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Abstract

The scaled boundary finite element method is a numerical method based on scaled boundary coor-
dinates and has advantages in the construction of polygonal elements and the discretization of com-
plex computational domains. In this paper, the quadrilateral spline element QS-r2d2 based on
scaled boundary coordinates is applied to the numerical solution of heat conduction equations and
convection-diffusion equations. For the spatial discretization, scaled boundary coordinates are em-
ployed, and degenerated tensor-product Bernstein basis functions of degree two in both the radial
and circumferential directions are constructed on each triangular subregion. For the temporal dis-
cretization, a 6-difference scheme is adopted, and the corresponding fully discrete Galerkin finite
element formulation is established. First, the semi-discrete and fully discrete formulations for the
heat conduction equation and the convection-diffusion equation are derived. Then, the matrix form
of the discrete system is presented, and an error analysis is carried out for the fully discrete scheme
of the heat conduction problem. Finally, several numerical examples are provided to investigate the
error behaviour and convergence performance of the proposed method under different mesh sizes.
The numerical results show that the QS-r2d2 element based on scaled boundary coordinates can be
effectively applied to the numerical solution of heat conduction and convection-diffusion problems,
and that the obtained solutions exhibit good convergence properties. Compared with the Lagrange
finite element method of the same order, the proposed method achieves higher computational ac-
curacy in some test cases. These results indicate that the scaled-boundary S-net spline finite ele-
ment method provides an effective spatial discretization approach for this class of time-dependent
partial differential equations.
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Figure 1. Scaled boundary coordinates in a triangle
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Figure 2. The S-net domain points of the Bernstein bases of order 2 x 2 in a triangle
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Figure 3. The S-net domain points of Bernstein bases of order 2 x 2
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Table 1. Errors and convergence rates of Example 3.1 on regular quadrilateral meshes

= 1 MM RS T 5 3.1 BYiRZE AU SR

BT 4x4 8x8 16 x 16 32x32
ngX\u —Uy| 3.345022e-03 4.147291e-04 5.065631e—05 6.232406e—06
WS 3.011775 3.033355 3.022881
L agrange Ju—u, |2 2.271924e-03 2.896815e—04 3.637032e—05 4.551229e—06
e diy 2.971375 2.993634 2.998434
lu—u,|.. 5.693023e—02 1.426447e—02 3.567904e—03 8.920854e—04
W Sipy 1.996769 1.999277 1.999823
max|u —u,| 1.913513e-03 1.245867e-04 7.850460e—06 4.915924e-07
WS 3.941002 3.988229 3.997243
081202 Jlu—u, |2 2.344704e—03 2.578466e—04 3.114258e—05 3.858924e—06
W Sipy 3.184821 3.049553 3.012618
lu-u,|.. 6.076024e—02 1.450630e—02 3.583053e-03 8.930317e-04
WS 2.066448 2.017418 2.004406
Table 2. Errors and convergence rates of Example 3.1 on distorted quadrilateral meshes
7= 2. BRPDARME TE] 3.1 MiREFIE
BT 4x4 8x8 16 x 16 32x32
max|u — Uy 7.101921e—03 1.048798e—03 1.354712e-04 1.850490e—05
WS 2.759483 2.952668 2.872007
Lagrange Jlu—u, |2 3.402646¢03 4.456639¢—04 5.629070e—05 7.051666e-06
Lesidiy 2.932629 2.984988 2.996861
U=y s 7.424003e—02 1.894345¢-02 4.757914e—03 1.190933¢-03
W Spy 1.970498 1.993298 1.998237
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lu =2 4.296478¢-03 4.414291e-04 5.226123¢-05 6.446952¢-06

Qs-redz WS 3.282901 3.078369 3.019052
U=y, 8.281963e—02 1.934200e—02 4.757981¢-03 1.185298¢-03

WeSkpy 2.098236 2.023316 2.005100

B 3.2 AL E T TR Q= {(x,y)[0< x<1,0<y <1}, HUHRAHSCHIMNTE S

u (x, y,t)=e"sin(nx)sin(my)+0.1e"* sin(2mx)sin (my)+0.05te™'x(1- x) y (1 y)cos (3nx)cos (2my).

