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Abstract

Chemical graph theory is an active interdisciplinary field bridging chemistry and graph theory. Topo-
logical indices are graph invariants that do not change with vertex labeling; they convert complex mo-
lecular structures into computable numerical values and serve as core tools for establishing quanti-
tative structure-property relationships in chemical graph theory. The Hosoya index studied in this
paper is a highly valuable type of topological index in chemical graph theory. Proposed by Japanese
chemist Hosoya in 1971, it is defined as the total number of matchings in a graph G. Its numerical
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variation is closely related to physicochemical properties of alkanes, such as boiling point and mo-
lecular stability. This paper investigates the expectation of the Hosoya index for random regular de-
cagonal chains. In such a chain, two adjacent decagons are connected by a cut edge in a random man-
ner. By employing probabilistic graph methods, the random structure is transformed into a quanti-
fiable mathematical structure. A recurrence relation is then established, and the expected expres-
sion of the Hosoya index for random regular decagonal chains is derived.
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1. 5l

ARSI R E AR R0 . %G =(V (G),E(G)) 2—AEl, AV (G). E(G). |V(G)|
FIE(G)| 4 MIF 8 G I A 1A%, WU HAAE. 4 e Ml x 534 G i—aMm—A T,
G-eXKEIGMELe FREIME, HG-xRREGMET A x (KREHIIL)EHRBIRE . XHAEZTH
mVveV(G), FRNg(v)={uluveE} NEIGHvHIBmE. T Ng[v]={v|UNg(v) NEIG v HLELE.
K G A TS AN BN G B . P, v C, RTK, 2 BIZ7R n B s, PR 52 4 1]

FEAL S BIRAUR, PR AMEEUE N2 T I EUE AL &, CRONE B R R IZ 0 TR [1] [2].
H 1947 4 Wiener JFQILICK[3], WFFE A JE 7 HCL A a4 E(4] [5], T30 71 R ERAL 22 %
Ji A R 2R [2]

WA SR W A JUE MG 6] ZRYERE. PRIRBESI I eE . 23088, ATH
R ENERTT R FBOSAARFA A FAT R SR eI T RE R [6] . ILAFER, BENLIE A BERAY
R L Bl 05470 B2 B 51 78 00 1 R I GE TR VE R PR 1T 52 B 32 DRI [7]-[9]

BEHLIE-AEEE G, & —ANMEEE, e n ANEFOH HLH,, - H A0, R i IER AL
Mj(I<i<j<n), JAAY j=i+10, HFH, AR KELERE, B8N EHQEM—&EIL0 2
FETH A2 =S A [10]. R H M H 2050008 G, BaR s AR S . X T G, BIZE k M IETIATE H, ERITIS, WE
55 k1A ETiT% Hk _ FEREBAI S s, ST L7 PR UARIEN Xeps X0 Xero » K €{2,3,+,n}
fE G, BA H,_ 38 F1E — AN IE T ITEA R G, , sl 1R

il

Figure 1. Random regular decagon chain G,

B 1 BEHLE-HAREG,

EG, ', Hn=120, G IUH —F&iH: Hn>30, G KANH, BEHLEG6,  MARmH, A
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RGBT R, XMRMHIANRENG, G2, G, GY., G, W 2FiR.

G G

Figure 2. The five possible connection modes in the random regular decagon chain Gn
2. FEALEHA 5 G PV M AT REEZE S R

5
—ANEAH A IET LB BENLIE AT G, (P, P,0 Py Py Ps) (o Y. py =1), il F150 25 56
i=l

K IEHARARN, £ZFENE—2t=(34,,n) T LABEHLHES

e G, -G MMEERNp,:

o G —> G MMERRND,:

o G, — G’ MMRELRRN p,:

o G, G MMEXRRND,:

o G —G’ MMERRN p,:

Hh B2 p,p,, Py Py Ps N EL, 5K SHt LK. JFH, % X G (10,000), G,(0100,0),
G,(0,010,0), G,(0,0,010), G,(0,0,0,01), ZHIATEM,, EXFHO,, O, O, X4HP, [10].
T nBraFERE G, #8 G PRI LA A3k s, WFRIX PR B B ACE(G), & A
(LW IA B BN, MR A NE G —NITAC. Fenilth, ZSEMNTAT RN — LR B G k-t
FC/ER 1 Gk ZAH B SLII B 7 4, ) (G k) FomG ik -ILRCHEH . B4R, p(G,0)=1,

#(G.1)=|E(G)|- G iy Hosoya f %5z UM G A ILALHIELH . 124 1(G) » EUu(G):Zn:,u(G,k)
k=0

[11]-[14].
AW K Fibonacei #x1 { .}, HE . f,=0f =1, HWEBHEXRf =1 +f ,, n=22. %

X , \ 1, n 1445

KB A R fn=£(¢ ~(-9)"), Shg= o L5
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NI S HUONJE SR THEHE S BUE RS

