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Abstract

This paper investigates an efficient algorithm for a tensor denoising model based on I, regularization
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and the two-layer Tucker rank. Under some certain parameter conditions, the model can accurately
characterize the low-rank structure of tensors via modal singular value decomposition. This work fo-
cuses on algorithm design and numerical experimental validation, constructing a algorithm using the
Alternating Direction Method of Multipliers (ADMM). Numerical experiments on random tensors,
noisy color images, and structurally missing color image completion tasks demonstrate that the pro-
posed method achieves higher completion accuracy, clearer visual recovery results compared with
other methods, verifying the effectiveness and practicality of the model in tensor completion tasks.
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1. 51§

BE BRI AR D) R, ANATTEA P A2 % R B s 4 bRl i . S iRl i 4. il
FaEG RN A=k E, BEMMN R4k E, X2 4R R R RS S A RIE. 7EA
) B 5 R IR S AT, TR AR 8 SR OR B 22 AERICHE 1 2 ) A5 A0 A5 S (1] [2], K vHE 200 1 AN ] 4 2 2 [ )
WIERHR, RULTEEUE KR [3] [4]. Wlas52I[5] (55 4FE[6]. THRENAL[7]5EA R T 2 S
R o FESEBRBI A, KRB B 5k E R A AT B WA . DR, T ok EAE R AR 04K
Jik, UHARKEZBHER, BAEZENEWTNE S SRR 5 TRE LR [8]1E ATk Bk & Ak
PIRZ DR —, HAZO B MFETT R SR UK S, R e B IR RR TR B 24 . HOAR V)
e A AT R U R R AR M i)

m)jn rank (X)
st. Py (X)=PRy(T),

o, T,xeR"WW2 I & N k&, 4 5578 5 2 8 0 0l gk & R AE K 2 s Bk |
Q={(iy,ip,+iy ) |i; € {12, N} NORITRMRINES, P, () RAEHTHES Q RMIEZBET, X
TR B B e 3R A, IR oM sh B O Rl s — 25

SRR E XA, kERKZIETXERNER, HArkEKRTUHZMELER, W@
CANDECOMP/PARAFAC (CP)#k[9], Tucker £k[10], 7k f&E#E(Tensor Train, f&#K TT)FL[11], FKE(Tensor
Ring, PR TR)FK[12]55455 . Horr, Tucker FRAEAE 5 B & SAE 2 MR R ARG B, RO Tk B £ R AT 55
TR R IRREE R DT . AR, R IRk B R AR . AL IR, HORARE T NP-HER]
B, TEEEASBCRE. B, TESRPRAN S, 8 R ARG B E Rk ek Bt A s, R S ] R A
W R AR AR AR AR A [2] [13]-[16]:

)

m}@n ZiN:lai HX(i)”*

@
st. Py (X)=P,(7),

o, 20 Y o =1, &) e RV Fomak ¥ mi I, X, | 2 X, 0B B e 0.2 ).
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B (2) BN ATk T LR AR T W AT I 50, (BATI AR AE — S8 R PR AR YEHO0T T 3 e (B ) S 741
Toid: X 3 AN B SR RRES R (R DTk, o) 3 300 B SRk ek B s st S ARBRZ5 A R Aty o, 6T P41
PRIAGE s FLUZ A Y 5 0 5 B (1 4 SRS SR TR BT 35 B 2, THORE R 2% RE B K B 4 P2 S R4
(R T R, e DA 3 T R e A i B A P AL P G 5K

SCHR[L71EE % & Mgk B K S 1) A (T B & ik 2 T AT 5%), 3R T AR K & &8 E s o i
(NTRPCA)EAL, Hog®gAunT.

min O, (L)+ 1D, (€)

(3)
st. X =L+€,

HA BRI TUE XN @, (£)= " 1 (04 (£,)) > F A5 n 1 OB K S I HE M B s, B

[w Gl ) MRS 0, (€)= X2 T ()
Xf, iR R, R EBRIEMN T RS, H o, 5 o, PR A FIEA K f (). 25508
R — AU IR AR S, AR T AL G IR B A T R, (RN ORI B AR ST
o EHEBRRRT e B S B aKE R E, 5 SCHTIT FT A S I8 7 B 25 M a8 LR BK
SCHAR ML AR BB Z AR RS B R M 5T | Y% (0 < p < 1) FEAR SR E M SE 38 h R A
B, ASCAEESTIRIL 710 AR M IR WAL HE S SRS PR SRNE , K 1 AR IR SINGREB L MRAE ST, T
IEJU 5 302 Tucker #&HORRR 7K B 25 WA Y .
ngyign O, (L)+ 1D, ()

