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Abstract

Idempotent matrices satisfying A’ = A are the core research objects in the interdisciplinary fields
oflinear algebra, module theory and ring theory. Their algebraic structure, transformation properties
and invariant characteristics have always been important directions in the basic research of algebra.
In the categories of real number field, complex number field and general number fields, the theoreti-
cal system of idempotent matrices has been improved: all idempotent matrices can be diagonalized,
their similar canonical forms are uniquely determined by the matrix rank, and they form a one-to-one
correspondence with linear space projection operators. When the research scope is extended from
classical number fields to general commutative rings with identity, many conclusions naturally estab-
lished in the field are no longer universal. The existence of matrix diagonalization, the reasonable
definition of rank, and the invariance under similarity transformation are deeply bound to the inter-
nal structure of the base ring (such as idempotent element distribution, ideal structure, and module
freeness). Based on the core research framework of commutative rings with identity, combined with
the basic knowledge of module theory, ideal theory and ring classification in abstract algebra, this
paper carries out expanded research on idempotent matrices systematically. Firstly, it combs the
pre-theories such as commutative rings, matrices over rings, idempotent elements, modules and
direct sum decomposition to consolidate the logical foundation of the full text. Secondly, it deduces
the basic operation properties, orthogonal construction rules and polynomial characteristics of
idempotent matrices in commutative rings, and analyzes the internal correlation between idempo-
tent matrices, complementary idempotent matrices and orthogonal idempotent matrix families. Re-
lying on the direct sum decomposition theorem of free modules, it explains the projection essence of
idempotent matrices, and proves the finitely generated projective module properties of image mod-
ules and kernel modules. It further focuses on the core problem of diagonalization, gives the necessary
and sufficient conditions for diagonalization of idempotent matrices over commutative rings, and
demonstrates the feasibility of diagonalization under different base environments combined with
typical rings such as principal ideal domains, local rings, polynomial rings and integer rings. It strictly
proves the invariance of rank under similarity transformation, and clarifies the corresponding re-
lationship between rank, trace and similar classification of idempotent matrices. At the same time,
combined with application scenarios such as algebraic coding, operator theory, group representa-
tion theory and numerical calculation, it embodies the practical value of idempotent matrices. Fi-
nally, it summarizes the core conclusions and prospects the future research directions.
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