SIEE 1 [16] B G2 — MR ERE, MEEMveV(G), weE(G), W
(i) #(G)=p(G-uv)+u(G-{uv});

(i) u(G)=u(G-v)+ Z ﬂ( —{v.x) -

XeNG

513 2 [16] # G,,G,, -, G, /&Kl G M@ /3, M u(G)=

e

1(G) -

318 3[16] X F nErHs P, A u(P)=f. -
518 4[16] X5 FnBrBC, . B u(C,)= o+ foyo

2. FEHF®
SEFE {ERENLIE I ESE G, H Hosoya $531 i {2 H

2 2 "
E(1(G)) = 123 /A2 + 4B —123A+36308X(A+JA +4B]

(A+\/A2+4B)\/A2+4B 2

_ 2 _ _ 2 "
. 123./A? + 4B 123A+36308>{A JA +4BJ |

(\/Az+4B—A)\/A2+4B 2

Hrt A=9p, —4p,+p,— p,+148, B=-1053p, +492p, -123p, +123p, —50

A P =1p,=1p, =1 p, =1 py =1 FRATAT LA EEE 1 AR 2 CEEM, , IEXXEE O, OF, O Fixt
% P [¥) Hosoya i 4t -

W TEBEHLE T EE R TEE M, . IEXCBEO; , OF, OF FIXt#E P, 1) Hosoya 454X

(M) = (89689#41 , 1157 j(7\/413 +157] (89689\/413 | 1157 ](157 ~74/413 ]

6377546 2206 6377546 2206 2

u(0})- (51\/5626 +5626

( 5626 + 72
11252

" (5145626 —5626j(72_ %76

11252

43018 43018

362 362 2

u(07)= [97\/21509 + 21509}( 21509 +149] 97+/21509 — 21509}[149 —/21509 ]
" 2

u(0 3)=[9\/1?+181J(11\/18_1+147 9\/18_1_1811147_11\/18—1Jn

u(Pn)=[4QM+5426J(m+74)n _(49\/%—5426}74_@)(

10852 10852
3. EELILHIIER

X RENLIE LT HE R Hosoya FR U — MHENLAS & . 7B E I F e R, AT A 25 e
B8 E(u(G, (P Py P Pas Ps))) A A R T HERSEIHET, RAVEL AW p: 1 5 7, ok
| ={1,2,3,4,5} & — KR LA A FRERAE B9 585, F ={AB,C,D,E} & LA ETEHIARICE
Fo MBI RIK R 0(1)=Ap(2)=B,0(3)=C,p(4)=D,0(5)=E . £ FETHEHM TR 28K
FA A E M EE AL B, Cy D E s Hiel, ke{l,2,---,n-1}, @il 3FR.
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G Dy Ey
Figure 3. Five types of connection modes for terminal connections in the random regular decagon chain
[ 3. BEHEHaf gt RimiE i A %R AR

MR A BT RO, BENLEHIAESEIL D AR RIER, 29EAG,, iel, WK 2FiR. Xt
F G, , fEHEE) Hosoya $EELI a5 58 X, X, X 560, A4 513 1RSI 3 2 19 B4 B OC R,
RIGHEHE X,y X0 KGR, MRHESIHE 1RSI HE 2 BRI EHEL R, Hrbiel .