} g n=argmin,_, {

n=argmax,..y {

(4)
st B (X)=T,(L+E),

AR LU S E Al ™ G ST R B (PR f (1) =tP), BRAbK T RS L Rt SGdE AR s i
FEORE b 2 1 5K AR EE M, A RURAN T AL G A st B TR (1 RG P B

ASCHARIHLT: 7258 2 ATk R R T& AR, 7258 3 it E T B M
1% (Alternating Direction Method of Multipliers, #K ADMM)RfF(4) LAt inl @i s vk; 1258 4 31,
A HBUE I EE R, KRR LA R 5 5 R AU T R A .
2. TR

A, RFREHLE, RN ZEAFESE, RN x|, SSHEMESE. NGEREx . ik
INEFRE X KEFEE X AR RE X SRR R R R FERE S TR RS, id [n]={12,---,n},
[-] A LR R

R R TEHUE SOR|| X, =2 00 (X) - BEX e RPN Sy N ik, JERICN X,
RN k BURTFHIFE N X, = unfold, () e R* 1Y, g Sy sk B 4l fold, (X, )= X - R Ik X
5YHABA (XY= Doy Viigroiy Wiy o TKEE MY Tucker BE Jy 7% H5 & FF A FF Bk A4 B2 (1) 1A

» I<i <1 .

.
rank (X)=(rank(X(l)),rank(/’\,’(z)),---,rank(X(N))) - 9K A Frobenius i £ (fal fx F 5 %) € XN

l¢]. = Jz K|+ BRIk SN, W [, =X, | - %@ Atabige, Qi 0
BT Py () U

(), = e

(ip,1y,++iy ) e Q.
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ESC ORRIA T

SIFE 1 (FF A AR(SVD) [18]) ¥ X e R "2 B —ANFA r MR, FAEMMEU e RV HIV e R'2
BAX=Uz VT, Hify = dielg({o"i }lgigr)%*/l\ﬁ%?%%ﬁﬁ? 0,20,>2->0,>0, UV BHlEEATRIE
B, A A SR

SIHE 2 (AP BRME S T19]) W FRAr MAEREY e RY , FEER REMRY =UZ VT, MY 1557
EHEEHE TN

D, (Y)=UD, (£)V,D, () = diag(max{c; —7,0}),
Hir>0, XMFHEMEX R, F

. 1
D, (Y)=argmin 7||X]. +§”X ~YIL.

3. ®H

EA TR, RN ADMM AR i B(A). e BRI, 4B CRR1TI A, 2R
ST i — VP e B s 1 ) JEE % ADMM JE AU B (R R RS . B ME Yy, Sk Bt
Xfﬁﬁmﬁz&ia@@ﬂmﬁﬁ@m&, IR G HEIE 1 PONR JS IR S A I PR, it
A IR M N R SR £ (T B (DU T s n” 52, B, ACRKE T
UH D, (L H ot £ R LR EARIFIERE. A TR RACRIBE), 5Bk

W, /W= £+€ )'1]4‘%5:(4)74111?:
min @, (L)+ A0, (£)
L,E

W=L+E ©)

* {Pm):a(»«)'

T NEMFERLRW = L+E XN R H e+, TingsH 1 G)RI3E T Rtk B H R Z A giaL .
L(L,E,W,T,7)=®,(L)+ D, (€) +<T,/L+5—W)+%||£+E—W||F, ©)
st. By (W) =P, (X),

