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Abstract

This paper employs reservoir computing, a machine learning framework, to achieve model-free
prediction of synchronization behavior in the smooth Chen chaotic system and the piecewise-linear
Chua chaotic system. First, chaotic data for both systems are generated through numerical simulation,
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and echo state networks are trained to capture their dynamic characteristics. Subsequently, three
types of synchronization—unidirectional drive synchronization, cascade synchronization, and gen-
eralized synchronization under parameter mismatch—are systematically investigated. The results
demonstrate that a well-trained reservoir computer can synchronize with an unknown chaotic sys-
tem by transmitting only a single scalar signal, and this synchronization can propagate through a
cascade network. By comparing the synchronization errors and convergence speeds of the two sys-
tems, we find that the smooth nonlinear system exhibits faster synchronization convergence and
smaller cascade error accumulation than the piecewise-linear system, while the latter shows stronger
error sensitivity and fluctuations at nonlinear switching points. This study provides new insights
and methods for understanding and predicting synchronization behavior in complex nonlinear sys-
tems.
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Chen RGMENAR I F BRI SR, & N =48RR g, Lo hZ%rHREd —HEM
SRR, BAREUN[20]:

x=a(y-x)
y=(c—a)x—xz+cy (2.1)
2=xy-bz

Horb, xy.z HRGIRAER, ab.c bl 2. kL SR (a,b,c) = (35,3,28) I, AL T

Rl . TRHAQOIURI MR &ES H AT, HARLNE E EORIET 55 M EE =J7FE b 1952 XORMH
T —xz Al xy » IXRGE T HARTER ] 5 HATDOCI I LT 4 A

Figure 1. 3D view of the Chen chaotic attractor
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Figure 2. Projection comparison of the Chen system on three coordinate planes
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Chua £%t, 1EN—ANZ B o] SCBUR T R S8, Hh /24T Aal i LR 5 FEHR -

x=a(y-x-f(x))

y=X-Yy+z (2.2)
2=-py
Horr f (x) R or Bk 2
mpc(m—m,)(-E), x<—E
f(x)={myX, x|<E (2.3)
myX+(my, —m, ) E, x>E

SR my A m O B IEIX R R, E 9T sl . o, SSHIUE N
(@, B,mg,my, E)=(15.6,28,-1.143,-0.714,1) , RGLAL TR HHRIMIRZE . 5 Chen REAF, Chua REEHY
FELRTE £ (X) 7 BRANER), B S HUE x = 2E A BOEsk, S8R RIAEIX ) e s AL T ARG Y
“PrIR” o RWKT 1 Chua RGE—MRFIXR BRI 5] 7, (HHEH5 Chen REHATXH: &
A BRI R B A%ty L2 B P

K3, 4 7R T Chua RGUFEL ESHUT BRI G A W] LAY it 00 2 B8 51 5 AN ] X 3
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Chua's circuit - 3D phase portrait

Figure 3. 3D phase portrait of the Chua chaotic attractor
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Figure 4. 2D projections of the Chua chaotic attractor
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FERIRUT :

r(t+1)=(1-a)r(t)+atanh (Wr (t)+W, [b,;u(t)]) 3.1)

L r(t)eRY 2 UM MARA R, N BRI u(t)e R BEIAE, fEA
XN TFRI RGHORA TR o MR, $1 24 BRSO B I3 B AL . W e RV™ Rk 4ty i
HORRHE SR RE , JLHEE R p(W ) S I04% FLAT T PR A58 P S RIS W, e RV ity AL
HEFE, by R NHEORE . tanh BEOUB LR T AR, ARSI AL . W RIW,, BRI %
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V(t) =Woy [y su(t)ir(t)] (3.2)
Hobt, Wy, 3“““%%**%%?%%&&%%@ QM%?ﬁﬁE
W%ﬁﬁafﬁmwm BT MIIZEEE (s(t)), Hobr REFHESSH. KA

R A R(3.2)F ﬁ@f%ﬂ%%@,%W%MhﬁﬂﬁTN%%%%ﬂ%A,%ﬁﬁ@xoﬁgﬂ%
(B U ()7 (6)] o B, HI6E FRGARFEY |, FEAE— A R A3 5(0+1) . Wo, MR
T I SR AR D R [ 1) R4S 2, DU MG TN R 22 IR 1k G

W,y =YXT(XXT+41)" (3.3)

Her, A RIEMLRE, |2 253 m R, AR — AR 3 ) i

S S BURMESHT: ESN MPERE S RO T4 Tl S 8k A TR L2 R G RIE
FE MR EERE, FRATR I A R 558 IR AHZS & 07 150 8 S S 8. Bk, DATNE 77 AR R
Z(RMSE)ENIEAL HER, 20515t Chen RGiF1 Chua REEREAT T 283, TEHSUMRR o « ELE
p fEE MBI N ANIE AL R 80 A 520 .

