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Abstract

For a class of planar smooth sixth-degree autonomous differential systems, this paper focuses on the
center-focus determination at singular points, a classical problem in the qualitative theory of differ-
ential equations. We first transform the system into polar coordinates and then perform a power se-
ries expansion. By successive integration, the Lyapunov constants are constructed recursively. The
entire derivation is carried out with the aid of the symbolic computation software Maple, enabling
rigorous symbolic computation and analysis. As a result, eight center conditions and eleven condi-
tions for a weak focus of order five are obtained, providing a feasible theoretical basis for analyzing
the local dynamical behavior of such high-degree systems.
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1. 518§

PR A A ) R ST T S D R e MR TR R ) 2 — . BLPE 19 205K, Henri Poincaré 5 Ale-
ksandr Lyapunov ik i 75 & sl 4RI il A, @S 1 HE RO S R EATE, JRIINT JERIR N
Poincaré-Lyapunov  $ i —Z A 2 & [1] [2]. 7F kLAt [, Nikolai Bautin -F- 1939 5E KRG 70 1 £ &=
GER R PRME, B T A — £ e A BRI 43 T T R BRS SE A [3]

[4]-[6]. 2810, X Tk 2 RS, AR ISR B ORI, LS BT R B R,
HRBT TSR . TR, FEE UFRENER GRS, F55 TH 7 0B 8 o AP ) L B 22
TH, ARl Lyapunov & $ g TH 55 4E [ 7] [8].

R, PR, EZ A RS, 3 Lyapunov H M B ARIKVRBONE %, R LR
e 95 R R K 2 EARERIA S A, BRI R . DRI, SR IBCELAT R S A A R R R G T

BT, AT —RAE (o BN DL 2 RS 2R GRS AR AR AL [
I, B —EMa i fier:, (645 mPr Lyapunov #E i R et SOV FTRE, M0 ToBi 58 £ sl 1) E e
FAIRHR BRI 73 2 i B T L3R A3 T Al AT 1%

2. FEHER

AW T CAR PTG HE 7S IR FR 48 B OB A 1n)
dx ) )
E:—y+a1-x +a, Xy+a,-y +a, X "

3—3:=x+b1-x2+b2-xy+b3-y2+b4-x6

Hrba,a,,a;,a,,b,b,b,b, e R, AR (0,0) fiE RGN E L, IEREARARSR AR Hrt- 5 A2 B, W LIS 3]
FES IS o0 2 AR AN AR R 251 o

LV, NRGORIHE K BreEaE, Kk >1 HOyBH. AMETHEE RS, B IEFV, Kn 82—
ANEEL Bin=2p+1, JLip>0, AN AIISEERBION p e WA THAT K p>1A4TV, =0, AR
(0,0) FUNRG(L)HI O o BUAEIRATH G R A B 7R A SC 3 1) £ 2R 45 2R

FER 1. ISR LU IR —, R RO R Q) G,
(cl) a4 =0, a,=0, a,=0, b,=0,
(c2) 8,=0, a,=0, a,=0, by=-h, bb,=0, 7a,-6b =0,
(c3) a4 =0, a,=-2b,, a,=0, b,=0,
(c4) =0, a,=0, a,=0, bb, =0, by,=0, b =0,
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(c5) 8, =0, a,=0, b=0, b,=0, b, =0,
(c6) a, =0, a,=2b, a,=0, a,=0, b, =0,
(c7) a,=0, b =0, b,=0, b, =0,
(c8) a,=0, a,=2b, a,=0, b,=-b, bh,=0.
SEFE 2. WIHGH R LUF A, MR SO RS 5 Mg fEn,
(f1) =0, a,=0, b, =0, azz—%(l4b1—20b3), a,#0, b,#0,

(f2) a,=0, a,=0, b,=-b, 791a}-86lalb +456a,b’ +105a,b> —356b° -105bb; =0, a,=#0, a,=#0,
b,b,#0, b, =0,

(f3) &, =0, a,=2b, a,=0, b,=0, 7b+50,=0, a,#0, b, =0,

(f4) a,=0, a,=0, b =0, b,=0, b,=0, a,#0, b, =0,

(f5) a,=0, a,=-2b;, b=0, b, =0, b3=—%b1, b,=0, a,=0, b =0,

(f6) a,=0, a;=0, b =0, b,=0, 28 =-b,, a,#0, a,#0, b, %0,
(f7) 2a1——b2, a=2b, bj=-b, a,=0, a, =0, b, %0,