Hrf, n>02—MENISH. L8 HTTIEADMM)IEM T

Sk“:argmgin{ﬁ(&ﬁk,wk,Tk,nk)},

L =arg mgn{c(gk*l,ﬁ,wk,Tk,nk)},

WL = arg mmi/n{ﬁ(é"‘“,ﬁk*l,w,’fk,nk)}, (7

T =T ¥ (£k+l+5k+1—Wk+l),

Nt = pn',

Hep>1, k FrisRRE.
NE A TR, B e IR
8"*1=argm£in{£(8,£k,WK,Tk,nk)}

=argmgin/ICD2(8)+<Tk,5>+%”£k+€—Wk||i 8

K 2
=argmgin/ICDZ(é‘)+—HLZk +&- W"+T— ,
77

E
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it
i

ORI

I AT B 1) ) AR A T

k
(%) =prox, (Wk—ﬁk—T—kj , Vip e[l ], ne[N].
hizIn ”Tf n hip-iy

TR AR I L 6 B2 )18, R Ga Ak i) @y
[ arg mﬁin{ﬁ(fkﬂ,ﬁ,wk ,Tk ”7k )}

:argmgn®1(£)+<7k,£>+%"£+Ekﬂ_Wk||2F 9)

=argmin &, (L)+—=

F A IR AR I 1 14 R Hi e XA
@, ('C) = ZI: f (O'i (E(n)))’

ﬁ%gwﬁﬁ%%£0m$®mm=%ﬂ IR 5B L S %, R0 e T

FEARAL I L. SR BRI -
T n MBS HRRITHERE, o R A Al B n A R ITHERE I AZ S B R R B R /N 7E
i

%

G* = WK _ gkt _T_k

o
W £ 5 e FUR] i AL A

k
. : n 2
£ = arg min ®1(£)+7"£_Gk||p ;
P il B A R RTTFERE T R, 2 G =G L= L4, » W RIEIFRREAR AL i R
k
L' =argminy” f (o, (L))+’7?||L—G||zF ,

X G AT AE R G =USV ', Hort S =diag(s,,S,, -+, s, ) SR SREA IR M HERE o KRR A BEAR AR AL I
PR, A L BE MR E R RS, B =uDV", Hrh D AR MR, BUdE o & S
PNt FAERE D™, RIATA S5 A
L'=UuDVT,
BOR K U Es n M S sk ek, SEMERGK BRI E 4
£ =fold, (L).

BF SRR W LT LR, AR R, AR B (W) =B (X) MIIRG), W H7E QAT

FEr e 2R AR I A
W = arg myi;n {£(5k+1’£k+1lwl7—k ’nk )}

=argmin —<Tk,1/\/>+%|£‘<”+£'”1—W||2F (10)

k
=argmin —<Tk +77‘S4,VV>+%"W"zF ,
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Joln, A= £ 4 £ AR A HNE, 1
~(T*+n*A)+n*W =0,
g

k
W =T—k+£k+1+5k+1.
n

NS BRI (4) K BB, A 1R T RS L) IR R 3K & 25 5 (Single-modal L,
Regularized Tensor Denoising, fijic. SM-Lp-RTD))Frr .

FEEL SRAR I (4) SM-Lp-RTD 5.3
Require: MMIFKEX, Q, A >0, p = 1.1, IELRESHp, BRKIERIRE knax, WEE{Ee > 0
Ensure: XK EL, FigiikEE, EKEW
1 BASIEFRTUCEE: BT — U e RS, SRR . ST € [N], IHEX R
FRIEALe ™
2: Mmax = arg1I§I}?5XN{HX(”)||*}’ Nmin = arglgliélN{HX(n)H*}

8 Mindex = arg max {PSNR(X, X))}

4: if Nipgex = Nmax then

5:  function = max

6: else if Niydex = Nmin then

7. function = min

8: else

9:  [N] = [N]\ {nindex}

10: end if

11: MlEt: £0=X, £9°=0, WO =X, T°=0, n°=1.0, k=0
12: while k < kpax H|[WF — LF — EF||p > e do

13: EFl = arg mgin AP, (E) + %Hé’ - (Wk -k + T,—:)H%
1 BTN € [N], HELCE, (Ch,) T HASE /MR

15:  LF = argmgn (L) + %HE — (Wk — gk+1 4 Z;—:)H%
16 WEHL = Po(X) + Po(LH+L 4 £+ 4 I

17 TR = Tk k(W — gkl _ ghet)

18t =p.gf

19 k=k+1
20: end while

21: return Lkt gkl Yyktl

i 1 WSStk 3 A 2 MR A AR T KB B b T Ao 0 (KA SAPE S A2, N [17], ASTANFE TR
I AR -

4, BESELS
CEARTTR, TRATE T BEALKCE A ELSCIRUG , K45 51 5 [14] [20] [21]F BB 533 APGMINnew.

