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cubic trigonometric spline collocation method incorporating Hermite interpolation and compact
finite difference techniques is proposed. In the temporal direction, the Crank-Nicolson scheme is
employed to achieve second-order accuracy. In the spatial discretization, Hermite interpolation
is introduced into the cubic trigonometric spline basis to improve the approximation of the sec-
ond derivative, while a fourth-order compact finite difference scheme is applied to the first de-
rivative, resulting in an overall fourth-order spatial accuracy. From a theoretical perspective, the
unconditional stability of the proposed scheme is established via Fourier analysis, and numerical
convergence tests verify that the method achieves second-order convergence in time and fourth-
order convergence in space. Numerical experiments confirm that the proposed method not only
maintains stability but also outperforms existing methods in terms of spatial accuracy and overall
error control. In particular, it exhibits excellent convergence behavior and stability under fine
mesh conditions.
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u(x,0)=u(x) (1.2)
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JEH
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u(x;.t )=ul = i&j‘ (1)Q; (x) (2.2)
j=i-1
o 5 (t) AIFRE t, ERERIVPES REL X8 RECEIVIAA KM 1B TR AE DL B AR
= R S R SRR R (X [, X, ] A AR Q L (X) Q) (x) A
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uf' =a,0, +a,0]" +a,0},,

(ux) =-8,0]; + 80, (2.3)
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?Eiﬁ%%%&?ﬂomé\/%, BOEA B=1+c, HYUAN UR fO8H 0. EEESI T, WS%c=0.03, WA
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FAEIRIE) = AR EL

— 1=0.0 ¥l
-- t=0.0 Fifh
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Figure 1. Comparison of solutions at different time levels
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Table 1. The L, and L, error norms at different time levels with t<8, At=0.01,and c=0.03
FL LML REEKAEL <8, At=001, c=003FEEE LR

Time

FEM (N = 1000)

CSCM (N = 1000)

AT7 (N = 500)

L, L, L, L, L, L,
t=2 3.39E-04 2.74E-04 3.39E-04 2.74E-04  1.86E-05  3.90E-06
t=4 4.12E-04 2.30E-04 4.12E-04 230E-04  3.72E-05  7.81E-06
t=6 4.74E-04 2.25E-04 4.74E-04 225E-04  558E-05  1.17E-05
t=8 5.11E-04 2.21E-04 5.11E-04 221E-04  7.44E-05  1.57E-05

BBMBSTEXI{ERE - =HhEE

0.08

0.07

0.06

0.05

(S

0.04

0.03

0.02

0.01

@ 2.0

Figure 2. Three-dimensional surface plot of the numerical solution for Example 5.1

2. B 5.1 HERN=Hihm

5.2. B{UHRIEINLBH B

ou ou ou

—t—4U————=0,

ot ox  ox  oxlot (5.5)
x €[10,30],t > 0.

TiRERI AT -
2(X_L
u(x,t)=sech (4 3) (5.6)
R F0 A (B A N8 25 A I 26 AR AR B, 2R 7 — /N IE ISR I IS, AL Fd
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2 5 T AR RIS AN BUE AR RORS BRI L, R, MG RATLLE Y, BER I (] (e, R
DRFFOERARACT s T B T th A A A% AR B R RE I R b oA R A A e 1

K3 2 1 RE=ZE i P APEIAR RT AT OIS 8 23 18] 05 RO BN RSP 154k, TEARBEADRFFAAE
Table 2. L, errors at different time levels
F2 L BERERERERE LML

_ At=0.1,N =900 At =0.01,N =900
Time QBSCM [9] KT iE: QBSCM [9] ATTIF:
0.5 1.8446E-04 1.0597E-04 9.8516E—05 3.3686E—06
1.0 3.9313E-04 2.1183E-04 8.7488E—05 6.7667E—06
15 6.1251E-04 3.1743E-04 8.1447E-05 1.0173E-05
2.0 8.2979E-04 4.2264E-04 7.8863E—05 1.3573E-05
WIEME3DE

0.8

0.6

o4 1T | | | | | | _ ;=
0.4
0.2
0.2
0.0 ~
=10 0.0
0.0
7.5
10 10.0
N 12.5
E'EI X 2 15.0 Wfﬁl t
% 17.5
0 2.0
Figure 3. Three-dimensional surface plot of the numerical solution for Example 5.2
3. B 5.2 BERRM =4EshE =
5.3. JEFFX BBM-Burgers FFi2E )
Uu-uU,-aU, +pU +UU, =F xe [O,n],t € [O,T]. (5.7)
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JIRE(5.3) I T
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F(x,t)=e" [cos x—sin x+%e‘t sin (2X):|.

U(xt)=e"sinx

P B TSI At = 0.01, 0 = 8 =1 FHAEIX A1 [0, ] 1A«
3 5 T L8 =10 IR RSB 480 N (8 FHF SRR B0 L, 2259040, 655 50MRI6] . [131A1[16] 60
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Table 3. A comparison of the error norm results L2 of Example 5.3 for various values of N

%2 3. 7”51 5.3 AARE N ERIRETEH L2 L RELE

(5.8)

N [6] [13] [16] 7Y
10 0.0218e—0 1.7147e-4 2.9703e-4 1.5374e-4
20 0.0053e—0 5.6341e-5 1.1446e-4 1.5574e-5
40 0.0013e—0 _ 4.9603e-5 1.7194e-6
80 3.3291e-4 7.2635e—6 2.3227e-5 2.1912e-7
160 8.3133e-5 _ 1.1275e-5 4.6797e-8
320 2.0766e-5 8.1631e—7 5.5619e—6 2.6719e-8
640 5.1898e—6 2.7632e—6 2.4336e-8

RAGH THN =121, EAFRNEZET L, ML, REUHR SR, ZEss )5 CER[13]F1[17]

SR S

Table 4. A comparison of the error norm results L, and L, of Example 5.2 at various time-levels
%= 4. EARRERE LG 5.2 FIRESEH L, A0 L, AILLES

Time

t=1

t=2

t=4
t=10

[13]
L2
1.51E-03
1.21E-03
3.95E-04
2.75E-06

L.
1.46E-03
1.18E-03
3.96E-04

3.22E-06

L,
3.01e—05
1.59e-05
6.62e—06
2.54e—07

[17]

L.
1.34e—04
5.47e-05
8.90e—06

2.21e—07

L,
8.94e—06
7.44e—06
3.04e—06
7.82e—08

IEWIRPS
L.
7.12e-06
5.77e-06
2.35e-06

6.93e—08
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Approximate solutions at different times
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Figure 4. Approximate solutions of Example 5.3 at times t <5 for parameters o =/=1
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Figure 5. (a) Temporal convergence with fixed spatial grid N =800 , demonstrating second-order accuracy in time; (b)Spatial
convergence with fixed time step At =107, showing fourth-order accuracy in space
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