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Abstract

This study focuses on the type determination of a class of planar fourth-order differential systems
at singularities, where the systems retain only quadratic terms and a single fourth-power term. Us-
ing polar coordinate transformations, radial equations are derived, and Lyapunov constants are
calculated sequentially via power series expansions to identify four parameter distributions with
zero Lyapunov coefficients up to the third order. Building upon this, four sets of parameter relation-
ships are established for singularities to become fourth-order fine focal points, along with four suf-
ficient conditions centered around these singularities. The sufficiency is demonstrated through the
construction of first-integral functions. These results systematically summarize the central and
higher-order focal characteristics of such models in low-order cases, laying a theoretical foundation
for subsequent analysis of limit cycle bifurcation.
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1. 518

P 2 B R G, WISERT R LB IR o T R BRI 2 M L — . %))
AL PRE FF 1 IR 2 MR e RS I A2 AT 58, T BRI PRIA 1) 73 SCHic: 5 4 2 F -  Andronov
SSRGS IS R G 7 B LR, MBSO 7K R R[],

M AR B R BOR RG0S E TS A R R, A O AT T I RO R e o IR, Li 55
EFX—28 Zo- X R LR 2 I 280, i iH S AT JLBY Lyapunov %40, i@ T ARG HAE s A
O IFEELAE, FHHT T 4O B B RS AR 1 2 (2] KR S A SR — 2R DR £ T A

R3] 5K 0 H SRR T Ay R, 4l T RINIRR G AT O L B RO E 26 (4] R
M SRR FT 7 — SIS TR AT DY i RS AR rhoC DR, TS T R R A T L Ry
5w 5 7 25 (5]

FERIR ARG, [ € REEAH Poincaré W 5 S BT %, BT T HIRmIRZ B REEH
bR A [, S T BT DT L[6]. BEAh, 5kFFIE I Poincaré AR ikt T8 55 s A N A TR
A, BEIE T — R 2 UM RYGTC T L i oL R R E R 7] AR O T — SR VIR AT S
RGO 5N G R, R RGN E RS, HE T W R EN AR 8] KES
M A 7 2 ARG RS, 5T 1 SRARZ A R G RO RUFDE L, (5B Taylor J&
TEREE SR HE A UG T R E TR [9].

AR M AR AR e 5 R BOEHERE, MR TR0 TS . HEZRER, rfiH%
RN E, FREMNEIATEN . oS =MEAENE, AP NUMEASHIE Y. £l
D3 E, ST SRR EAT U SR B AEF AW, SRR AN SRR, Rk
YA S HA KA, A1 R R O DB 89 £ Al XSSP AE I SO B 7 ) PA(FL) 2 (FA) 45 1 .
UL, E0 R T BT, ASCHIE TRIRE AR BB BRI T E B (c1) F (c4) 4L b
SRAFIITE L

2. FEZR
AW T LA P T 6 VU R R 8 1 H OB 5 0] R
dx 2 2 4
=Y X Fap Xy +ag YT +a,X,
dt
q (1)
y

W X +1,X% +10y, Xy + by, Y + b, X"

ForH a0, 84,8090 B0 B by Do Do € R+ SEAR(0, 0) AR R ZS(1) A5 A0, STt WA A i B0 A,
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DAAS BUAH XS IS H r o S A R AR RS A

L VK NRGDIIEE kB, b k> 1 HOVBH. RS, R0 0 i EAE V,
BRAAH, Bln=2q+1, Hdq>0, MBAEEESPARN qBr. WRXTTIAR q>1 46H Ve=0,
JFR(O, 0) N AR GH(L) I Lo O TR EZ MW FCEE R, FATA LR P B AT 1R

SER 1. WUR R UL R IR —, W RN R S8 L,

(c1) b,=0,a,=0,a, =0,a,,=0,

(c2) by =0,a, =0,8, =—2by,8,, =0

(c3) b11 =0,a, = 2b20’a02 =0,a, =0,3,, =0,

(c4) by =0,a,; =2b,y, 8, =-20y,,8,, =0, =0

SEHE 2: AR LR RAE, MR RUN R GE(D) ) 4 Brag gk,

(f1) b, =0,a, =0,a, =0,20b,, +22b, +5a,, =0,
621 , 31 4
ﬁ 02 7000 02311 ozau al ’

a,, (~20177299305, +623097600b;,2,, +1222908000b3,a2

b40 =

+10617360000,a;, + 453780000by,25, + 765450008, ) # 0

(f2) b, =0,a,, =0,a, =-2by,,3b, +5b,, =0,
25, . 460 ,
21 A,y 189 20 7

2157500 212 + 1525500

b40 =

a40b20(28125a§2 by, +31875a,, 40] #0;