XF Chen R4, ZHAHITEH: «[0.1,05] 35K 0.05), pe[0.7,1.0] (344 0.05), N €[200,1000],
1{wﬁwﬂo§%ﬁm:%ﬁ%?ogomzmwﬁM&%%$,ﬁ»%a@ﬁmﬁﬂ%,ﬁﬁ%
aMﬁA%ﬁ%ﬁ;%¥&%ﬁosﬁ%ﬁ%%ﬁ%ﬁm—%%ﬁ¥@;%kNﬂ%ﬂﬁWFfﬁ#ﬁ
AR Z 0, N =1000 i PEAE# TR, &k a=0275. p=0913. N=1000. 1=10". *fF
Chua £%t, HTH/rBEMEREMEUNEK Lyapunov 84, SHERGHEG Frifi%. adﬂnﬂ
pe€[0.3,0.7]. SRR, BEMIRER(a = 0.9 )G R T POE BRER VIR AU R, BN 42 (p =0.5)
A DR AR e SRS IBOK . Chua ZR G I Ak R UK (A =107 ) AR kit ik, Do 3L
WIZZERRT L /NB000 25). WK RGERAAFSEH A FIRAFERE T HNEN I ER: BB RER
VRIS A2 LR K AZ, T AEaH R 4055 B AR 7 1 B DURIERR 8 M

FHFE PRSI T AN FEXT b VORI LU 0 P, BRATTAR AN E HH 7] ) il £ it KRS (N =500 ) Al AH [
YR Hd 5 (2600 #5) FEFIZE T Chen 24 ESN, HEE TP, 4558 E0], B Chen RN
FP RS RZEMN 2.1 x 1072 ETHZ 3.8 x 1073, (HANHLT Chua REEFEAH IR T 1R I(4.5 x 1073). X
BRI HERR I 28 FIBLR 25, Chen RGHIFEIEHERETIAMT Chua R4, #E—PUEsk | KRG PEX [FP
PERE AR R o
3.2. IRz} - Mg Bl

[F] 5 )5 38 4% Pecora A1 Carroll #& H F9R5N - MM ACE [3]. ELL, FAIERE— DL LR &t
THENWE R RS0, MRS — N REMFE RIS REFL . 20 BEEFMH - MrEIRENE S5k
e R IR G T

LIRS F G — AN FRATTA R J7 FRAE BRI & LR Ee A B (R VR R 48, 11 Chen R4t JATH A

BRI S RS
u(t)=[x(1).y().2()]' (3.4)
X ESN #EATIIZR. UIZRTEmn, BATHNFEH B, Haidi# E%@T
r(t+1)=(1-a)r(t)+atanh (Wr(t)+W, [b,:x (1), y(1),2'(t)]) (3.5)
AR, TR U () =[x (8), y(t), 2/(t) ] v, 40 y () K 030 2 5, A BRI PE IR BN
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T 438 X' () A0 2 (8) 00 B0 2 58 1 SRR S (B.5) 2 e B R PR — AN RS0 7 25 5 M 50 2%

“Hist” JEREN ROUIOHIE b o HUORIE S ENE , A5 RO RS e R T 48 4% f Lyapunov 344k
FE. AP B AP Lyapunov $5ELH8 SR, WIS RZEM) X (t) 1 2/ (1) KM IS 3KEh R R0 X (1)
Mz(t). sBlseirs,

3.3. fEEMEINREKREL
ARSI NEHRBIR R, F ] ARSI & 0T AL ek . X, AT AR

—AEFRD RS, R ARGV &, EHEE S FRRIEh R FLD . Bk
i, B RCL D LRIKEN - WM ECE S R0 RS FED . BATEE — Ml it RC2, Hah)1%08:

r (t+1) = (1-a)r, (1) + e tanh (W,r, (1) +W,,, [b,: " (1), y' (1), 2" (1) ]) (36)

BER, BRENES Y (t) AR Bk A RS RS, MK E RCL MFE D . AR SCER[10] 4 Bk i) %
BRIV R, 4R RCL SUKE RS R 2 208/, H RC2 B 5 HIMIRN 7 R 4ifaE, M4 RC2 ML
(X", 2") R IZ WS B IR B RS (X,2) o IX— WL, ER LR R PAAAER PR, Hm T W
LRARANEE R L R B F B SRBRERE R, IR S N 1T S R DIAR SR [11] [12].

4. BUEARHL

A B S0 R 6] EL A &t 5L 6T Chen F1 Chua 2245 (1 [R5 TRINAE J7. T seie 3 T
MATLAB - 517, % YK Runge-Kutta 724 i .

4.1. FEHATRAE REREE

TERMIR D T R 200, ERRUEIIZRG 1 ESN XK RG8) 1= M BLEE T, B A 32 AR ol =X o
T o FRAIAE F 25077 AR 22 SR B A FHUIIAS B2 o SR B 24040 %5 T Chen R4, fi# &R N =1000 ,
MR o =0.275 , #2142 p=0.913, YZKF 10,000 £; %FF Chua £4t, N=500, =09, p=05,
YIZRKFE 3000 £

5 I 6 23 HIER T Chen RGiAI Chua RGHIFEHATIINSE S . 7T LUE H, SFF 6181 Chen R4,
ESN A< i [a] Ayt 52 IR VR 0, L TiE 5 B SR AE K Z 10 > Lyapunov B 8] P = BEW) & THI%S
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Figure 5. Short-term prediction of the Chen system
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Figure 6. Short-term prediction of the Chua system
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ARSLL A% OB RN . BATT7 0 H Chen ARGy 7 8 A Chua RAMN x - EAENRENES, WE
Wi 2 ESN (1) HARAS S fe 5 5 IKE) RS AP . IXFROKE) 73 B I B2 56 T Re s % 5 A B R G0 R e K2k
Lyapunov 1854 111 73 & AT
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FRF ] P {8 TR TE ST SR R B RGBS b o iR ZE S S Pl R R 103 B4, SRI 1 mRE R e A [F D .
XUE TG ARSI B R 4 [FP R
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Figure 7. Unidirectional drive synchronization of the Chen system (a) x compo-
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Figure 9. Cascade synchronization of the Chen system
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Figure 11. Parameter mismatch test for the Chen system
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