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Abstract

In observational studies, conventional regression methods for estimating the average treatment
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effect (ATE) of a binary treatment are vulnerable to model misspecification. Targeted maximum
likelihood estimation (TMLE) is a semiparametric doubly robust method that requires only one of
the outcome model or the propensity score model to be correctly specified to obtain a consistent
estimate. Focusing on Poisson count outcomes, this paper systematically introduces the principles
and algorithm of TMLE, and compares TMLE with other methods via Monte Carlo simulations under
three scenarios: correct model specification, misspecified propensity score, and misspecified out-
come model. Simulation results show that TMLE maintains low bias and small root mean squared
error across all scenarios, demonstrating double robustness. An empirical example further vali-
dates its practical utility with real count data. TMLE is a reliable method for estimating Poisson-type
ATE and is recommended as a preferred tool for causal inference with count outcomes in observa-
tional studies.
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1. 518

EMEET T, BT ABRA SR BALE L &S BT, BERERSRMES AR
e T DS A H AR HE X 45 SR AR TR SRS, TR 78 3 M B A0 45 A B [ L] E B NS mT A8 40
PR IENME . — S, HANE B T P (BN 78 78 25 AR 32 HoA AN A BR S FI 2, 1%
ARV LERIE 72 B 820 DASC I T8 He A FPE[2] o 7R IR SR, IR BE AN (ATE) AT LARR 5.

A 235 1) i 70 S R B 7 (o A R A Dy B AR N R VAR TR ) S SR o SRS R I e, ELAON [
JI, XTESEER A A DL A2 o 0T 15 3 7 [0 P AT B A B A A SR A T ATE, {HZR AN ) 15 7 AR A
IEH§ . G-computation [4] B EbrUE S TR,  [FIFEARO 25 AR 1) IE A P

N BB AR B SR () ey, WURa e 7 i N s 42 . Bang 5 Robins [543 H 7 XURafdfili it & i g
HEZE, it i 186 5 280 35 A R AL (AIPTW) AT H At K ARt TH(TMLE) [6]# & i ok . TMLE B B fitiit
BIRH, SIHEREN T SEE N, HIERFEAR T IR SH06 /7]

H AT K Z % TMLE #0E R8T ocsiE 845 R[8]. AR, fEUFZESMAIL AR, &RAE
BONTHECEE (R Bk B 22 IRE MR SRR AL . BT ECEGR RS, Poisson [H11-2& H AR 1S
9], AHSEPREE AR FE 0 R [10]. Kk, % TMLE ¥ /8 % Poisson 45 B AT EZSHME. M
I, ASCLL Poisson 453N 5, $EAt TMLE MIZ0 SEILERE, il S5 R & B LU AN [R] 7 VETE RS
BUEM SR 5 R IR

ARICIIAERIATR s 55 2 W A S s DR R R HE WTAE AN TMLE U573k 55 3 i AUl 7t (115
TSR B4R 55 Wt R ERBURI PR &I, HAHLEie.

2. FITERERE
2.1 ERHMEEER(REXEAR)
4 Ae {01} FOR “(HALF(IMETIE vs bRABTIR), Y R RARGHEL WERTKED, WFoRAL
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BRI B R A MATEE R ARG e Y (1) RN (A5 R, Y (0) Fm R 2 A BRI 1)
gie WSS R b —BEf B Y =AY (1)+(1-A)Y(0).
HAR SO T B A B R (ATE):
ATE=E[Y(1)-Y(0)]. (1)
AT AR FR5) ATE, T 2L = A] e R 1 e
AT 32 et (Conditional Exchangeability):
{Y(1).Y(0)} LAIW. )
XERAE L EWERW &M T, AFHE A SEAELR{Y (1), (0)] HEMT. Hihi, T
& ae{0,1}
E[Y(a)|A=LW |=E[Y(a)|A=0W |=E[Y(a)|W ]. 3)
AR SR BT SR AL R 4 AN S SR 3 R SR D (R A R ) B SRR A fEW
IEN 4 (Positivity):
0<P(A=1|W)<1, JLTRIRML. 4
734 e(W) =P (A=1]W ), MIER 0<e(W ) <1 X FTAW Hr. BB A A B2
HOAEAE AL BRI IR A, AT Fe VR BEAT 4L 1 EL R
—3 14 (Consistency):
Y =AY (1)+(1-A)-Y(0). (5)
SN,  A=a, WY =Y (a) o ZRBCESL T IR S8 L R RO, A5 AT LR &5
RERRHRLGR.
fE B Y, ATE W8 LR 23R %)
ATE=E, [E(Y|A=LW)-E(Y|A=0W)]. (6)
211 YIGLERER T
RBLEE RARRY 7245 € AW 61 TR Poisson 7347, BIY | AW ~ Poisson(A)
A=E(Y[AW) . X T4 AR Y , Poisson [l YRR 0t U4 b £ (loglink) 5 26 1T B A s 40
FORNN AR LNEHA9]:

10gQ° (AW) =4, + BA+Y. 5. W, ™
j=1

H QY (AW)=E(Y|AW ) AVHAEM s By, B, By NIENAREL, B BOAMETHE: W, 958
MR, p ANEEANE. &N T

Q" (AW)= exp(ﬁo FBAEY B, j ®)
j=1
WA, SEAS AT T .
_ - - _ R T
Q° (O!Wi ) = exp{ﬂo + Zp:ﬂjuwij ], Q° (1vWi ) =exp [ﬂo +B+ Zﬂj+1wij J )
=1 j=1
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2.1.2. {6455 it
{#F Logistic [2])7:

eaat)= Iog[l_@ g(]v(vv\z )J =+ 2 Wy, (10)

HArg(W,)=P(A=1IW,), ay,a, -, a, A Logistic [H)1 F¥.

2.1.3. B EESREIHSH T
W g P 5 B A8 B (Fluctuation covariate)

A 1-A
HAW,)=—"—, H(O,W,)=—— . 11
W) =gy HOW) =5y (11)
PR RIIERE “ FRRL” WIAA4E SRR, DUt 14 HATSH .
SRIFALA 101 R Poisson [m] ) B (3 AR 150):

log E(Y; | AW, )(¢) =log Q° (AW, ) +&H (OW,) +&H (LW, ), (12)

HorfrlogQ® (AW, ) e R, LA A 1 (BIERFFIIEA T A X B AAE) s €= (e, ) N T BT
W B X — B RSB S T Q" = Q° -exp(eH ) lG £ M IE, HAUKH WA B AL A7 S5 /NI FE 1
B @ e, PTLUHBRVIGA S5 R AT BEAFAE IR R 2%, ANTTIRTF RS TMLE fliitiE. e
it i B AR IEAE Poisson [RS8 &, 7551 & R E
3. s

FESUL: AT EIRFF S S, Hot A ROR AHAC AR &, Y RORAERARE, W= (W, W, W, W,)
A RFE, Y(0)Y (1) AEBELR, g(W)=P(A=1W)AHIES, Q(AW)=E(Y|AW) K%t
ZERIME, ATE N TIIREERLN .
3.1. R

TAIEE SR~ BB LU ATE A1 773%: A3 3515 2 (Naive) . G-computation. 15 411 Hf %
IIAL(AIPTW) AT TMLE . #¥E 4= st #2an K .

AR E ST A Wa~Bernoulli (0.5), Wo~Bernoulli (0.6), Ws~Uniform (0, 10), Ws~Normal (0, 1).
Aab T 5T A AR (f6T 1) 4573 AR RY) -

logit P (A=1|W ) =~1+0.5W, + 0.5, + 0.1, +0.2W,. (13)

4 LA (Poisson):
log E[Y (0)|W ]=0.5+0.2W, +0.2W, + 0.05W, + 0.2W,, (14)
logE[Y (1)|W ]=logE[Y (0)|W ]+0.. (15)

W25 R — B E: Y = AY (1)+(1-A)Y(0) .