XA e R ARRR A
Iﬁ?%ﬁixﬁ*fﬁﬁiﬂ’ﬁ;ﬁﬁ LERE
RS P e U R 1l plawe

u —Au=f,
X,y,t)=0

)
,0)= sm(nx)sin(
)

u(
u(xy

f(x, y,t):(Zn2

+0.05(1-t)e

Hr

A=-2y(1-y)cos(3nx)cos(2my)—6m(1-2x)y(1-y)sin(3nx)cos(2my)

NS/ iy e

{5 TR 2 AR AS BN [R) RE R ) G ot A s 25—

5 = IR R IR F R P R W e IR R B A, s BE I [ 5

FHHR . W Lk

NPl Rt R
(x,y)eQ, t>0,

(x,y)eoQ, t>0,

—1)e’t sin (nx

)+0.1sin (2nx)sin (ny),

-9n°x(1-x) y(1- y)cos(3nx)cos(2my),

B =—2x(1—x)cos(3nx)cos(2ny ) —4nx(1-x)(1—-2y)cos(3nx)sin(2ny)

—4m’x(1-x) y(1-y)cos(3nx)cos(2my).

(x,y)eQ.
in(my)+0.1(5n" —2)e * sin(2mx)sin (ny)
“x(1-x)y(1-y)cos(3nx)cos(2my)—0.05te (A+B).

Table 3. The approximation errors and convergence orders obtained by Lagrange and QS-r2d2 for Example 3.2

< 3. Lagrange #0 QS-r2d2 Sk ##f 3.2 FR 1S RVIE I IR Z AT
B 4x4 8x8 16 x 16 32x32
nggX\u —Uy| 1.392156e—03 1.802474e—04 2.244800e—05 2.857890e—06
gy {ly 2.949271 3.005320 2.973565
lu—u, |- 6.059891e-04 7.719470e—05 9.697482e—06 1.217826e-06
Lagrange
eIty 2.972718 2.992820 2.993302
lu—u,|.. 1.915992¢—02 4.807189¢—03 1.202654e—03 3.007221e-04
eIty 1.994826 1.999262 1.999329
max|u — Uy | 3.837943¢—04 3.307497¢-05 2.107505¢—06 2.136651e—07
QS-r2d2
WS 3.536522 3.972132 3.302113
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g
u—u,|. 6.252984¢—04 6.939375¢—05 8.423958¢—06 1.052092¢-06
WSk 3.171667 3.042236 3.001237
lu—u,,: 2.050494e—02 4.889269¢—03 1.207805¢—03 3.014820e—04
e sy 2.068281 2.017231 2.002244
3.4. NG

MRS 1~3 (B S5 R T B, QS-r2d2 o e vt G )l i BoA Bk i USSR B . 2RI
IR AZ U R, BEE AR IS, PIMOTIER =R E A B % . 5FB Lagrange fF.ICHILL,
QS-r2d2 HLITAE fe KR ZE 5 TS BN W 5 fQEHI_H‘%TE’J P RET B EA —E M (BFE H FERE
JiT, PRI ERERG . BHZ VA B AR TR AN ORI DT TR —E IS, seis RO
T A T I L B R

4. R MEENBEERSHESR
4.1. MRA AR

BRI AR Y WO
%—V (avVu)+bvu+cu=f(xyt), (x,y)eQte[0T],
u(xy,0)=v(xy) (xy)eQt=0, (7
Ul =9(xy:1), (x,y)eoQ,te[0,T].

H QR (d=1,2) &AM F LI Lipschitz X%, 5 oQ 7 tig. [0 T AKX, T h%
EMERS . B (X y) TRMERLE. (X y.t) MEARLE. iR RETE R R S5 T AA TR
RIS L a=a(X,yt) Ray HARE, b=b(x,y,t) FRXREE, ¢ HRMITRE, 1A 044
f=f(xyt)RRERE.
4.2. mA B REAEHER

3L Sobolev ZE[] H'(Q) IIF4:0) Hy (Q) = {g e H'(Q) 14|, =0}, & T, WEKIRQ _F 1 IUZT M His
#4r, V, < Hy (Q) N QS-r2d2 lﬂliﬂﬂéﬁ%ﬁmmnafﬁﬁﬁﬁﬁﬁﬁéﬁ *Ia], TV BEHLT) Galerkin 757%4:
Ku, (xy,t)eV,, e

ou
[6’th ;(hj-i-A(uh n)=(f.4) Vi eV, te[0T],

(U(%y,0), 2 ) =(vV(%.¥). 7). Yy, €V, t=0,
ul, =9 (xy.t), (x,y)eoQ,te[0,T].