(f3) b, =0,a, =2b,,a, =0,a,, #0,8,, #0,
a,

3.40 = m(Bazoboz 3b§2 + 9b02b220 + 6b230 + 3b40>

C#0;
(f4) bu =0, a, =2b20’a11 =_2b02’a20 ¢0,a40 #0,

o = g(sagzauazo +8g,8,85 + 38,85 — 4a11a40) ’
20
5, < _DEVD'-dEF
40 3363,
G=#0;

Hrp
A = —[ (L1, +15b,, ) (2408507, +180a% by, — 240a,0biby, ~180a,05,b%,
+ 720,005,103, +10208,00,0 + 360,05, ) + 8y, (108, — 42D, — 610b7,b,,
—1434b,,b}, —954b5, ) x (3ajby, — 305, +9b;,bZ, +6b5, ),

B = 634, (3ajhy, — 305, + 9l bZ, + 6b3, ) +3a,, (108, — 42b5, — 610b5,b,, —1434b,,b, —954b3, ),
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C = 464400a3,b2 b, +348300a3,b,,bZ +810852a3 by,b,, +916920a3 bs,b2 +3772368a%,b2 b3,
+3494340a2 b by, +696600a3 by, —1275252a,,b5,b,, —1265220a,,b5,b% +1446588a,,b;5,b>,
+4825524a,,03 b, +9667944a,,b2 b5 +9320256a,,b,,bS, +3041280a,,b2 —87075a3,a,,0,,
—802440a2a,,b3, + 42507922 a,,b2 b, +1492155a% a,,b,,bZ +2089800a%,a,,bs,
+324555a,,b;, +3188251a,,b;,b,, +8727543a,,b5,b% +13980417a,,bZ b3 +15279066a,,b,,b,,
+7460640a,,bS, + 609525b,,a8,,a%

#0,

D = a,, (9085, +3008,a,,8,, + 44y, + 216,85, ) — 42 (585,818, + 824,335 + 33,33 ),
E =168a,,,
F=ay (180320811332 +45023,8,,83 + 3585, 8, +3605,8,85 + 658,185 +90ay,a, 8, +308;a5 )v

G =556920a%,a,, +1715040a3,aZ%, +302400a5,a’ a,, +1569492a;,as, + 755328a%,a%a’,
+43362a%,a;, +46060a2,a),a,, + 544539a%,a’ a3, —542160a2,a5, +85540a5,a’ a2,
+33561a,,a’ a3, —174150a,,a5, + 39480a;,a2, —58050a) a5, +181440a,a,,
+1151856a2,a,,a,, +317520a’,a a,, +1671336a%,a%,a,, +609408a,,a” a,,a,,
+549180a,,a3a,, +13552a;,a,, + 21574822 a2, a,, —174150a%,a,,.

3. ¥ig

EH 1SR, JRABON RO FTE TR R B AUNE, BRI R B L T, X4
RiizR: RGO IETE 4 BRI A IS FREMPRE , o IRIAE S T N A Lotk M, e 2
VYR 59 6 RURAE R, TRITR B AESE, H& ST RN 2 B W, R mb a6 S sk
AR TR RIS e ORI [V AR PR 5 15 K 5~ 4

—ANT PR PO 5 VR 55 8 R R SRR R . MR E S ORI R BUIR A N E . 2R
—HAEE, =MEARNTERN NE, FREZ M Ea. HIbrTPIE, 1258 XIRET /%
R RSB B o R, R A AR AT NI — ML S

MAR BRI 73 S BRI 73 4, DUBIY 95 85 R A AE SR AE 78 70 /NIIEN T, R RSBk P d 22 /] 77 A4 DY
ARIRIE . B 2 SR VYA S HA AT, J3 % REAN R ) ik 5 DY IR IHEBC G 2R, N IR B IR 43 3
HISEBIRIE SR T 2 BRI S Bk

M XS ZIRARGE, AT RG0S OR B I Ry, AR B A S ) 25 5

SERTURYT 59 A S HE . IRAREL T “RER kI SR EAREUL RO I E G L, NERIRARG N
PRt 7T B .

JE, @1 P TOS TE A  CE A T R A SR, e B 2 DU 59 AR S AR e
fE B S B IR I TSN o 5 SR 78 T Bt — DR LE TS DU 2H 25 14 1 9985 55 BRI SEBR AT 43 52 H AR BR 3R
FARKH , DA 75476 T oI5 s B 4l A s () AT R &

4, ERENHE
BAGeN RG (D)AWL bRHEATHIE, 4 x=rcos@, y=rsin@ fRANRGIFWZdt, A[75

dr o i
agzzmawy,;ﬂ¢
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R, (0) = (2, —ay, —by;,)cos® 0 +(ay, +b,, — by, )sin @ cos? 6 +(a,, +by, ) cos & +by, sin 6.