(1) 3G =G, WRIEGIF 1 M5 H 2 13

£4(G) = 14(Gh =X, 1% )+ #(Gr = { %, 120 %1 })
= u(Cio) 11(Gyy)+ (Py) 1 A ,) =123u(G, ;) +55u( AL, ).
TEF 3 e, ARHESIHE 1 R EL 2 FTARE (A, )ielEl‘ﬂE
#(A2) = (e =XpaXons) (e = [z X))
=u(PR)u(G,,)+u(P /1((0 ) 55u( n2)+34y(¢)(i)n73).
(2) G, =G i, MHE5IHE 1 A5 HE 2 15
14(G7) = 1(G2 =%y 1% )+ (G —{X, 15 %01}
=u(Cyo) (G, 1)+ (Py) 1(By ;) =123u(G, ;) +55u(B, , ).
e 3, KRS 1 FI518E 2 WA u(B) )il ol
#(Brz) = #(Blo = XapXoas ) 41 (Bro = [z X
= p(Py) (G, )+ 1 (P) e (Pr) (i), ) =5524(G, )+ 21u( (i), , ).
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(3) MG, =G i, IRHEGIH 1 A5 215
1(GY) = (63 = Xy 1.a%01 )+ 24(GF = { X 140 %01} )
= 14(Cyo) (Gyy)+ 11(Py) 1(C ) =123u(G, ;) +554(Cy, ).
e 3, KRS 1 RIS 2 WA u(Cl, )i e | Ml
#(Cr) = #(Coa = Xoczi¥as )+ 4(Cre = {XozianXo})
= 1(Py) (Gy )+ 1 (Py) (Py) (0 (i), 5 ) =551(G, )+ 261( (i), 4 )-
(4) 4G, =G, i, M5 1 FI5 2 13
#(Gr) = (G =%y 15X, )+ 24(Gr = {X, 15 %1 })
= 1(Cio) (G, 1)+ 14(Ry) (D, ) =123u(G, ;) +554(D;., ).
TEF 3, AR SIHE 1 RIS 2 7495 u(D), ) ie ) M1
#(D} )= #4(D}, =X 511%011)+ #(Dh o ={Xs 2101 %11}
= u(R)u(Gyp)+ (P u(Py) (0 (i), ) =554(Gy o)+ 24u(0 (i), , ).
(5) MG, =G> i, MR4E5IH 1 fI5IHE 2 75
#(G3) = #(87 =Xyae¥s )+ (67 = (X505
= u(Cio) 1(Gy 1)+ 11(Ry) u(Ep ) =123u(G, ;) +55u(E, , ).
TEIE 3 v, ARAESIH 1 A5 2 WS p(E, ) ie ) MM
#(En )= 1(Eh s =X oiaXoan) + #(Eno = (X211 X011}
= 1(Py) 1(Gy )+ 1 (Py) 1 (Py) (i), 5 ) =554(Gy )+ 25u( (i), 4 )-

ST LRI, #5400 Hosoya SRECHILRZEIBER p, (el 1LY p, =Lt
BT, A EIBEHLIE A5 Hosoya S8 ML (A
E(y(en))=§piE(y(G;)).
Hortt, SEWRMBAE(u(G))) (ie)T:
E(u(c )) 123E(y(Gnl)+55E( (A))

1236 (1(G, ,)) +3025E (1(G, ,)) +1870[ p,E (u(A,5))

+ sz(:u(Bn 3))+ p3 ('u(cn—a))+ p4E('u(D”*3))+ p5E(’u(E"*3)):|'

+3025E(y(Gn,2))+1155[ PE(x(A))

+ sz(ﬂ B, 3))+ E(44(Cys))+ PiE(4(Dys)) + PSE (u(E, ) |-
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15:
E(14(G,)) =123 (1(G, 1))+ SSP.E (A, ) + 55 P.E (u(B, )
+55p,E ((C,,))+55p,E (1(D,_,))+55psE ((E,,))
=123E (u(G,,))+3025E (u(G,_,))
+(1870p; +1155p, p, +1430p, p, +1320p, p, +1375p, ps | E ( (A, 3))
+(1870p, p, +1155p; +1430, p, +1320p, p, +1375p, p; ) E (1(B, ;)
+(1870p, p, +1155 p, p, +1430 p3 +1320p, p, +1375p,ps ) E (12(C, 5)
+(1870p, p, +1155p, p, +1430p,p, +1320p; +1375p, p; ) E (1(D, ;)
+(1870p, p; +1155p, p, +1430 p, p; +1320p, p; +1375p ) E (1 (EH)).
Hefoldth, XA T A4, B, 5, Cyg, Dy gy B, AT HEME, FR&E A HARERAIBENLIE,
Fik:

)=3pE(u(4))

—55E( (Gus))+34[ PE(u(A, )+ P,E(u(B,.,))

+p;E (,U(Cn74))+p4 (:U(Dn 4))+p ( E ):|
E(y(Bng)):iZi)piE(#(Bis))

=55E (1(G,.4))+21 P.E(#(A.,))+ P.E(u(B,.))

+PE(u(C,y2))+ PE(4(D, )+ BeE(u(E, L)) ]
E(4(C,)) =z pE(u(Cl))

=55E (1(Gys))+26] P.E (4(Ara))+ P.E (14(B,))

+ DE(1(Cys))+ PE(#(D,))+ PoE(1(Eo )]

SFRILUT Y
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zp| (ﬂ Drl13)
_55E( (Gus))+24] PE(#(Ar))+ PE(u4(B,.4))
+ BE(#(Cys))+ PE(4(D,))+ PoE(1(E, )]

