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Abstract

The relationship between the discrete Fourier transform (DFT) and the graph Fourier transform
(GFT) has been widely investigated in graph signal processing. Nevertheless, relevant theoretical
results remain scattered across the literature on Fourier analysis, spectral graph theory, and
graph signal processing, and a unified, pedagogically oriented derivation for teaching and inter-
disciplinary research is still lacking. To bridge this gap, this paper takes the DFT as its starting
point and, building upon existing graph signal processing theories, constructs a mathematical
analysis framework that extends from regular discrete signal domains to general undirected
graph domains. First, under cycle graphs, we investigate the spectral properties of the adjacency
matrix and the graph Laplacian, analyze the correspondence between the discrete Fourier basis
and the graph spectral basis, and demonstrate that the DFT serves as a special instance of the GFT
defined on cycle graphs. Second, we introduce the graph shift operator as the fundamental linear
operator characterizing the action of graph topology on graph signals, and derive the GFT from
this operator perspective. Moreover, starting from the quadratic form of the graph Laplacian, we
systematically elaborate on its inherent connections with inter-node signal differences, graph sig-
nal smoothness, and low-/high-frequency graph modes, thereby offering more explicit physical
and geometric interpretations of graph frequency. Accordingly, the core contribution of this pa-
per is not a novel definition of the GFT, but rather a systematic and pedagogical mathematical
exposition of the established theoretical link from the DFT to the GFT, providing a clearer deriva-
tion route for understanding the theoretical continuity between classical Fourier analysis and
graph spectral signal analysis.
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1. 518

TEAE GG 5 AR, (8 B2 W5 5 R 45k SR . B R 46 5 R SR U A% 0 T
H. B B4R 3 (Discrete Fourier Transform, DFT) KA PR 25 (5 5 BT 2000k, 08 A 35 T8 70 i
AFEBRMIETZ . RIZ0E, FESHNEEHSMEES TRE. SiSRIA[L].

SR, Bt 5 o B O A o) PR R0 11— b 37 sl — e A 2 8], T A2 AR 2 X 48 5 ) 1) T
LAFTE, BIanHAE M I kR AEYE B 8 A B BRI M2 A58 R G000 W 57 i
2 ) T RE N 48 55 o X IS R — KB T X — R B L RAS 4509, 9 s o e A, B8
B B AR VA B REE A

JRE AR R AR R R G S, B 5 B B A5 46 (Graph Fourier Transform, GFT) [2]
[3]o HoAZCo AR : K B Bk R e SR ECE B, B4 v BB AL 1 (Graph Shift Operator, GSO)&{
B 7 0 T R IE ) s K% G & 4 o VR B AR A A B S AR DG i i, AT FE I 450 B
A FRAESE . R B AR e R, HEZD TR WEIER R 5 DL R S U 42 I 4% (Graph Con-
volutional Network, GCN)& 7 VE R R &, N EUE 5 A 15 P 27 5] 1) E1 B8 10 BL ik [4]-[6] -
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R %

TR HIRZ, DFT 5 GFT Z I BRI R IFIEASCE ik . Shuman 25 [7] RGiMA | EIE S b
R HEAHESE, Ortega 25 (81— D a4l 7 BIE 5 #ERIPk S5 R A, Sandryhaila 1 Moura [9] [10] )\ EI#%
R AR T SEENE AR, MHICLRIR L G2k TR M T . P8 i A Pl 4 0 I 2% 55 f
XL AT T IR W [11] [12] 6 X LR 78 Sy 2 ARA D J55 8 HEL ot 23y o) LS 2 AT A ) B85 17 E A
fito

RN, A SCER A IR DGR R A A IR S T AR FT H AR A 1000 5 S 5 A B 0 SR E SRS,
R0 2 P gk P 2 S T ik, A I BRI RR S AR MR ERRE E L S 5. BRI, XTI E DLACRBE S
AEER . REECEE . SRR RN S ] EA RSB E T 5, W R AR DFT ik, 4l
TEEX — N B Sk, BRI R — BB B GFT, 3 E— &R, E VR HAE T Hea i
FEAT

