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Abstract

Building on existing studies of numerical stability for stochastic delay differential equations, this
paper studies the mean-square stability of the Euler-Maruyama method for a scalar linear stochas-
tic delay differential equation. The aim is to present simple, explicit and directly verifiable sufficient
stability criteria and to analyze the stability-preserving property of the numerical method under
sufficiently small stepsizes. By using Itd’s formula and a Halanay-type inequality, a sufficient condi-
tion for the mean-square exponential stability of the zero solution is first obtained. Under the as-
sumption that the delay length is an integer multiple of the stepsize, the Euler-Maruyama scheme is
constructed, and a second-moment recurrence estimate yields an explicit stepsize condition for
mean-square exponential stability of the numerical solution. It is further proved that, whenever the
exact equation satisfies the proposed stability condition, the Euler-Maruyama method preserves
this stability for all sufficiently small admissible stepsizes. Monte Carlo experiments illustrate the
effects of the stepsize and the noise intensity on the numerical mean-square behavior. The results
show that the proposed criteria, although sufficient rather than necessary, provide a conservative
and practical framework for stability-preserving analysis of numerical methods for stochastic delay
differential equations.
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Figure 1. Monte Carlo estimates of the second moment under different stepsizes
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Figure 2. Monte Carlo estimates of the second moment under different noise intensities

E 2. FREIMAERE T Monte Carlo ZMH4EfITHITS (L4
6. &5t
AW T — Kb B M BENL #5027 FE Euler-Maruyama J73E I 7 fa e k. @it 116 A .
Halanay AN DL I b HEAS oF, a2 1 IR 7 R I 7 fe e e 78 o 44
2a+0”+2|b|<0
F1 Euler-Maruyama #% X35 77 850k e 1 2 0D K26 A4
a(h)=(L+ah|+|b|h)’ +o?h <L.
#E—DAE, ERTFEWE LR R e e, BUEVRETR /N B 5 R 25 K T g
PREEI 7 fe Bk e e .

DOI: 10.12677/aam.2026.156281 239 I3RS


https://doi.org/10.12677/aam.2026.156281

i

HUE LR, DA AN 5 5 2 SO BE AR I AT, SRR R 5 ARSI S 78 0 e e P

EARTT . HERHAR, AR EER BRI 7E 0 560, MRV RILAE . 58Tt — it
FEARLNE . 24k, A2 i LA S B s mi e B s e i 2 A e 1 DR )l

SE

(1]
(2]

(3]
(4]
(5]
(6]
(7]

(8]

(9]
[10]

[11]

Kloeden, P.E. and Platen, E. (1992) Numerical Solution of Stochastic Differential Equations. Springer.

Higham, D.J. (2001) An Algorithmic Introduction to Numerical Simulation of Stochastic Differential Equations. SIAM
Review, 43, 525-546. https://doi.org/10.1137/s0036144500378302

Mao, X. (2007) Stochastic Differential Equations and Applications. 2nd Edition, Horwood Publishing.

Baker, C.T.H. and Buckwar, E. (2000) Numerical Analysis of Explicit One-Step Methods for Stochastic Delay Differ-
ential Equations. LMS Journal of Computation and Mathematics, 3, 315-335.
https://doi.org/10.1112/s1461157000000322

Buckwar, E. (2000) Introduction to the Numerical Analysis of Stochastic Delay Differential Equations. Journal of Com-
putational and Applied Mathematics, 125, 297-307. https://doi.org/10.1016/s0377-0427(00)00475-1

Mao, X. (2003) Numerical Solutions of Stochastic Functional Differential Equations. LMS Journal of Computation and
Mathematics, 6, 141-161. https://doi.org/10.1112/s1461157000000425

Tan, J. and Wang, H. (2011) Mean-Square Stability of the Euler-Maruyama Method for Stochastic Differential Delay
Equations with Jumps. International Journal of Computer Mathematics, 88, 421-429.
https://doi.org/10.1080/00207160903474206

Wu, F., Mao, X. and Kloeden, P.E. (2011) Almost Sure Exponential Stability of the Euler-Maruyama Approximations
for Stochastic Functional Differential Equations. Random Operators and Stochastic Equations, 19, 165-186.
https://doi.org/10.1515/rose.2011.010

Ngoc, P.H.A. and Tran, K.Q. (2022) On Stability of Solutions of Stochastic Delay Differential Equations. Systems &
Control Letters, 169, Article 105384. https://doi.org/10.1016/j.sysconle.2022.105384

Cao, W.R., Liu, M.Z. and Fan, Z.C. (2004) MS-Stability of the Euler-Maruyama Method for Stochastic Differential
Delay Equations. Applied Mathematics and Computation, 159, 127-135. https://doi.org/10.1016/j.amc.2003.10.015.

T bREBENLAEIR 5 77 72 Euler-Maruyama 757503 5 R B ME W [3]. T A Dol K 2224, 2011, 28(1): 50-53.

DOI: 10.12677/aam.2026.156281 240 I3RS


https://doi.org/10.12677/aam.2026.156281
https://doi.org/10.1137/s0036144500378302
https://doi.org/10.1112/s1461157000000322
https://doi.org/10.1016/s0377-0427(00)00475-1
https://doi.org/10.1112/s1461157000000425
https://doi.org/10.1080/00207160903474206
https://doi.org/10.1515/rose.2011.010
https://doi.org/10.1016/j.sysconle.2022.105384
https://doi.org/10.1016/j.amc.2003.10.015

	一类标量线性随机时滞微分方程Euler-Maruyama方法的均方稳定性判据
	摘  要
	关键词
	Mean-Square Stability Criteria for the Euler-Maruyama Method Applied to a Class of Scalar Linear Stochastic Delay Differential Equations
	Abstract
	Keywords
	1. 引言
	2. 模型与预备知识
	3. 解析解的均方指数稳定性
	4. Euler-Maruyama方法的均方稳定性
	5. 数值实验
	5.1. 不同步长下的稳定性比较
	5.2. 噪声强度对稳定性的影响

	6. 结论
	参考文献

