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Abstract

This paper constructs an improved general numerical flux and develops a new class of high-order
finite volume schemes for hyperbolic conservation laws. The traditional Godunov scheme computes
the interface flux based on piecewise constant approximation and Riemann solvers. Although it
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satisfies conservation and possesses good shock-capturing capability, it is only first-order accurate
with requirements in smooth regions. To address this limitation, based on the Godunov framework,
this paper reconstructs the cell solution using piecewise quadratic: polynomials, with coefficients
determined by conservation constraints and interpolation conditions, thereby overcoming the ac-
curacy limitations of low-order schemes. Meanwhile, the Hermite Weighted Essentially Non-Oscil-
latory (HWENO) method is introduced for high-order reconstruction of conservative variables. Com-
bined with HWENO limiters for derivative approximation and the SSP Runge-Kutta method for time
discretization, a complete high-order scheme system is established. Numerical accuracy tests on clas-
sical benchmark problems show that the proposed scheme is applicable to solving scalar conserva-
tion laws and Euler equations, stably achieving the theoretical fifth-order convergence accuracy in
smooth regions, and demonstrating excellent high-order approximation performance.
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Table 1. Accuracy and error of one-dimensional convection equation

® 1L —HENRFREOBERIRE

N L % KR L, % KR
10 2.97E-2 - 2.43E-2

20 1.01E-3 4.86 1.08E-3 4.62
40 3.24E-5 4.97 3.45E-5 4.97
80 9.88E-7 5.04 1.11E-6 4.96
160 3.05E-8 5.02 3.40E-8 5.03
320 9.51E-10 5.01 1.05E-9 5.01
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SARSCTR M BT 7> Be — ik 2 DI EA A BRAABUS SO R, B SCHRR T i

u(x,0)=0.5+sin(nx).
RHILL 2 NS MIA T 2t =1/(2n) BE IR . 7652 2 o, B T s L

L, RZ MAERL, AT A B M XA 5 A E.
B P IR A ST A R AN ST B CA STHR AP B0 /] — S50 PR BB 5 SR R AT XS B M (L 3) o

fifh b oo B30 R R AT B AL, DAL 32 00 A ) M SR A A X

Table 2. Accuracy and error of one-dimensional Burgers equation

5% 2. —4E Burgers FIEMRBERIRE

(40)

(41)

Jiiks eI

N L, ®%E KR L, w2 KR
10 3.11E-2 2.90E-2
20 1.50E-3 4.37 1.07E-3 4.77
40 4.23E-5 5.16 2.87E-5 5.22
80 1.41E-6 4.91 9.51E-7 4.92
160 5.25E-8 4.75 2.82E-8 5.08
320 1.73E-10 4.93 8.43E-10 5.07
Table 3. Numerical results of different calculation methods in Example 2
= 3. Bl 2 FEGEUELER
N L =% il L, wZ%E Fh
10 3.21E2 - 6.71E—2
20 2.51E-3 3.68 7.98E-3 3.07
40 1.05E—4 4.58 4.82E-4 4.05
80 3.36E-6 4.96 1.68E-5 4.84
160 1.22E-7 5.13 6.53E-7 4.69
320 3.48E-9 5.46 3.20E-8 4.35
{5 3 —4k Euler J5 F24l
u+f(u) =0, (42)
Horp
u=(p,pv,E)’, f(u):(pv,pv2+p,v(E+ p))T. (43)
W p REIE, VML, pRIEHE, ERBIR, HUFRARRL
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p(x,0)=1+0.2sin(nx),
v(x,0)=1, (45)
p(x,0)=1.
SKH LA 2 AR I 5o A BUETHE S R 40 FATRIR 15 —4E Euler J7 RN R 2 I
FEEE, HARSEEEE T 50,

Table 4. Error and accuracy of one-dimensional Euler equation system
4. —HE Euler FIRLARIIREFEE

N L R%E K L, w%E K
10 2.65E-2 - 2.28E-2 -
20 9.22E-4 4.85 7.60E-4 491
40 3.01E-5 4.94 2.52E-5 4.92
80 9.38E—7 5.01 7.53E—7 5.07
160 2.74E-8 5.10 2.93E-8 4.98
320 8.72E-10 4.98 7.76E—8 4.95

B 4 FERXAMG) T, AT E—4E Euler T RE2H(42)1) Lax i), HAJIRZAFanT

( ) (0.445,0.698,3.528), x <0, )
P P)=
(0.5,0,0.571), x> 0.
LIENZIHt =014 . TFEASBIRIEE p « B VAL ) p BI85 R WK 1 R
Density p at t=0.14 Velocity u at t=0.14 Pressurep at t=0.14
—— Exact Solution 2 *‘Qé 16 3.5 —— Exact Solution
. ©  Numerical Solution o 14 ©  Numerical Solution
1 3.0 4
109 1.0 25 -
0.8
0.8 2.0
0.6
0.6 0.4 ¥
J % 0.2 1 1.01
S i — ol T e .
—04 —02 00 02 04 ~0.4 —0.2 00 02 04 —0.4 ~02 00 02 04