E(u(E,5)) =3 pE (u(EL)
=55E (1(G, 5))+25] pE (1(A,4))+ P,E (#(B,))
+PE(4(Cor))+ PAE (D)) + PRE (4(E, ) |
RS/ e T S I ESIR
(1870p7 +1155p, p, +1430p, p, +1320p, p, +1375p, p; ) E (12(A, 5))
= 55(1870 p? +1155p, p, +1430p, p, +1320p, p, +1375p, p5) E(u(G,))
+34p, [ E(u(G,,))-123€ (4(G, ,))—-3025E (u(G, 5)) |-
(1870p, p, +1155p; +1430p, p, +1320p, p, +1375p, ps ) E (1(B, 5 ))
=55(1870p, p, +1155p; +1430p, p, +1320p, p, +1375p, s ) E (1(G, 5 ))
+21p, [E(y(GH))—123E(y(GH))—3025E(;¢(Gn73))].
(1870 p,ps +1155p, p, +1430ps +1320p, p, +1375p, p5) E(x(C.s))
=55(1870p, p; +1155p, p, +1430p; +1320p, p, +1375p,p5 ) E (G, 5 ))
+26p,[ E(4(G, 1)) ~123E (u(G, ,))-3025E (u(G, 5))].
(1870 p,p, +1155p,p, +1430p,p, +1320p? +1375p, p5) E(u(D,.))
=55(1870p, p, +1155p, p, +1430p,p, +1320p; +1375p, p; ) E (1(G, 5))

+24p,[ E(u(G,,))-123E (u(G, ,))-3025E (4(G, 4)) .

(1870p, ps +1155p, p; +1430 p, p; +1320p, p; +1375p2 ) E (1(E, 5))
=55(1870p, ps +1155p, ps +1430 p, ps +1320p, ps +1375p¢ ) E (G, ;)

+25p[ E (G, 4))-123E (u(G, ,))-3025E ((G, 5)) |-
sx LA, KRS p, ~LEVE T G, ) Hosoya HEH0N S LI HE A 2
i=1

E(u(G,))=123E (u(G,,))+3025E (4(G,_,))
+(34p, +21p, + 26, +24p, +25p; ) E(1(G, , ))
—123(34p, +21p, +26p, +24p, +25p, ) E (u(G, ,))
= (9 P,—4p,+P;— Py +148) E(ﬂ(anl))
+(~1053p, +492p, -123p, +123p, -50) E(1(G, ,)).

FAh WEEARAE R IR -
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E(x(G,))=123E(u(G,))=18154

HIF i e R T A, BATAT LA 2.
JEH ERENLIETUIEEE G, o Hosoya $R AL 2 1E

2 2 "
E(1(G)) = 123 /A% + 4B —123A+36308X{A+1/A +4B]

(A+\/A2+4B)\/A2+4B 2

—123\/A2 +4B —123A+36308 {A—JAZ +4BJ

(\/Az+4B A+ 48 2

Hrr A=9p,—4p,+p,—p,+148, B=-1053p, +492p, —123p, +123p, —50

54 p =1 p, =1 py =1, p, =1, p =1 FMITTLLAEEL 1 AECHEM, . IEZHEO), OF, OF Fle
% P, [t Hosoya $8 5 I 4fE 18 :

e fERENLIEHAEEE e M, , IEASHEOr, O, O FIXt#E P, [f) Hosoya 541

(M) = [89689\/413 , 1157 j(7\/413 +157 ] _(89689\/413 1157 ](157 ~74/413 ]

6377546 2206 2 6377546 2206 2

u(0f)- (51\/55555; 5626} (V5626 + 72 - 51\/55555—2 5626] (r2-o626

u(0?)= [97\/21509 + 21509}( 21509 +149

43018

97+/21509 — 21509}(149 — /21509 ]

] 43018 2

(9v181 —181}(147 —11\/181Jn

362

(0)- 9VI81+181 11\/181+147
H\&n 362 2

y(pn):[@j(m+74)"_(@J(m_my.

10852 10852
4. B

ASCWEFE T BENLIE T TEHE K Hosoya R AN, A B TR AN B 7> T S5 4R AME BT 5 BAL 2
PR 2 (B A FE R B o BT TR B AL S 00T R 5 2510 70 B0 R BEBS S8, A Bhdn MR R ft ik
it s RS, N ITHESN AT RLRL 2 5 25 WAL 22 I BB A T

ARSI T AT 35 T L R AFIR AN o 5, Wit — 2B 7T Hosoya #6515 22 S#L 0 Ai—— A
SO TR, T 2 SRR A R BE LS B2 A TRV IR RE , X T PP IR AMR B Gt B R =
REE, BT BRI VE RN WZAR B G AL JE ST IR A o LR, AR ) 235 SR 45 4
RIBEHL AR, SIA=7050. WU ST raE, SHAMEEUIE B 28 VIR ey R v AR 4tk
4, EUHERRNEN TN, &5, EUOTREER S KRBT t, #5818 2110 Hosoya fit
HOWRAE 5 SEPr+Ie A R S E A 2V o (e e T . BB AL AR IR P ) REAT SRR M, il LA
QSAR/QSPR A (R FIRE 77, M 3 I SR AR 5152 5
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