BT, ASCN BB B AR R, S S T I A AR B PR R AR R R A5, 8
71N B O B b R B IR 0 G 2R, U] DFT IR E B 458 B GFT. BEE Sl AR A E 1, &
SEHAR N B M AR R . P WS R o R, BRI S AT A E R (B PE
JEE I AR Z TR I DG 2R, R IR Z SR A B 5 T AT A

HUOEABFAHL, AR FEE N & RGVE BUEEMN AR e AR B, T AR A ) A
HHAR R E Lo BRI S, ASCREECH GSP Hg Al Fog sl =7 TAE: 58—, LA,
¥ DFT s B FR 40 5 B FERRE 7 & 2 [ 0 R R 5=, SIANEIBAE &, iR
R AV 43 fA DR 1T 808 7 4R R SO A AT R Rt A s B =, i R 0 R VR AN RS S T
[E S B 2 (B 5C &, i DFT 2 GFT B4 AMUEA A EEee g —t, WEABENK ErE
LS
2. BREEHTER
2.1. DFT BI#RAEE X

ST —MKBEEA N BB TS S x(n)(n=0,1,++, N —1), Sl B2 H(DFT)E LA:

N-1

X (k)=> x(n)e >N = (k=0,1,--,N-1) 1)

n=0

H AR (Inverse Discrete Fourier Transform, IDFT) 4
x(n)=%:‘z_::x(k)ejz"”"/“‘, (N=04,-,N 1) @)
ok, (e R T LA G R R (K) A x(n) TES K MBI R L R
2.2. DFT WsEMF RS IE3C M
9T 4B DFT SR e 2 MR, H 5o MR R & U Nx N JEREU -

1 1 1 1
.2m .2n 2n
1 eV LR
U= . . : .. : 1 (3)
2n(N-1) 2n(N-1) 2n(N-1)
_1 el N eJ N 2 ej N (N—l)_
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RE F

M =8(2) IDFT FIAEREFE T S
1

x=—UX, or
N
(O) 1 1 1 1 i X (0)
X 27 .2n .2n
X(l) B l 1 eJW elWZ eJW(Nil) X (1) (4)
: E : : - : :
x(N-1) LS G g ey X (NS
o, x=[x(0),x(2), x(N-1)]"5 X =[X(0),X (1), X (N-1)]" - 2A3X(1) DFT {4 FE Iy 5 4«
X =Ux, or
1 1 1 1
X(0) - -i2%2 -i2E(N-) x(0)
X2 | |1 e e N e N x(1) (5)
X (N -1) e x(N 1)

Hop, U R U (S50 .
BUERIFERE U B8 R R OE S . WU S n MR E N u,, Hhn=01- N-1. MRyEE X,

.2n
u S KATEE N U] —e' N (R KEKGRATEEL 0 RIIRI). WEEON Uy, i H R
SEHUREE, AR B R u, B ug 2 RN (U, ) -

<up’uq>: [UPJK '[uq]k’ (6)

FRNE S AT :

2
N
N

—~
c
°
c
a
~
Il
=~
g
(9]
z|§
(9]

Il
z
AR
(9]
n
Z|3
ZN

()

z =
Il
Lo
N
a

=
Il
o

2n

Am=qop, EREAELEIRAE, Alr—e N . 4 pzqEEIm=0 HAR N (55,

ao(l—rN)
B A r 21, HRAESHEIIRF A S, == A

.27 N
==m
1—{9 " ] j2mm
= _1-¢! . (8)

r= .27 - .27
J——m J—m
l-e N l-e N

MRS, e =1, L, % pEqt, (u,u,)=0. EEREREIIRZ FREZH. 4

=4

=
]

0

p=qUI(EI M=0), SLBHHEOR 1, WA (u,,u,)= S 1=N 20, B TIF A LIFERREK

N
k=0
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HIN )

gk, U gl EAL uy,u, uy MR T —4LERSE . Ak, —Uu—luﬁiuﬁﬁ)%ﬁﬁﬁ
AR 5 e LI I AR A R L
3. FE LHEEEH TR