BLSE ATE 3@5d — M AREA(n =5x10°)H 5155, £ =75 T 05N:

Yt — (BB BE): /BB 5 Hds A i A — B (3 R R 30080) . FL58 ATE = 0.5983.

Y (A5 0 BE RS R 1)« 500 AR RN 1] 45 20 5 B 60 5 28 L ITWW, - (F:%K 0.8), /BT H 32 2L
(IR ). 45 SRR R . B S ATE = 0.6120.
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75— (45 TR TR Y) « B 2E e 4 SRR B A2 BIWW, (R4 0.8), 20 AT i S 32 80N (IR 15E) o
@ﬁm PRI IR . FLSE ATE = 0.8509.
FAGET, FEAEZHIE n=100,200,500 , fFFhi%EEE R=1000 K.

3.2. & ERTE
FATELE LR IU A ATE filiit ik

(2) FMERIMEZ (Naive): B Hz BG5S X B2 E‘JQ*%H—ZIW‘ME, B
'Er\ENaive :i Z Yi - Z Y (16)

) iA=1 Ny i'a=o0
Hern = A, ng=n-n. ZINEREEIRS, @EIEERE.
(b) G-computation: FE-F55 2.1.1 5 HLA I Poisson 45 FAR R (1 & FRLN), xS
G (1) =E(Y|A=LW,) 713 (0) = E(Y |A=OW,), SR/FHUREAT 4%

'Er\EG-comp = %Z[Q (1) - éi (O)J 17)

(c) HTRALYMEAR IAL(AIPTW): RIS 2.0.2 A5 THi 455> § (W), 2554 R R HE, if
5

(18)
e[ o)-25[ A -a10)-40)
|
ATE perw = E[Y (1) ]-E[Y (0)]. (19)
(d) HFrsm RS TH(TMLE): %858 2.1.3 TR st i, &%
ATE e = %g[é* (LW,)-G" (0w, . (20)
3.3. HhIgHR
XA T, T 1000 R EE B DL R R bR
(a) 4%}l Z (Absolute Bias):
Abs_Bias = lzR;KT\E, ~ATE,.|. (21)
(b) ¥R % (RMSE):
RMSE = \/%ZR;(EITE —ATEtme)z. (22)

3.4. BIER

LI T =R R DU T 5 32 B 20T 22 A1 220 75 AR R 22 (RMSE) o
fEYy st — (BRLIERR) F, i 1% 3. 4 FIfa, Naive fii % K (%) 0.39~0.40), ANFEFEASEJDN: G
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computation. AIPTW I TMLE i % ¥R /]N(<0.015), RMSE BEAEA B K T Ff. TMLE R3 5 /% 4124,

e (AR ) T, B 1% 5. 6 FIF, G-computation K45 FAR Y I A7) CR 451G 22 +
AIPTW HI TMLE [F#E w2212 /), RMSE B FE A2 39 D01 T B « TMLE ZE40 A 1573 12 B AR AR A2 i, RMSE
7£ n =500 IF1¥ 0.1993, Efl T Naive.

R = (G REALER) R, B3 155 7.8 5T~ , G-computation 12 B 214 K (n =100 i 0.0561),
i AIPTW I TMLE [R50 43 43 1E 6 » 4 22 (R RF IR /N (TMLE 7E n =100 B 0.0470, n =200 i+ f# %5 0.0048).
TMLE (] RMSE 5 AIPTW #i%4, 2K T G-computation I Naive.

MR R, AR IMEZEAETE W5 FIAE ™ wfay, AHERH . G-computation 725 SR Y
IR R I R, H— BL25 R R B M 2 B S 14K . AIPTW R TMLE BAT SR e, FEAE — AR
TR REORFF RN . BEEREAR SIS R, FrAJ7EMN RMSE ¥ FFE, fF6 KEEARBIR. 7EkRE,
TMLE 7ERE AR 50 T RIASME, SRl vh vt SRP 2 A B RARE ) W] S 07V

Table 1. Absolute bias and RMSE of four estimation methods under different scenarios
F 1. O A ERRISIR TS RES RMSE