(f8) b, = —az, b,=0, b, = ;az, a, - 33: a+a,=0, 12a2+507=0, a,#0, b, #0,
4

1 5(—a§a33 —gazas5 +9a3b4)
(f9) bl——az, b,=0, b3=—Ea2 , 3a+53,=0, a,= 522, , 8#=0, b, =0,
9802575a3a; +13070100a,a; +10169910aja; — 7872360a,a; —5443200a5a;
~41478720a%a8 + 20477625a]aZ + 27303500a5a; —88223175ah, +2309472a3a’h,

+3079296a,a’h, —184298625a§b4 — 2078524807 = 0

(f10) a,=0, b = az, bsz—%az, a,#0, a,#0, b,=0, 2a,=b,,

1 4a,a —612a,b, —516a2 —105b?
=—2, azz\/ 30, % 2, a,#0, a,#0, b, #0.

f11 a, =—=a,, b=
(D) b=22. b 272" " 2a,-b, 860

3. ¥ig

e 1 AEH 2 ifH, RAMFOXKMETRIAETSHZ RMRECCR. HEREENE, ZA
G xS BRI, A& — RN IR R AT Xy, x*y? 25), IXFhEER) b faifb o B2 A
| AAE T EERmWE. WNUT EE, RAEEy R ERIELEREESS, 550 7R
B IR . AT B TR Lyapunov # 3R N, SR “ 3B iR k7 SEMg 2R i 55 B2 i (0 5
BFEMA

YT IR =R Z ARG, A G5 £ U@ 0] A FRAMEMT Lyapunov # £ 56 4 %1, #Ho¢
R CBONEA[4]-[8]. AL Z TR, REA S LI /N IR RS/ E DL A Freifh, (5 TS xRS 0
PIAFAE, HAESERBHESEMIIEZER AL, Hnl P2 A RIR R G D B IR 5545 s (W L 9565 1) o
X R BRI R 8073880 J1 5 AT N B .

IeAk, AR¥E Nikolai Bautin #it, 5565 SHIMMEURE T RATESHINEN T o GE 7 7 H AR AN 4L
ARMS, R SESEE LI FR2 v P E AR . Rk, ASCEas AN T kA
VI 2%, WAZ RGN IR IR 7020 e i fit 1 BB AR
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4. ESBRITTE
PATHexs R 48 (1) AR AR bR AT #2 T,
4 Xx=rcosé,y=rsind

Eﬂ#%/%éfﬁ(l)%{wﬁ&ﬁéﬁﬁﬁiﬁg—;: R, (0)-1° + R, (0)-1°+--= 3R, (6)-1

Horp
R,(60)=(a,—a;—b,)cos’6+(a, +b, —b;)sin&cos* 6 +(a, +h,)cosd +b,sind
R,(6)=-2(a, +b, —b;)(a,—a,—h,)cos® 0 +(a, +a, —a, +b, —b, —b;)
x(a, -, —a;—b; b, +1;)sinOcos® 0 +[ (~4a, -3, +5b,)a, +(~3a, +4b, )b,
+(2a,-3b,)a, +hb, (3, — 2b, ) |cos* 9+25m6{ a3+[ai——ja3+b32
-3a a’l a b b
+[ 22 ) % 22b1 b (2 -b;) 5 )}cosse+[(2a2+b1—4b3)a3
+(a,—2b, )b, +ayb )00829+(63 +a5h, +b, ( ]smacos¢9+a3b
WTE
ar & i
= _SR(O)-r
ao &R @
r(0)=c
ffEr(0), H
F(0)=1,(60)-c+1,(0)-c+-= 35 (0)-c* ®)
k=1

WFAEREEF(0), A2 T =F(0)=][ f(p)dp, WA 1.
3H 1 éé%ﬁ?’l‘z(Z)EbH’Jﬁiﬁ?’jiﬁ(S) WYk =25, £ (6)ATLIFFUF:

6(0)=(R,) +Ry»

r(0)=(R,) +2R, R+ RR, +R,

r5<e>=(ﬁ;)“+s(ﬁz)zh}(hé)zﬁg+zh;-§”;@+§(h;)z+zﬁz-h:-R4+zh;R4+h:,-

0 B3I 1 WA R, (25 k <5) (RIS T
V, =0,
V. = (aiaz —2ab +a,a; +2a5b, —bb, _bzba)”
=
4
V,=0,
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V, = %-[5afa2 —10a%, —6a’b, +14a2a,a, + 2a2a,b, —12a’a,h, —3a’hb, + a,a’ —5a,a%b,
—2aa’h, +15a,a,a; +5a,a,a,b, —5a,a,bb, —aa,b? —5aa,b? —2a,a’b +18a’ab,
—4aabb, +abb? +10abb? +6bla, +ala, —4a’ah —a’ab, +6a,a; +3a,a’b,
—5a,a,b” —11a,a,bb, —a,ab? —6a,a,b? +12ah, —albb, —10ab’b, +abb? — 6a3b1b32]

5. XEXRERR
EH L AER 2 WP
HRIA A
v, = (aiaz —2a,b, +a,3; + 2,0, —byb, _bzbe,)7Z
4
_ [a,(a,—2b)+a,(a, +2b,)—b, (b, —by) |~
4

LA, X BN TR, AV, =0, R LU AR E N
(1) Ha =0,a,=0hb, =08, HV,=V,=V, =V, =V, =V, =V,, =0,

__57a, (14b, +7a, + 20b; )
T 64 '
78, (240123 + 3381ah, — 66024a,b; — 67324b3)
o 188160 ’
T (12574663269aZh; —51003108604b3a, — 64072161452b5 + 6848583588D, )
e 17709468672

4V, =0, ARV, FRA PR, B a, =0 5014b, +7a, +20b, =0 .
Fa, =01, FAFFLELE(CL).
#714b, +7a, + 20b, = 0 i, mu%?%azz—%(14q_20b3), RN SR, RV, 73,

2 3
V= 43;34 H_ 23580, 235800, 16831) o2 6 (bl _ 10h, j +(b1 _ 10h, ) }

343 2401 4802 98 7 7
_ 855419277bja, | 1601804036303 +(3643079186b1 _ 36430791860b,
n 30118144 12574663269 1796380467 12574663269
2
, 11647251 b, + bl_10b2
85541927 7

2 3
AV, 0, 45 (_ 23580, 235800, 16831) 3 6% (bl _10b2j +(b1 _10sz 0. E

343 | 2401 4802 98 7 7
0, 1. .. 10 891, .. 10, 751

0 i Zpakh =iop, + 2 h b = —ob, — 2, .

bl 7 2 2 3 bl 7 2 98 3 bl 7 2 98 3
2
o 1 sssa1627a s - e (T O |

i =—b,+=b, i, HV, =— , 125
LD ==, + o0 I ATV, 30118144 G

B £ A (FL) -
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- 1 1
Wﬁ/@bl=70b2+%b3ﬂﬂ“, 1

246034565501077h? +(10929237558b2 N 11647251jb }
3

85541927 7a,b3
y % 3{ 2464634000724 4191554423 85541927 B AT
= — y I~ PR R R o
1 30118144 i -

iﬁEQ=§b2—%bs i, A

2
s Hs (s, o)
V. = — B — PR SRR (L)
3 20118144 S 2+ —M AT (FL)
2 i—’laizolagzont%:_blaﬂ" ﬁvz =V, =V, =V; =V =V, :V10:O’

_ 5z(7a,3, —6a,b, +hbyb, )

\, =
! 64
T (79143 —861aZl, +456a,b; +105b}a, —356b; ~105b,0; )
o 1920 ’
y na, (416a§ —3076a;b, +3632ab’ — 3452ab, + 2416a,b’ —1376b] + 66825b4)
e 172800
b,b
AV, =0, KBV, A a, (72, ~60,) +b, =0 Mg, =——— -
a- 6b1
. b,b,
#a,=-——2%— [H7a,-6b =0,
‘" 7a,-6b 2 =6y
V, = &(791@ —861azb, +456a,b] +105a,b; —356b7 —105bb; ) ,

® " 1920(7a, -6b)

7h,b, (41685 —3076a5h, +3632a0h; —3452a,;’ + 2416a,b;’ ~1376b; + 66825, )
He 1209600a, —10346800b,

AV, =0, RHEHKAGDb,=0. b, =071791a} ~861a’b, +456a,b’ +105a,b? —356b° ~105bb? =0 .
Wi/ b, =08# b, =0 W, F3EH0HKM(C2).
i /& 79128 —861a’b, +456a,b? +105a,b? —356b7 ~105bb? =0 i, @ It i 5, A LA F| b = %az . A

37h,b, (557759a; —1425600b, ) ‘
= s ARB IR SRR (F2).

