bR AE AR~ P
g, M- RECE TR T AT, 2 A0 I SR B 05 A (R4 5 3 R R & 45 4
Rk, f£—ESHEHEN, RGN IFMER 7KK, MRS y KRS EE XA
BAHE— P EE A N T . X JRIREHITEIERY], BT RSy m g 5T &, Wi
A it TR AS Th AR A i 1 A S R A R

5. &

RVALEET &7 EBUHE R = RE S AR SR IEAE b, KBl TO0 R M AL 2 Jid Ji 2= VRSB 1A KA,
RGH GNP IMOARL MR ——R 7 R W ——FE 7 B U P 30h 007 8 5 LS . 58 21 sChr
AU IS RE AR B b I g AR PR S A RN T RN, A th AT 7 22 DL R AU
M E RGN HHES . fERCIEA b, JRATESL ARG “IEIEF AL BIX qutrit RSB, FFLUR
TS HZ0 AT I S RAT .

BE—2D L, ATGINE TR PR EE 3 9 HAR 2 R S o 2 g2 Ah & AR R AL B
REfGIR R “ M E IR BT ARG IS . 1528 T 27 BIHUN B b s i 2 i M B e
FEETESFIE T, FAMSREENE TR R e B Rk

D,(:h) (pAB ) = H(pA )_H(pAB)

M8 G — MR T T 2R I AL R A . b S BE S5 RO RR 7R, S Ees e X 5
MYPEX ZHh, AFAE] 2 “ARM R TARIX , R ZE08 T (HIEIE N R N BRI i AR 1 X 5
ZERRY, BT RIS 6, TREEFE MR ARz T Rk, it
T GEZ AN BT IR AOHT B AR Y
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