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Abstract
In this paper, a finite difference Hermite WENO (HWENO) scheme is constructed and systematically
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investigated for hyperbolic conservation laws, with a focus on analyzing the effects of different nu-
merical fluxes on scheme accuracy, computational efficiency and discontinuity resolution. In the
scheme construction, the numerical flux is decomposed into a low-order flux and a high-order cor-
rection term. Fifth-order accurate approximations at half-grid points are obtained via HWENO re-
construction, and central difference and upwind splitting are applied to high-resolution terms to
ensure the stability and convergence of the scheme. Numerical experiments include typical cases
such as accuracy test for one-dimensional Euler equations, Lax Riemann problem, Shu-Osher prob-
lem, double detonation wave interaction, where the performance of LF, LLF, HLL, HLLC, FORCE and
FLIC fluxes is compared. The results demonstrate that the HWENO scheme exhibits excellent non-
oscillatory behavior and shock-capturing capability. The LF flux has the lowest computational cost
but the largest dissipation and the worst accuracy, while HLL and HLLC fluxes achieve the best bal-
ance among accuracy, discontinuity resolution and CPU time. The HWENO scheme developed in this
paper can provide an efficient and reliable numerical simulation tool for problems in fluid mechan-
ics.
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255 HWENO-LF £ 40%~55%, FERT [ i 4 184 il s HWENO-FLIC #% X AE L Y% iR % 8/, {8 HWENO-
LF 1 7%~10%, {HFEW 229 9%. AT WAECHE m R, ANIR] I & RFE A e 0 iR 22 KPS R

Table 1. CPU time for HWENO methods with different fluxes
# 1. FE@EET HWENO 755589 CPU Ba) bk

LF LLF HLL HLLC FORCE FLIC

61.7051 61.9344 62.9382 67.0252 66.5397 67.2668

Table 2. Comparison of density errors and convergence orders for Euler equations with different fluxes
#F* 2. TEIRET Euler FEZEEIRESWHMTEL

N Flux L, error L, order error ratio L, error L, order  Error ratio
LF 5.42E-03 1.0000 7.82E-03 1.0000

HLL 3.06E-03 0.5646 4.25E-03 0.5434

10 HLLC 2.73E-03 0.5037 3.89E-03 0.4974
FORCE 1.92E-03 0.3542 2.99E-03 0.3824

FLIC 1.81E-03 0.3339 2.70E-03 0.3453

LF 2.37E-04 452 1.0000 3.71E-04 4.40 1.0000

HLL 1.17E-04 471 0.4937 2.11E-04 433 0.5687

20 HLLC 1.00E—04 4.77 0.4219 1.78E—04 4.45 0.4798
FORCE 5.86E-05 5.03 0.2473 1.13E-04 473 0.3046

FLIC 3.86E-05 5.55 0.1629 9.56E-05 4.82 0.2577

LF 7.11E-06 5.06 1.0000 1.31E-05 4.82 1.0000

HLL 3.48E-06 5.07 0.4895 6.87E—06 4.94 0.5244

40 HLLC 2.95E-06 5.08 0.4149 5.48E-06 5.02 0.4183
FORCE 1.69E-06 5.12 0.2377 3.44E-06 5.03 0.2626

FLIC 6.72E-07 5.84 0.0945 2.57E-06 5.21 0.1962

LF 2.18E-07 5.03 1.0000 4.09E-07 5.00 1.0000

HLL 1.07E-07 5.02 0.4908 2.18E-07 4.98 0.5330

80 HLLC 9.08E-08 5.02 0.4165 1.71E-07 5.00 0.4181
FORCE 5.17E—08 5.03 0.2372 9.99E—08 5.11 0.2443

FLIC 1.61E-08 5.38 0.0739 8.40E—08 4.94 0.2054

LF 6.69E—09 5.02 1.0000 1.22E-08 5.07 1.0000

HLL 3.30E-09 5.02 0.4933 6.47E-09 5.07 0.5303

160 HLLC 2.80E—09 5.02 0.4185 5.01E—-09 5.09 0.4107
FORCE 1.59E-09 5.02 0.2377 2.84E-09 5.14 0.2328

FLIC 4.59E-10 5.13 0.0686 2.65E-09 4.99 0.2172

LF 2.00E-10 5.06 1.0000 3.42E-10 5.16 1.0000

HLL 9.89E-11 5.06 0.4945 1.82E-10 5.15 0.5322

320 HLLC 8.41E-11 5.06 0.4205 1.43E-10 5.13 0.4181
FORCE 4.80E-11 5.05 0.2400 8.11E-11 5.13 0.2371

FLIC 1.38E-11 5.06 0.0690 9.17E-11 4.85 0.2681
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Figure 1. Comparison of density profiles for the Lax Riemann problem
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Osher [, 1% il ) A [ IR 60 S 5 R DG TR 450, RERS AT O SR AN [R] B A% A v 70 A R R b

WIg A
(3.857143,2.629369,10.333333), x <-4,
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Figure 2. Comparison of density profiles for the Shu-Osher problem
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(1,0,000), 0<x<0.1,
(p,u,p)=4(1,0,0.01), 0.1<x<09,
(1,0,100), 0.9<x<1.

THE I i Y R S A 26 fEt=0.038 B %], 224 7R 400 A HICHIE AT, FF5 R 2000
ANPUAE S TLHY WENO 4% S H R IEAT T L, 5B 45 77 /6 He i [5) e A0 85005% (9 [0.53,0.88] X 42k 1 Jm) 8
JOKE .l 3 fras, Xt begh BRI, HWENO-LF #% 2 1)  #8 % 5 2, HWENO-HLL i1 HWENO-HLLC
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Figure 3. Comparison of density profiles for the double detonation wave interaction
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