. 1081427200a2
(3) %4 a =0,a,=-2b,b, =0, V,=V,=V, =V, =V, =V, =V,, =0,
o 5a,7(3b, +7b,)
7 32 —
Tha,(45a; +32807 )
. 576 ’
T (7777347207 + 360855, )
ne 933120
LV, =0, WV, RAGHFHELL, [¥a, =082(3a,+7b=0.
P a, =00, HEIFLE&MHEC3).
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Tha, (45a; +32807 )
- 576 ’
T (7777347207 + 360855, )
ne 933120
2V, =0, R4V, KA b =0 H45a7 +32807 =0,
WD, =00, Vy, =— TR g  4(04).

T2 4527 +32807 =0 H.b = O BF, AL, B3]+ —BrfE ik (f5).
(4) *4a,=0,a,=-2b,b,=—b i, V,=V,=V,=V,=0
® 24
y 57 (4bb,a; + 2a3b’b, ~8a,b, —b,b, )
T 64
y by (4680agh, +2900a;b’h, + 280alby, + 450a3a, — 426a,a,b, +3400a,b] +105a,b3 )
9 =
1920

T

v, =— 12980736h,b,a% +16496016a’h’h, + 6755848h°a’h
=~ T1eea04 b asbr, byash,

+876512b/a’h, +142911a%a,b, +118336a,b7 —459756a,b, )

4V, =0, KBV, KA IIFER, Wa, -0, b=0. bl:OEia3=%bzo

57 (8a,b, +b,b,)
v, = )
64
b, (680a,bf +21a,b7 )
o 384 ’
_ 4 5
T (29584a,b7 ~114939a,b, )
AV, =0, 3RV, KA 8ab +bb, =0,
. b,b,
a =—— H‘ ’
*ra, 8, i
7h,b, (680D +21b7 )
o 3072

y 437h,b, (68807 — 2673b, )
ne 377728b1

Fia, =0 Hb #0, V,=V, =058 .L5%MF(Ccd).
—i:/I bZ :0 Hj‘y

DOI: 10.12677/aam.2026.155207 50 N H it e


https://doi.org/10.12677/aam.2026.155207

A 4%

V, = Sra,b, ’
8
by (450ala, +3400a,b7 )
. 1920 ’
_ 4 4 5
Vi =~ 753564 (142911a7a,b, +118336a,b7 —459756a,b, )

AV, =0, BiEV, HXfHa,=0Fb=0.
#a, =0, V,=V,=0, HHHLEMEEC3).

V,=0,
_ 459756a,b, 7
. 1188864
WA B — B B R AR (F3)
i—/l bl =0 Hif!
_ 57b,b,
! 64
Vg = 0 ’
_997a,b,
Y 256
ﬁé‘f\% =0, )E'sz :Oﬁcbélzo o
% b2 = 0 Hﬂ"
Vg = O ’
997a,b
Vi, = ——,
256

WA B+ — P £ SRR (3)
b, =00, AV, =V, =0, HEFLEMLEC5)-

N2, 1
él a3 = gbz N ’
y 57 (50b7b + 4bb} —5000a,b, — 625b,b, )
T 625 ’
b, (35000bl4b23 +14500b7b; +936b] +10625000a,b; +118125a4b§)
. 6000000 '
Vv, = —*(1369550000%17@3 +422240500007b; + 412400400b7b]
464400000000
+12980736h,b; +46225000000a,b; +89319375a,bb; —179592187500a,b, )
313 5
4V, 20, #a,- 50070 + 4bb; —625b,b, Hb 20, .