Wi — (BB IEH) Yt (43 4 i %) Yt Z (A R AR )

n T 2% i 22 RMSE 255} 2 RMSE L% i 22 RMSE
Naive 0.4018 0.5745 0.5950 0.7417 1.2858 1.5575
G-computation 0.0116 0.3768 0.0172 0.4105 0.0561 0.5550

100 AIPTW 0.0145 0.3807 0.0204 0.4297 0.0462 0.5640
TMLE 0.0142 0.3825 0.0164 0.4322 0.0470 0.5666

Naive 0.3970 0.4897 0.5870 0.6627 1.3227 1.4644
G-computation 0.0038 0.2611 0.0124 0.3023 0.0184 0.3868

200 AIPTW 0.0035 0.2617 0.0124 0.3118 0.0036 0.3910
TMLE 0.0041 0.2626 0.0113 0.3140 0.0048 0.3918

Naive 0.3902 0.4301 0.5911 0.6272 1.3005 1.3543
G-computation 0.0102 0.1634 0.0122 0.1948 0.0255 0.2386

>0 AIPTW 0.0103 0.1641 0.0094 0.1986 0.0121 0.2396
TMLE 0.0102 0.1642 0.0094 0.1993 0.0121 0.2397

4, LS4
4.1. BIERFESRAA

AR REHEIE R 165 MASS 14 B 1 Insurance R 4E[11]. RIS T 1973 4E5 =F 5 5
PRS2 A RN BR R RES BRI A L, B 64 KK A%k, BARAR— M EEASG FTHILEEER. &2
=L 2 (JRUG Group B E HE A NP & A).

FEVHECE S b, INEE SR Y AR OB T- S A “ FRER i BU “HRE (WP TA) L AR N )
[9] [10]. fltmn, AFEAMERRAREAZREAR, B R UG 2 B TR 5 i 5 22 e 17 72 AR e«
BERT, 75 Poisson [l o 5] N\ W F% & (offset), EP4:

log E(Y |-) = log(Exposure)+7, (23)
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ok AR RIS . S5, log(E(Y)/Exposure) =17 , BRI SR PN () 72 o fr 5 e fe f1) R 2
2., W2 I log(Exposure) ) R & [E 2 8 1, A58 1E, HAEHRARMELA FAME R B EEKT . X
— 432 Poisson [T O bRHED IR . kG A [EDULIN 0 R 5 RF A & £ (Holders) X & I RS i e, A
VR4 AT Poisson B (FLIEHIHALE AL RIA TMLE (R30I 2 L log(Holders)fE Jofi#% & (offset) .
LA AR SEBREE AR H AR log(Claims/Holders), RISLA CRELRER 3 FI R K A2, IITE R 2 2 75 & 1)
Sefith bARTHICAR R B (N HEE 20 AL HLIX District. 5564 Age) X 2 65 XU 1 52

Table 2. Variable description
2 TEUHA

et AR Vi HA irgi
IR A Claims RIGIA () LS
A REHRHA(CMH) 0: NF%F 15F, 1. KT 157
District JEAEHLIX 1, 2, 3, 4 (4 RoREEIW)
B A Age B RERAEF) 1. NF25%, 2. 25 F 29 %,
3: 30&E3BKY, 42 KT 3B X
log(Holders) TREREE N EH A 5 HEAEHE (1.10 £ 8.18)
4.2. EiR S

PEVEAT DR HEWT R/, AT R B AT Rk P24, DAV TRl . 36 3 JBoR T HIAR
BRI (Claims) 14 S i1 & .
Table 3. Descriptive statistics of variables
3. TEREAMEIT

BE FEAE /ME 55— DU e A =D SONI]
Claims 64 0 9.5 220 49.2 355 400

4 IR T SRR, BRI BN KT AT, XA B T A Sk
F R SR AFE T -

Table 4. Frequency distribution of categorical variables

® 4 DRLEGFH ST

B IKF S H 77 (%)
0 32 50.0
A
1 32 50.0
1 16 25.0
L 2 16 25.0
District
3 16 25.0
4 16 25.0
1 16 25.0
2 16 25.0
Age
3 16 25.0
4 16 25.0
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4.3. ESERXREROSEMLIE

ARATHEET Insurance HHELE, RGN SKF AT IE MR — B0 = KB A EME .