(18)

é&JE%Qamzﬁﬁﬁ@%éE%&ﬁ,Nﬁéamﬁﬁ,wﬁ@ﬁémwﬂuﬁﬁﬁz

V= span{C,}™ . Bk, HRGEE B, (X, y,t) = Du, (¢ ) - AR EITFE(18), I g, =

j=1

NRRE S, EFIT REEE U, (1)U, (1), Wﬂ)%%ﬁ“ﬁ%ﬁ
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= G

Ny du;, M _
;(Cj’ci)d—tj-l-jz:;A(Cj,Ci)uj =(f,Ci), i=12,--,N,. (19)

A5 LA TS BT RIOBR N MU' () + A()U(t)=b(t), Hoh M JgREIERE, b(t) Rk,
A(t) BT IR BT AL R BRI RE e, 207 H

A =[], =[ [ (ave,-vC, +bve, -C +c-C, -C )dxdy |

ij=1
H T X #0772 5 L 5 05 FE7E 25 (8] B HOR I )4 i Ab B R 2 AR — 30, A B EUT L
FERRZASE J 0 250 I S HOE AR 2 10 3.2 R, ASCAHER RIF. BT 1S5 iy 50y #2104 B

FEARHE R
25 BT b A B O B S, RN B RN, Ut M2 IR R, R4
n_pnt
sur =0 e _gun (1) Unt L s SR I B B U P I T
T

B(w,v)= L, avw- Vvadx + .[Q(b -Vw)vdx + J.Q cwvdx.
WA AT SR KU eV, SEEMERY, eV, B (SUnv,)+B(Ur v, )=(f""v,).
FH 70 SR AR 73 S S IR I S 264 T 15

B(vh,vh):J.Qa|Vvh|2 dx+Jﬂ(c—%V~ij§dx >alv,

HI(Q)I
Ha>0E5h, ¢ BXRMFE. By, =U’, FHRHESEX

(o0200%) - (o ot o0 3 ooy

2 2
- ’

n-1
Uy

Uy

2 2 2
n-1 n,o n,o n,@
—|u; +a|ur| <|f U’

el b ){o-3 obws

1 Young ANSE 2T I 1] 2 SR A, ‘é’u%s 0 <1
g I £C(||Uﬁ||2+r;||f o j

R, % <0 <L, AR AR 25050, FIWBIM r(1-260) A, <C, 0T
SRS, b A NEEBE T IR R IEE R L, A% O RRE .
N HREM T, 2 RueV, N Ritz #5%, MB(RU-UV,)=0Yy, eV, . HREIMHN
u(t,)-Up =(u(t,)-Ru(t,))+(Ru(t,)-Ur)=n"+&".
St RIS, & KB HORIE. SRR A, 10 |+ h] | <o u(e,),, -
KGN — 0 Z 6 2O S BUERS AL, S5 St E Tt SRR EM TN A 8kiR 2, "1
Ju(t,)-upf<chr (|u0||Hr +.|.0t Ju. ()], ds)+er.

HchHh, ¢ LK 4 9:%53‘, q=2, XM Crank - Nicolson #% =0 B RIS, 24 9:&% i, —
AT q=1. iR, SIRZEH QS-r2d2 A3 Al B MR ZE A 0 7 43 I [A] B HUR ZE 2L R T e

Uy

Hfl Hl "

Uy
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4.3. ¥{ESELE

Bl 4.1 HEINE AR O, TR TE U S A B USRI AR I (@
RO PRI BORBORUR S RO 1, VRO Ay B 1 . 240 AR T AL AT W) 501 2 RS A
FFBER T 26254k, DRI b AT DA gt Jg B 25 T) 28 010 222 AR B 4 3 2R 28 4o B X BUE 45 SR FE [R5l o

u-V-(Vu)+vVu+u=1f, (xy)eQ,t>0,
u(x,y,0)=0, (x,y)eQ,t=0,

u

oQ =O’

Hha=[01]x[0,1], H
f =sin(nx)cos(nx)((enzt+t+1sin2(ny)—ZnZtcos(ﬂy)+2ntsin(ny)cos(ny)))

+ntsin’ (my)(cos’ (mx) —sin? (mx)).