Figure 1. Comparison of numerical and exact solutions for 1D Euler Lax problem

E 1. —HRNH1E Lax BHIRERSHEFRBEIEL

u’ u?)
U, +[?l +(?l =0, 47
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WG 5% AT
u(x, y,O):O.5+sin(n(XT+y)j. (48)

PIANTT ) AR BL 4 9 IR S A 5tk Ao 35 5 I T AU AU B R 22 Sy, B8k 1
ZHELEA 5Bk

Table 5. Error and accuracy of two-dimensional Burgers equation
5% 5. Z4 Burgers HIERIREMNEE

NxN L ®%E Fh L, R R
10 x 10 3.07E-2 - 2.83E-2
20 x 20 1.32E-3 4.54 9.85E-4 4.85
40 x 40 3.54E-5 5.23 2.72E-5 5.18
80 x 80 1.14E-7 4.96 8.31E-7 5.04
160 x 160 4.08E-8 4.81 2.73E-8 4.93
320 x 320 1.37E-9 4.90 7.89E-10 5.12

NEE— B A B PP A S TR AUE VA A L . RO E S R RE /7, B b sUAE R A
X < e AR ] RN )2 S HUE R B, 5 6 FIHH T CA L MR B0 R — RS B B SR, S
ASCHIBUE S5 FIT e ef b o SRR AP (77 052 TAR Gl 8 7 R M e B e A% o, i IR
St Sy R TR ARG I U B AT T 1A o R, PR A B 22 T EE A A RO o AR R AT R R S
L. 5 R BRI RIS R BEAT X B, AT B B A SO ORISR G A L o MR IR TR S
ROERETTH RS, T e iR 7 iAo S vl SE .

Table 6. Numerical results of different calculation methods in Example 5

6. Bl 5 FRIGZHHTHELER

N x N L, ®%E s P L, % b35S
10x 10 6.61E—2 - 6.94E-2
20 x 20 5.47E-3 3.55 6.74E-3 3.38
40 x 40 8.13E-4 2.75 9.19E-4 2.87
80 x 80 1.97E-4 2.05 6.23E—4 0.56
160 x 160 1.02E-5 4.27 5.37E-5 3.54
320 x 320 9.28E-8 6.77 4.08E-9 7.04

%1 6 —4E Euler J5 24
&+ (<), +9(<), =0 (49)

b
=

¢ =(p.pu,pv,E)',
f(¢)= (pupu +p, puv,u( E+p)T (50)
9(¢

)= (pv puv, pv? + p,v(E + p))T
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AT, XL

+V?), (51)

5y R, BUERN y =14 . VIR
p(%Y,0)=1+0.2sin(n(x+Y)),
u(x,y,0)=0.7,
v(x,y,0)=0.3,
p(x,y,0)=1.

KA CL 2 N L R A BB SESE SRR 7. R 7 FIH T RIASOR St S 4k Euler Jif%
ARBERZE SRy, ik 1 ks X AA 5 Bk fE.

(52)

Table 7. Error and accuracy of two-dimensional Euler equation system
7. ZH Buler FIRAERIRENEE

NxN L RE Fh L, R i
10 x 10 2.63E-2 - 2.51E-2

20 x 20 9.68E—4 452 9.23E—4 4.70
40 x 40 3.14E-5 4.95 2.99E-5 4.88
80 x 80 9.57E-7 5.04 9.13E-7 4.99
160 x 160 3.28E-8 4.88 3.11E-8 4.95
320 x 320 1.04E-9 4.97 9.95E-10 4.92

5. 4ip

SRR XU S EER TR, MG 1R TR IEREE B S HWENO EA K TLhr A IR A B 0. 4
Godunov #CHEZL R, SR 2Bt — ik 2 TSI s b 22 (R A, 45 & PR LA S i 26 1R € 2 IR
e, AR TAGHRI RS BB FEHOR . FEEEA L RIBRIE o X s3 18 AR R HIAF 2Rk & B A HWENO
HH, FFSIN HWENO [REIZFLIHR FHOLML, FEGHE DOURRF M i SeRe IR 4 R AF IR E P -
&t =Ffr SSP Runge-Kutta 7575 N R B G MU 1 52 S 0 BEA IRIA B Uik R o Jld 2 Sk HES
AT HUERAE, SRR ASOR aUAE i DX A A 18 B L T i SO 12

ARRVTAEASC TARIER LT fRadt— D WEIe, g Priess 2 e & s, $fi 8] W 2 R A% 25 1A
F L, TR O AT MR A IE N S IR G R RE T RIS AR AR U e B 4. = 4ESE I SL
PRI, e SR HAESL . BhAh, RIS BIE RN R | R B 1A B SRR LA R RCR
BE— AR TR AR B R S TAESEHINE, D902 R < e A ) R oo 28 P 5 1 vk FE U 7 0

SE
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