(1) FAATRHbE: ZERE RS E A RW 5, A A SEESRY (1), (0)} 2hor. A%
rh P AR B AL 45 1 [X (District) . 4F % (Age) FER B 55 A £ (Holders), “EAITIRIN SEm ARk 5 5 RIG .
an, AR I 53 S ) KHE R HE MR S s T HIX (District = 4) 5818 % & H K& 22 LUl m
I, AR AR BT AR — e FERE R BT . SRR B ARIR S AT A (AR AR | T Il
IBERIRA R, AR LEHE R SHEE ARG KBS I A, WA rT s et rT R i 1Y . EUCR KRBT
YN LSRR B I A T BB 43 AT (W E-value 5.

(2) IEMIHE: 155 YEHE7E 0.15 28 0.90 7], K HBIkumHEL 0 8¢ 1 1fE, HEW BRI ZENY
FPAEAL A X B AR (L 4), B2 -

(3) —Fd:: A E UWIF(HER >1.5 FF vs <15 FF), ANRMREHEFA H MR AT N H kT
(BFHh), REEE.

4.4, TMLE {EiH&ER

AL H AR KA M TH(TMLE) RIARHER AR, AR TH IR 45 R . Wt A5 0 B, it i
SR B AIIE TRINEEAT H AR LB, A AT 2P A B (ATE)H) TMLE it & .

4.4.1. MIrEERER

B A — N R E ARSI Poisson [ETHE R N HIEASE BB Q° (AW ) =E(Y [AW), P
FEAL AR B AL HLIX (District) 4F# HU{E 4n A0 (Age_num), I LLLREEEG AKX %L log(Holders) fE A s
= (offset). HRATEAN:

logE(Y | AW ) =log(Holders)+ f, + B, A+ f3,District, + g, District, + 3, District, + f;Age_num.  (24)

Hrh etz 1, 2, 3, 4 gwtY. [IAZERMWZE 5 Prox. AEARE A B R E0E 205 1E(0.331, p<0.001),
R RHFEIR ARG R, TR R #E 1 (-0.190, p < 0.001), ¥t R HREERIEK 2 NE
&4 ; Districtd FHLL Districtl A 5 & 1R §5%(0.265, p = 0.002).

Table 5. Poisson initial outcome model
%2 5. Poisson #13a45 Ri& R

e ES PRtk iR zfH pfH
(Intercept) —-1.607 0.154 —10.467 <0.001
A 0.331 0.046 7.207 <0.001
District2 0.037 0.046 0.810 0.418
District3 0.059 0.060 0.981 0.327
District4 0.265 0.085 3.124 0.002
Age_num -0.190 0.038 —4.942 <0.001
log(Holders) 1.016 0.034 29.504 <0.001

4.42. {GEB\IER
KH Logistic [ )74 Ab H A5 &8 A X Hi[X (District). 4#5 %/t (Age_num) Al log(Holders)dE47[A1)H, LA
1l A 3 2H 5 50k R 2H 2 (] PR P A A R R S SR B B VAR . A
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P(A=1|W)

log———MM2
I P(A=1W)

= a, + oy District, + o, District, + a;District, + ,Age_num + ¢ log (Holders).  (25)

fhit4s s 6 Frzn. District3. Districtd. Age_num LU log(Holders)#) 5 4bFE 4 it &2 2 AH 5 (p <
0.05), it HiX Lo A ot FF R FA BRI TN BE /), AFAETRAR . W57 iR O 0.15 2 0.90, BN
0.50, AT 0 5 1 B, 9 2 TR AL

Table 6. Logistic regression of treatment A on covariates
< 6. Logistic [E]Y3: 4 IBTE A WAL EMEYILER

e ES PRk iR z{H p i
(Intercept) 7.748 2.344 3.305 <0.001
District2 -1.167 0.956 -1.220 0.222
District3 —2.529 1.128 —2.243 0.025
District4 —3.894 1.365 —2.853 0.004
Age_num 1.878 0.539 3.481 <0.001
log(Holders) -2.127 0.549 -3.873 <0.001