M  u(x, y,t) =tsin(nx)cos(nx)sin? (ny) -

Table 4. DOFs, CPU time and conditioning in Example 4.1
F4 GlAlPRERTHBHE. CPURESEHE
Lagrange/QS-r2d2 Lagrange/QS-r2d2 Lagrange/QS-r2d2
H SR CPU f} ] O 5 e 2 A1
4x4 81/65 0.1/1.53 52/73
8x8 289/225 0.2/5.79 202/284
16 x 16 1089/833 0.6/23.78 804/1132
32 x 32 4225/3201 2.6/134.42 3228/4540
Table 5. The approximation errors and convergence orders obtained by Lagrange and QS-r2d2 for Example 4.1
%= 5. Lagrange F QS-r2d2 kg5 4.1 TS HIEIL IR Z AU
L 4x4 8x8 16 x 16 32 %32
ngX\u —Uy| 9.132943e—03 1.542151e—03 1.972893e—04 2.455297e—05
W Spy 2.566136 2.966559 3.006343
Lagrange Jlu—u, |- 4.306689e-03 5.715689e-04 7.249383e-05 9.094320e-06
W sipy 2.913580 2.978997 2.994821
lu—u,|.. 1.413379e-01 3.592594e-02 9.016257e-03 2.256198e-03
WS 1.976051 1.994425 1.998635
Ju—u,. 5.243705¢-03 3.762299e-04 2.399486e—05 1.519517e-06
WS 3.800900 3.970817 3.981041
Jlu—u, |- 6.343391e-03 6.409130e-04 7.641334e—05 9.454395¢-06
QS22 W Sipy 3.307054 3.068232 3.014767
lu—uy|.. 1.616217e—01 3.718610e—02 9.092028e—03 2.260836e—03
WS 2.119786 2.032089 2.007746
308 N FH B R
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4.4. INGS

B 4 30K, AR RE T, QS-rad2 Huch) H M %E /D> TRIFY Lagrange Hioc, AL
8 1 B H R AR S o AR E T e O i R VR 2 RAR B ST 9 2%, CPU I [ RII B AR R 2% A1
HOHX o (H4 5 T WL, QS-r2d2 FATCAE XTIy i1l v [R R R B b B Wi 8k« 5 [IB Lagrange
JCAHEL, QS-r2d2 HyofE L* ZE BT, YRS oM HYBIRZEL N Hr, X T RA% T i Ak
B K BRI UM 1R 22 R B AT DU B SO R . G5 R, Z T IRAE RIS RS E ME R FI I, BERS IR 4L
ARG R, X R O 1) BB A R G A

5. &g

AL G T 5 RE ALY O RE VBB SR AR, SR 2T LU S AR AR K QS-rad2 DU A% .
TCA B HCH PRI 3 125 VA8 22 8] B IR SINAR AR [ 209 — IR AR ALK FE AR Bernstein 5k o £5; £
I 1A) B AT TR 0 22 70 i 3. SRS IR TCTT IR, QS-r2d2 B 7o AN F M SR 22 A1, T 7E
ELAI0 AR RRRESE NIRRT ST T 5 Jm) Al 3 ) 2 o B 4

KB IR R, A HTTAE A% S i REURIOGH AL i ) v 22 2 B o A AW Sk o B AR I
B 2 T T SR/ 5 A% T A A FR) 5 K R Bl R 22 58 S I ST R - 5 AL Lagrange A7 R TCAHLL
VL% 5 VA A BB I AR Z 3 5 TR A — e L% JCH R Y o, 2 W B HUR E R
52 BRI [ HERE (U520, 10 QS-r2d2 Hon {7y e fras BOM A il sy, ARBL 1 Ll i e fe
PEATE P

gi b, T F AR QS-r2d2 UL A 5T W AT SR A #A % S RO  Be) A ) — R eg AT
FREHOT I AMEE 1B A IR TSR 2 m B oL, ORISR AR R o T R it
—RORS RER L WCBIORE E A B B IO 5.

E&WE

LTREE T HEDH M4 (No. LI212410165017).
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