AARE DFT & SHES B I RGBS B A8 4. 5350125 FEAT T AT FEl 5 G [ A B PR 17 0
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Figure 1. Directed ring graph with 8 nodes
E 1 &8s M RmAEITFKE

3.1. AEFKERNEEH TR

Bk, —AEH N AT EHFRFBE G, & X A%V =01 N-1; XEFRHATST, 7
e %ﬁmLM¢b(HgmmN S A A FIRE LA 1 EEGATAK FIRTE S x(K) .
NZ B 5 S x =] x(0),x(1),-, Nl}ﬁﬁ M N B EUR A1, AN TR RO R
ﬁﬁﬁ%ﬁﬁ,ﬁﬁkﬁ%ﬁﬁﬁkﬂ%&%%%%oﬁﬁﬁ%@%%%ﬁﬁPﬂ%ﬁ%:

010 0
001 -0

P=: i o] ©)
00 - 0

NxN

EFFERE P XHR AN — DGR AR, FAE R MEA TR RS, FERITR L) IER
Bfr. flln, FE-AMESEE x=[x(0),x(1), - x(N-1)] , WH

Px =[x(1),x(2),-,x(N ~1),x(0)]". (10)

AR, FERE PR BB R, WIRERIES AR N UGERE P, R B TR SIEAEAL N IR
[ 2 5 A, BPN =1,

BUSRHERE P IORME M SRHE I B e B AN P IORMIER, HFAEFTRCN U =[Up Uy, Uy, - Uy | o HRIEAGAE
EARHERREIE X, A Pu=Au. SE5H0E P RIBAER, A
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=S
>

%

(0012 0 - 0wy | [u] [u]

00 1 - 0Of y u, Uy

R o=l of =4 (11)
0 - 0 1]luy, Un-1 Un-2

11 0 -+ 0 Ofjuyy] | Y | |Unz |

XA IR, AT LIS BB HESS & -
U, = Au,,

u, = Au, = 2%u,,
_ _ 13
u.3 =AU, = AUy, (12)

Uy, = Ay, :lNilum
Uy = AUy, = AU,

FHAEREARATIE, #uy=0. Hu,=2A"u,, 8" =1. EEHET, 72 AY =1t N
KA. G, PA N ANEAH F R -

.2n
Jo=e'N (k=0,1,2,,N 1) (13)

KRR A RNIBHESC R (12, A1 u, = AUy, (n=0,1-,N-1) . 2 u, =1, XRFHRAEE A, [F

fiF ) & u, N

. 1
1 j%k
A’k e
g2 || jFax
Uk = ﬂk - e N ) (14)
N-1 :
LA j%(N—l)k
e

H, k=0,1,2,-,N -1, #F3X N MEHIERE Uy, Uy, uy TERFIREHESR—NERE, 15211 IF 2 2.2
TR RS AU o Rk, A IR E AR

X =Ux, (15)
Heb, x=[x(0),x(1),+-,x(N —1)]T NEFREE G, TGS U ARSI P RRHE ) S
PAERE U ILHEAERE . B R PRTE B RS fU0E 5 R B AR 460 55 02 1) BT 6 10 40420 o P R A1
Ira) 525 ) 8 ) R PR SR B0 R B 5 4 55 5 ) = PR SR AL

4 u, :%, 0 BAfE F6 B FAAEAE A, HORRIE LA AL R, (3iE 0 U, -
C L
L N
//l'k e
uﬁ% A =% SN, (16)
N-1
LA ej%(N—l)k
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R %

Hrp, k=0,12,--,N-1. #83X N MRFAEAE uy, Uy, -+, Uy 11?73?][1%%5&*/\%5@, ZAERE R — AR
WRIIEAZ AR, 5 2 AR R B A e i fE U A ZE — D — 1%%2&— NETFHIE, 528U o

