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Abstract

In this paper, we investigate the second-order dual-phase-lag heat conduction equation, which is
mathematically complex due to the presence of a third-order time derivative term. Two auxiliary
variables are first introduced to reduce the original high-order equation to a first-order coupled
system. Subsequently, the finite element method combined with the Crank-Nicolson scheme is em-
ployed for discretization, leading to the construction of a fully discrete finite element scheme for
the second-order dual-phase-lag model. By constructing a discrete energy functional, we prove the
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stability of the fully discrete scheme. Furthermore, the combined effect of the truncation error and
the projection error is analyzed, and it is proved that the convergence order of the fully discrete

schemeinthe L°-normis O (hk+l +At? ) . Finally, numerical experiments on the second-order dual-

phase-lag equation in a two-dimensional domain are carried out in this paper to verify the effective-
ness and convergence of the finite element scheme constructed in this paper. This study provides a
finite element numerical solution method for the dual-phase-lag equation and strengthens the the-
oretical research on the stability and convergence of the finite element scheme for such equations.
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Figure 1. Time convergence order and spatial convergence order. (a) Time convergence order; (b) Spatial convergence under
fixed time step
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Table 2. Fixing 7=10", the error and convergence order of L*(T) and L*(T)
F2 EEr=10°, LU(T)HML(T)HRESWHM

N h L (T)w%E WS L*(T) % & (i
8 0.1250 4.8701e-04 - 8.8382e-04 -
16 0.0625 1.2506e-04 1.96 2.2655¢-04 1.96
32 0.0312 3.1474e-05 1.99 5.6712e-05 2.00
64 0.0156 7.8787e-06 2.00 1.4182e-05 2.00

Table 3. Fixing 7=10", the error and convergence order of L*(p) and L%(q)
F3. EEr=10", L*(p)#L*(q)HIRESWHH

N h L(p) % e Uiy L*(q) ix % e Uiy
8 0.1250 1.2135e-03 - 1.05515e-03 -
16 0.0625 3.1244e-04 1.96 2.7251e-04 1.95
32 0.0312 7.8684e-05 1.99 6.8692e-05 1.99
64 0.0156 1.9705e-05 2.00 1.7211e-05 2.00
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Figure 2. Comparison between numerical solution and exact solution
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Figure 3. Comparison of two-dimensional numerical solution error and temperature field. (a) Distribution of the absolute value
of the difference between the numerical solution and the exact solution; (b) Temperature field contour comparison chart
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Figure 4. Comparison of spatial convergence order results for (Tq,z'T):(l,l) and (rq,rT)z(l,O.S). ) (z'q,rT):(l,l)
spatial convergence order; (b) (rq,rT):(l,O.S) spatial convergence order
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