4.4.3. {@E15 5 FEIZHE(SMD)

DRI A L PG e 7, 5% DA e AR (b AL 32 (SMD). SR 753 433
BERBCE(IPW)BEAT DAL, — 2K SMD < 0.1 R R IF . 45 R4U04 7 For. JNBLHT, District Al Age
ff) SMD g 0 (BEI$Hf A & 58 47 ¥ it), logHolders f¥) SMD J9—0.673; LS A M8 &) SMD 4%t
/N T 025, HIHS /T 0.1, BEWMBURAS 4 BIRLA ROP-5 T 18 &40 i

Table 7. Standardized mean differences (SMD) of covariates before and after
IPW weighting
= 7. EE S MENE ST S RARIELIYZE(SMD)

AR A AL SMD IS SMD
District_1 0.000 —-0.010
District_2 0.000 0.002
District_3 0.000 0.016
District_4 0.000 —0.008
Age_num 0.000 —0.041
logHolders —-0.673 -0.217

4.4.4. Poisson T8 T B S B IE

T A7 AR I R 43 i (overdispersion), RIJT 25 K F3ME .. A SCRH R 7 VAR 56«

1) WA R : Pearson y° =65.996 , 72 [ ¥ df =58, i/ #LX 7 =1.138 (p=0.220).
2) IR LA A f IR RN AR L (5 Poisson A5 AR [R] I PR B K offset), SR LA IG 4 it & LRT
=0.432 (p=0.511), 1 TR ES S 0=572.06. %&F, BIEAGALZELE L Poisson
BALER
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4.45 TMLE f&§it8 ATE
TESRIGWI U6 25 FAR TR 15 A 5, M R sh b AR &

H (1,Wi)=gL, H (O’W‘):%(C‘vi)’ (26)

HAEFE “ BAnb” WIaG 25 SRS, DRI a1 753 2 A ME 2 o SRIG & — AN A Bk PRI 1Y) Poisson
[E] A5 7L (75 LA log(Holders) A fm#s &)
logE (Y, | AW, )(¢) =logQ® (AW, )+€&H (O,W, ) +¢H (LW,), 27)

et 1og Q0 (AW, ) IE R IRES B I(RIIE A 1) €= (cnq) REEMHOEAZH. BRI
VB G R G, T S 4 S T (-

Q" (LW,)=Q°(LW,)-exp(4H (LW,)), Q"(0.W,)=Q° (O,W,)-exp(éH (O.W,)). (28)
%, TMLE X125 A BN 1 A v 0 -
ATEnue == 21, [G(4wW)-G (0w)) . (29)

FEARSZHIH, f5i1H153) ATE = 13.41 (p < 0.001). XEMREIE R THIX . FE RS2, KHE
BIREWDHERETHZ RS 134 K.

AL S TR B, A4S B A O T e R R R R R (X RS REFEA &), A
PR R AT HEIRPE M BN R IG IR  A A s KHERLZ I R IR B AR v T/ HERE 4 . Poisson (5]
(& e &) EoR BOE AAEAE BB 8, &4 R Poisson K7, AEHA G I8 VB SR S 4R T B
#o KA TMLE {115 3] ATE 25 13.41, BB RHFER G R EG N 7 RIGxE, SRESSH “KHHE
R RS B s A — 2K

5. Wit 54%ie

AICEXF Poisson THEER, A4 T HARERKUAM THTMLE) (R S SEBL,  JF il 5245 R 2 Rl
AN AT IRAIE 1 HERE . BUERKRW], TMLE ERRLIER. BUAMS 2RI, 2ERBALR B =R
NEIORFHR W Z AN I IR R 2, BRI SEI AT, RATRGE S 1 R HEWME 51
ML, R 1A 2 T2 W (SMD R)M UG I a5 R, #E— P30 RE T TMLE 72 S2Pr it Bt
AT I -
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