N
ABBEAE I PG MO BRI AE RS9 A
H 0 - 0
A= 0 ji 0 (17)
0 0 /1N—1
WA,
P=UAU™ (18)
ZRR BN U BRI S EAl, A0 =UT =UY U™, TR PRI E MR B0
X =U"x,
X (k)= %N 1X( n)e j2ank/N (k=01 N-1) (19)
n=0
H A A
x =UX
X@)=j%ﬁlX(Memmm,(n:QL”HN_D (20)
k=0

Hrp, {ejz“”k/“‘} MR T - HIEAC R X (k) &5 5 x(n) 7258 k MR 5B R 2500 VN 15,
*éﬁi@'ﬁ%ﬁﬂl@%ﬂﬂﬁﬁwﬁﬂ

3.2. ZEIAFHEHEEMHER
SEFR B RS LR A G+ FEABEAERE A N x N ISR

(0 1 0 .- 0 1]
1 1 - 00
010 - 00
A= . (21)

000 .- 01
1060 10

Horpr, 2 AT A ARSERS, a =1, BN 0. B A=P+P"", Hilip 3.1 A1E LINE
EENIARERRIE S

AT A BIRFIESS R, 5 NFE RE 2 T i B 5 7 22 (Spectral Mapping Theorem)

SERL L [13]#% f (x) 2 MRTAEXBImREZIA:  f(X)=c X" +C, X"+ +CX+Cy, Hrfre 2
WHRE. HTF—ANWHEP, f(P)A: f(P)=c,P"+c,,P" ++cP+cl o« BARKREPH—
AR, xR RLIRFAE ] B (R P = AX)o T4, X HRHEFELZ I f (P) FRFIE R &, XL REAE
B F(1), B F(P)x="f(2)x.

NI E 1, LRI E G, FATER M A FRFIE ) 55 T4 A B AT B R PR AR 1)
. WA(k=0L2- N-1) NP KIRAEAE, o B, M ARREMERN f(4)=4+4""
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(k) O 0
Fe| 7 f@) ° (22)
0 0 o f(A)

WHFE AR A=UFU ™,
WA ) BRI B AR 46 P 5 S, T ) B P ) e L P A 48
X =U"x. (23)
IR, e B 4 6 5% (graph Laplacian)iE N L=D— A, Hirh D 2 846 b Oof 1 R R
dp = an) ARAEMM. HTL=D-A=21-P-P"™", RHTH 1, FERWH LR L RIE R

S AHLFERE P AFALF AR, AL A B L ARt 5 A PR AR

BRI T MR E R RS EIREE, TR R AR (P Bl A )R BB B R R
L, ENTHRHE R AR A2 [ — AR AR A o, XN AE TRAAE (R A B e (B 2 T pR e i) . (Rl &
o P B2 SONAR S ERHIE [ R 2R BRI, TR A X = AR 2 U GFT 584554

4, —RE EHEBEH TR
41. NeHBNIIEBAEF

164t DFT BRI HTRE I FEADOR H RS2 RIZBREA L, 2K HIRIERES “RA” #RIEZ
BTG R fE—4ER IS BUE S, (IR ALE 2 i 1A AT I (R0 A% Bl — (o LB AR 0 45445
SHRHUA R R AL A M R & . (RIME, DFT mTRAERME: TR — R 0GR A2 A iR A it
AT AL, IFHELE SRR B AL K S 0

X — W R T R A S B 4 S 5 AR B X R AN R SO AR AR D0 AT PR X ] L
(K Ry B AR R R, 2 5 AT 8 R BT RS AR, AR5 B T — im0 A5 5 A5 — i
HOH B, AT BAEA SR SRR . IR W, “RBAL” FEANRE AN RAl AR, TR AR
KT b B 1455 I ARSI 4 41 58

FEe 4 L S D Wl T iR & = idad 0 R 371 P T VAR Al 1 = e AR 01 RTINS
B o X AR, BE S GIABBAE T fER G =(V,EW ), BIBAE T Boy—4
RENS S IR PSS A I FERE S o BN TE AR QAR RS A L IMALATAEFEW |« BB R T AERE L=D-W |
A AL BB B AR R, A R R R R T

X 5E AEF S AEA EREIES xeRY , —IKIERAL Sx Ron {5 SR BEIAREAT — IR AL 36 ik
WS HS=W , WFH

(Sx), :;Wiixi' (24)

RIS A B L5 A5 5 el HE AR T B SRS 2. i, BB AL T TR 1E R E kb
B CHRATEEL” - EPUE TR U A AAS IS S SR 2 K, LR AR TR T A
P B4 .