5000,

_6877bb] 161097505 7(8780000b7 ~118125b, )b; 42572, b,
" 4000000 960000 48000000 192 '
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V,, =- 70, (10993380000000b7b; + 3380882400000 b; + 3306348750b;' b
3715200000000000

+104417532b7b5 — 4622500000000, b, —1436737500007 b, b, —1238709375b, b, b,
+1795921875000; )

P4V, =0, WETEExE, RitHb=0Hb,=08(b,=0.
Wb =0Hb, =0, V,=0, HRH.L%MHECL.
Wb, =00, V, =0, HRHFL0%MECL.
(5) i_/laz:2b11‘3‘320’b2:OHHL’ V2:V3:V4:V6:O’
a a7y + 207 +307b, —b3)

o 4
57 (ab, +14a,b, +10a,b;)
V7 = — ’
32
a,7(777afb, —23646h; —38967hb, —19740b,b7 — 2699b; )
9= ’
960

Vy, = _""4—”(1524336388825320bl5 +3095079570704784b;'b,
8266473411840

+2151710408624280b7h? + 50883589736056b2h° + 3196800264735, )

LV, =0, WRyEV, HAAPIFEL, Ma =08ib=0Hb,=0.
2 a, =0 K,
_ 574, (7b, +5b,)
16
L (23646b7 +38967b7h, +19740b,b +2699b3 )
- 960

V, =

’

’

V,, = —”—a“-[152433638882532%15 +3095079570704784b;'b,
8266473411840

+2151710408624280bh; +50883589736056b b; +3196800264735h, |

HAV, =0, H#V, H:% a, =0 M 7b+5b,=0.
%j a4 =0 Eﬂ‘, ?%?qu‘[:x‘%/ﬁ:(ce)o
¥ T, +5b, = O, prlz_g .,
_1681ra,b;
° 11760

10449311793755125 5 22715888275025, , 64039000256675 ,, ,
V), =-7a, b; - b; + b;b;
165398355515232 10126429929504 482210949024

+50883589736056b705 + %mj

4V, =0, {4V, EsA b, =0, /b, =0, vn:—%, TP S TH(E).

%p =0 H b, =0,
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_ Srah,
! 32
Vg = 0 ’
_997a,b,
u 256

MEAV, =0, 2b, =0, 33L& MCT).
(6) *a,=2b,a,=0,b,=—b I, V,=V,=V,=V, =0,
v, _ (33 -b,)(23 +b,)b,
5 - ’
24
57 (4a;? + 2a/bh, — 2b,a, —8a,b, —b,b, )
- 64
7 (23, +b, ) (1230a;b —9120a/h +1554b,a; —1038a,b,b, -+ 3440b7b, +105b3b, )

Vg = ’
15360

’

\Z

V, =- 95170[912 (1353492a/ b + 676746afb’h, — 24648947’ ~12324484,'bb, +14497536a7 0]

+7248768a’h/h, — 676746a’h, — 338373a;'h,b, — 236672a,b/h, —118336h'h,b, — 3678048a,b,)
b2

4V, =0, HUEV, HAH AR, a0, 8=, 2a=-bb=0.

_ 57(8aj+byb,)

T 64 ’

7h,b, (68807 + 2107 )
° T 3072
_ 437bb,b,
VT
V,=0, #hb,=0, WHab=0, Bla=08h=0.
0

7h,b, (688D +21b3 )
- 3072
_ 437b’b,b,
U7 3456
AV, =0, Bib,=08kh, =0, 7F5|d1.025%1F(c8)-
£ib, =0H,

__7b§b47z
°7 1024
V11:07
M4Vy=0, Blb,=08kb, =0, BHV,=0, BHIFLHKMHFCT).
M2z b
élalzgzﬁj‘y
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57 (108’7 —5ab, -8a,b, )
T 64 ’
5ra, (~246a,; +1824aby +123ah, —688bD, )

9= ’

3072

73, (~3383730afh; +3943833a;’ +1691865a;h, — 36243840ah] +591680h;h, +3675048h, )
9510912

V11 =

4V, =0, Ma =0 Hap -0ma =0 Hb, -2a’%° Sa;bl

#ia =0Hab =0H,

Ha, =00, AV,=V, =0, 32.L2%M(c8).
b =00, AV,=V, =0, H{IHLEKMHCT).
- _ a2y B

#ra, #0 Hb,=2a; Sa, I,

57a 5504b]
V, = 448 -984ab +—~ ||,
. 3072{ A ( 2 & H

5
7, | 3943833a;'b® —35060480a’h + 7356096220’ + a, (—2706984afb1 _ AT33440b; +29424384h, ﬂ
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