APGMMIN. ADMTR #HATHL#E . s SEE6 #5278 Windows 11 Az 4778 2% s i ) MATLAB R2024b
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=,

FHATHO. S, sr=m/[]Y, 1, FoRRRER, Hob m R MRS 5K R 7R N

4.1. BEAHKE MR

AN B I BENLAE R 5K 2R L DA A AR RS ) 25 R . B ML TK =02 FHZ K B Tucker 23 il A= Y
T =Gx U x, U, xg-x Uy, Hp GeRT2™ N 25k &, U eR"™ n=12-- N 2HFHK. H
RSE = I - "T" "F FKoRIRZAT, H T F & 7358 R ik 2 i i AL A

BUH I, REER AR E Nsr=05,0.6, W% 1. £ 2 fin. BEYIGSEBE W T: &5
Z¥n=10", p=11, ENHLSE 1=0.006, EARKILEMEAMBHEZENT tol =107°, R AREARIE
Maxiter =1000, AE/HESISH p=0.6.

Table 1. Comparison of four algorithms for random tensor denoising at sr = 0.5
& 1.sr=050, MFRENSKEEFEENLLER

KN F(r) Hik B EL CPU Ial(s) RSE
(100 x 100 x 100) (5,5,5) SM-Lp-RTD 123 10.1477 1.186246e—08
APGMINnew 40 3.1788 7.343193e-04
APGMMIN 63 3.9504 5.170920e—05
ADMTR 992 53.0962 9.038747e—05
(150 x 150 x 150) (5,5,5) SM-Lp-RTD 99 23.8741 1.797028e—08
APGMINnew 36 9.0368 1.656126e—05
APGMMIN 66 13.6945 1.715185¢—05
ADMTR 1000 345.2978 2.704654e—01
(150 x 150 x 150) (2,3,4) SM-Lp-RTD 96 23.1180 6.684840e—08
APGMINnew 40 9.0939 5.699469e—04
APGMMIN 62 11.1940 1.173635e—04
ADMTR 347 117.9415 4.140416e—04
(200 x 200 x 200) (2,2,2) SM-Lp-RTD 102 56.6897 1.180983e—07
APGMINnew 38 24,5163 7.764181e—04
APGMMIN 61 31.5972 2.462394e—04
ADMTR 182 149.8084 1.164558e—03

Table 2. Comparison of four models for random tensor denoising at sr = 0.6

F2.5r=06 K, MHMREHKEEFTEXNLLE

KA () Hik ERIREL CPU I} [E](s) RSE

(100 x 100 x 100) (5,5,5) SM-Lp-RTD 113 11.8406 7.768340e—09
APGMINnew 64 3.3737 2.683157e—05

APGMMIN 35 2.3223 5.483893e—05

ADMTR 914 107.9114 8.571236e—05

(150 x 150 x 150) (5,5,5) SM-Lp-RTD 116 30.7980 1.908666e—08
APGMINnew 36 8.1634 5.418197e—05

APGMMIN 65 12.1937 2.326340e—05

ADMTR 1000 332.4518 9.726167e—02
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=

(150 x 150 x 150) (2,3,4) SM-Lp-RTD 188 17.2051 1.737645e-06
APGMINnew 36 11.7023 1.394742¢—04

APGMMIN 62 16.6478 6.614419e—05

ADMTR 310 132.5614 4.035104e—04

(200 x 200 x 200) (2,2,2) SM-Lp-RTD 95 74.4045 4.597502e—-07
APGMINnew 36 27.9462 2.780153e—04

APGMMIN 60 40.0388 2.312931e—04

ADMTR 139 139.4088 1.366643e—03

MR R AT UUE H, TEAHFERFER N IRE R 4EZ K g, ASCH A SM-Lp-RTD Sk B Il H B3
. E=FRAERT, BIRENEAENARE L APGMINnew. APGMMIN £, (HigZ b HAth 51
BN, BT SRR RS A T vk, R SIE LY, HLAEIEAR IR BRI (] |, SM-Lp-RTD ¥
LT ADMTR &%, Ui IR ERE PRI I S 2 e L
42. RaEEgiRE

AN AEHON 512 x 512 x 3 R (B4 “Sailboat” L SM-Lp-RTD 55 APGMINnew. APGM-
MIN. ADMTR [{RE R . R IR “Sailboat” [FIEEBCRIE 1, 745 3 (/5 LE(PSNR) [20],
ZERIA A FEHU(SSIM) [20]A IS 5 R .