LR —YER TR, GSO R HUNAER A8 A7 R [ B T2 IR AR AR R, IR [ETRS A7 1 4 o 7 4
SRR SRS Ai AR . AL, GSO fflt 7 N ML s S AL B B E S A BN G 65 . Ui
PRI I L AR Bk B A, T IR SR A W 2% b LB SORE A
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4.2. BBRNETFRESBREESEH TR

IR AL FIOCIERAE T MR R, il Kk e s BN R e, &K
BT S nIxt Mk, P
S=UAU?, (25)

Hrh U =[up, Uy, Uy | WRFIE TR AR, A =diag (A, Ay, Ay ) WRFHEREAERE, TS SHRFAE [ & 4 4 F
W2 Su, = AU, o X VLBHEFIE R R u 7 IRIRBALVER N RORAE R, A SR Has (i (R,
EATA LA A B 54 b R AR Al B A A . 5 4 i Lo A R R SR SR SO I T RS L 5 T
FRFAE SR AL, GSO HIRFE A & H AR A& 10 B0 B S ) A £
TGS xeRY B xeCY, 5T GSO [ B AR e SUNME 5 EIX S B 5E i T
X =U"x, x:UX:fokuk, (26)

k=0
H, X, NESTESE KA ERESS B R 5 S ONERE B RmERE, mw kL, WU aTEChY
IEASHRE, HUt=UT, T GFT 5i¥f GFT nf’5 Ny:
X =UTx, x=UX, (27)
MR AR 4 H AT DL LE S S AR e i e OR AR, B | 2 = | X
MIEB AT, BRAIE-TIEg 7 EIUER I B E L. L FIR JER S 7] R NI AR A 51 (1)
Z i R, K] FIR JE T @ A GSO 1 2 ik

H(S)=3 h,s™, (28)

H, S"x RRE 54 m RIS AL, Rtk 2 il K e 8% FAK# A BREY SRS S . 45
S=UAU™, NI

H(S)=U[ihmAij‘lzuh(A)U‘l, (29)

56 0 P L L o e B O ) B G O A B 2 U, 3 e B R Ry
(A )= D R AT o T £ 5 2 S 2k I /R 5 28 1 (0 B U M52 AN R, e — 25

GSO 4L B LI 40T I DA 3 )l 2 9 45 1 S [ S i
FEE R, NIF) GSO 27 A /R [ e 5 5 A AR o 405 5 405 o 3 4 3 e %
R IR Ay VR0 o 07 6 W 980 R AR 445 21 1 2 5 S R R A s VA — A e 7 DU 30— 2 191 55
RO AR R B . [RIBE, GFT FFASZ 8 AR e e — T X, T A2 T i GSO wit
[ 55 g B o ) 0 77 5K
4.3. ETEREREIEMRAEEEMH TR SEMERERE
CESCRRILFTER, T R0 R S BB B R 0T AR M L 0 GFT, By L AA FUFRCEE R, T
eI, R R TR L 5E O L= D-W , W RIS HeRiRE, D 2R, D, =YW, -
L FR9 2 B R O T 11 ) "
1) WFRCEIER: L=L", HFFEKHEE A >0.

Q)%$%ﬁﬁ:%=o,ﬁm%%ﬁﬁ%%=7%1(ﬁﬁﬁip
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=S
>

43

(3) HFEAEIES: Uu=1, Blu*=U".