APGMIN

PV S | 1 =Y. A

R sr=0.4 SM-Lp-RTD APGMINnew APGMIN ADMTR
Figure 1. The restoration effect of the color “Sailboat” image

1. ¥ “Sailboat” ERRIIRE R

Table 3. Comparison of four models for color “Sailboat” image at different sampling rates
3. MIMERNT R ERES “Sailboat” EARFERERTRIELE

O PR PSNR SSIM
SM-Lp-RTD sr=0.2 22.28828 0.80985
APGMINnew 12.27071 0.34563
APGMMIN 11.56595 0.31169

ADMTR 21.96226 0.79703
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SM-Lp-RTD sr=0.3 24.32108 0.86364
APGMINnew 17.28883 0.57255
APGMMIN 16.57127 0.54053

ADMTR 24.09423 0.86716
SM-Lp-RTD sr=04 25.83608 0.90031
APGMINnew 22.17148 0.79254
APGMMIN 21.40521 0.75390

ADMTR 25.92258 0.91062

M 3 5E 1 FEEESS KT, EAFRERT, AR SM-Lp-RTD 5L e AF H m
] PSNR 5 SSIM {H, k& EUGLETE WSS 45 kAt L35 8 248 T APGMINnew. APGMMIN i Ff &
%, 5 ADMTR Sk MEREEE BB fabr Bl -
43, EHMBRETHREERSREE

A/NTIE FH 4% 512 x 512 x 3 K% “Baboon” Eb#: SM-Lp-RTD 5 APGMINnew. APGM-
MIN. ADMTR Mk R 2R . MR, EEEE “Baboon” FMEEZIRILE 2.

KI57% SM-Lp-RTD APGMINnew APGMIN

Figure 2. The restoration effect of the color “Baboon” image
2. ¥ “Baboon” EGHIREHMR

Table 4. Comparison of restoration effect of four models for color “Baboon” image with different masks
4 NIRRT E EER “Baboon” FEARIE mask TR EMIRAVELER

RS mask PSNR SSIM
SM-Lp-RTD E 28.23477 0.96687
APGMINnew 26.93936 0.96428
APGMMIN 24.89365 0.95723

ADMTR 28.21342 0.96923
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SM-Lp-RTD L 38.15688 0.99560
APGMINnew 37.04410 0.99427
APGMMIN 36.47042 0.99397
ADMTR 37.66521 0.99521
SM-Lp-RTD KIiE 27.93415 0.96536
APGMINnew 25.16542 0.95874
APGMMIN 23.79572 0.95455
ADMTR 27.69709 0.96716

EXF R PE B N R RS IE B AL, Bk 4 BANIRE SR LA 1, AR SM-Lp-
RTD ByEfEER. T KA LMER M THRIFEE, PSNR 5 SSIM #ehri ik mil, E N
R BT APGMINnew 5 APGMMIN, 5 ADMTR A4 =L,

5. &hig

AL AN IENAL S RS PR NE, ME T T IEN S XUZ Tucker BRAGICRRTK B 25 e ey,
JEHET ADMM BEih T 5% . BT AL g 5IN 1) 3T B8, BB NS SN A T 5K B 1) B SRR
5N, RFRARGURRTEE S AT RS R I RS L R, A R T A A A AR O T B ],
I T A EE R TR E ST E .

BENL KR g s i gk R I, TEARFERAER 5AF =M BELsK E50R ~, AP SM-Lp-RTD 5
%5 ADMTR &%, APGMINnew. APGMMIN SiEAHLL, fERERE STHEAEIG T REFFHSR. &
SLEBIRE IR 5 R, fE “Sailboat” BRI FIRAER LMATESS, DL “Baboon” K2 Fhgkit
PEGRE TR, SM-Lp-RTD SHiL341E3843 5 &1 PSNR 5 SSIM 545
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