(4) FHEEFHET: 0= <4 <A, << Ay,-

Xt LIEATHRRE MR, 4 L=UAUT o S50 47 170 B ) B B kA 46 o[ 7] [13]:

X =U"x. (30)

WAy

x =UX. (31)

T RS R ) GFT 56T — % GSO ) GFT B R — 8. & (s 513
BB AL o XBIFET, Mo 0 B O R R LA R AT B 1) S — R MR RE,
DR B3 5 FH - D50 B AR R B 25 3

N T BRI BB RORAE G AT AR Ry BRI R R kA TR
BEfES x, A

xTLx:xT(D—W)x:%ZNl:iWi.(x.—xj)z. (32)
i
IR, BB R R R RS S U A e AR AR B . AR AT T R Z RN
%ﬁﬁ,MEMZ@Méﬁﬁﬁgfmf%ﬁw%E%ﬂﬁ;%ﬁﬁ%ﬁﬁi%%%ﬁ%ﬁﬁ$,m
XLx B/, PG SIERISE ) FBON TP R, AT SR EER S EE S EERER,
W xTLx B8R, UL S 7E R R RIZL.

MBS A, xTLx T I 55 R G T 7 I B B JOBUER, RoRMAN
MR E RS, HEAA T AN ESEERBR, WARSGREERE. Fif, KRGS0 R RERE
A Z IR A IR, T RE A 5 X L Pl 0 RS A8 A B 0 R 9% (A P . XA R
il “EIARE” AOURRHEEHET R R, A Iy 8. e RREE=E L.

2 x BN BB R 5 K AN SALRRAE ) & u, B, B Lu, = Au, BLR ufu =100 F

uLu, =4 (33)

St RS, B A, ERAE R U, 7EFE LG . BN A 0 BTG
HA, EDRIAITY o U IR0, B A, AP 3% T SR A 5, AT 2 A 5
FRIZL. DR, 7EE T EIRO BRI GFT o, ASGEAL NSO OT £ 4K AR o P55 IG5 o
R

KSR, 4, = O XTSI ACREAERTR Uy, B AT AL, P RS AL M2 5, (R
RROH. BT R S R S G HL AT I LT R . B AR,
o 7 I 4 R LR 8, 72K S 5 560 SR J3 0 o T IE S R e . I
ZAAET, AL GO 0 RIS I T 52 A 05 35 DA, T P R B 2 13 AR T I
A LIRSS«

M, A TS x=3 X,u,» FIF L=UAUT T

k=0

; N-1 T /Na N-1 )
X LX:(ZXkukj L[zxkuk]:zﬂ”xkl (34)
k=0 k=0 k=0

BRARE DU, BE SR EEAIRT HAE R 5 X, RN, IR BT e 2 K A AE R
SR b R T e R AR P ANVRFIE(E R BLARATEES B,  XTLx B, 5 S 7E B EBCTH
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R %

A RAT 5 e B A P R DS I K g RS b U T L BOK, A5 5 78 FE) b WD S8 1 R i R A
Yio X EROVEIER BIE S R0 AR HUE 5 DU B2 R 2% P O e B AR SR O 1 ELR
AR .

MR AL T I i, P b R B v] DA R oy 2 “ 22 RURS AL HOSE 1o QR ik
55 AR JE 5 SRR A, AL b R L= D-W A 55 5 5 AR AT 2 2 1A i) 22 57
T 2 o 0 e ) v A0 SR R A 0T 255 083 85 L i P 5 K RO 2, AR5 D oF 32 <08 3 45 44 v P
— AR XS RS S B BRI RSB BT A A R 4 R A A B R R K

R AT L, 2 T IR hr R R ) GRT AN T 2 LK A% Gt 0 HL A8 it D IR RE R AR AR 17 B 0

5, 1 HAEMES Fod@ s BIRS AL MR R R O SL T R - S - BIE - (551
TEEE” Z IR RC R . IERRX XK R, (45 DFT 2 GFT W A R RRBUE &, BAf
BB R B SCRT LA A

5. &5RiE
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