R, (0) = _Z(au +b20 _boz)(azo — 8y _bu)cose 0
+(azo +a; —ay +b20 _bu _boz)(azo — 8y _b11 +a, +b20 _boz)Sin QCOSS 0
+[ (—4ay, — 3y, + 5y, )y, + (=38, +4by, ) by, + (28, — 30y, ) 8y, + 1y, (8, — 2by, ) |cos’ @

. 3b
+2sin 6{—a§0 +(a20 —%) ag, + b§2}0053 0

{[ 38y bﬂ] §°+a2‘;_b” b (B > )}cos 0

2

+[ (2ag +1y; — 4y, ) ag, +(ay, — 20y, )y, + by, [SiNOCOS O +ay,l,.
&%%gggz;a@nwﬁEMﬁwm=c,ﬁ%%ﬁﬁ:

r(0)=3, 5 (0)c, r(o)=L
j f(p)de, Nk (6)rEsdEfs s 1.
SI# 1 Mk =2340, £ (0)WLERWT:

~\2  ~
5(0)=(R,) +R,,

(6)=(R,) +2R,R +R,R +R,,
I B 1 TR AR, (2 <k <4) FSARI T

V,=0
V3 4(2a20 20 a20a11+b20b11 allaOZ _2a02b02 +bllb02)

V, =0

T
Vs = E(Sanagz +10ag,by, +88y,85,8,0 + 42,8501, +6ag,8,0b0, + 385,050, + a8, —ap,anby,
- 43121b20a02 + 3a11a§oaoz + 7a11a02a20h11 - 6a02a11b022 _1laoza11bozbzo - a11a02b121 - 5a11a02b220
—10a02a220b02 + 8aozazobozb11 - 6a02b022b20 - a02b02b121 _loaozbozbzzo + a131a20 - 2a121a20b02
- 5a121b20a20 + 3a11a220b11 - Sailbozzazo - 5ai1a20b02b20 - a11a20b121 - 6agoboz + 5a§obozb11
+ 6bgz 8y t+ 1oazob022bzo - azobozblzl - 5340311 - 6azobao - 22340b02 - 20a40b20 - 3b11b4o )
5. XEIEERA
SEH 1 AEREE 2 EB IR
H R IA
V3 4 (23-20 ho — Aoy t+ bzobu ay,8g, — 2E‘ozboz + bnboz )

_ azo (ail _2bzo)+ aoz (311 + 2b02)_ b11 (bzo +b02) o
4
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T
V5 = ﬂ(sauagz +10ac3>2boz + 83113525‘20 + 4a11a§2b11 + Gaéz azoboz + 3aézbozbu + aflaoz - a02a121b02
- 4a121b20a02 + 3a11a§oaoz + 7a11a02a20h11 - 6a02a11b022 _11a02a11b02b20 - a:l.laOZblzl - 5anaozbzzo
—10a02a220b02 + 8aozazobozb11 - 6a02b022b20 - a02b02b121 _loaozbozbzzo + a131a20 - 2a121a20b02
- 5a'121b20a20 + 3a11a220b11 - Sailbgzazo - 5a11a20b02b20 - a11azob121 - 6agob02 + 5a§ob02b11
+ 6ng 8y +10a20b022b20 - azobozblzl - 5340311 - 6a20b40 - 223-40b02 - 203'40b20 - 3b11b40 )
. a + +2a,,b, —b.b . .
‘é'l bu 20 EﬂL, /7"\\/3 =0, ﬁ‘ﬁ;ﬂ bzo — 20811 T 8138, 8020, b11 02 , TEbzofJi)\@JVS el
2azo + b11
= H
24 |7

Vs =

Hrp 1 =2a,, +b,

H =5a,a5,1? +10a2,b, 1% +8a,a%a, 1> +4a,a5,b, 1% +6a%,a,b, 1% +3aZby,b, 1
+a’a,l? —ag,alb, 1’ —4a2a,MI +3a,a%a,* +7a,a,a,b,1° —6a,a,b3 1’
—1la,,a,,b,MI —a,,a,b2 1% —5a,,8,M * —10a,,a3b,, 1° +8a,,a,,0,,b,,1 > —6a,,b5,MI
— ag,bp, b 12 —102g,b, M * + @ 8,1 2 — 280,800, 1 —52f8,,MI + 3,85y, 12
- Saﬂbgzazol : - rE’ana-zoboz MI - &y38y 21I : - 6a§0b02 1%+ 5azzobozbnl 2t Gbgzazol :
+10a,,b% MI —a,by,b7 12 —5a,,a,, 17 —6a,b,,1> —22a,,b,,1° —20a,,MI —3b,,b,,1°

M = aya,; +a,,a,, +285,0, —b;by,
IBi Vv RIARGSE TEB, N TR E AV, =0, REHBEUF I RRE L
b,=0ay,=0a,:=0;
b, =0a, =0a, =-2by,;
by, =08y, =2b, a, =0;
by, =08y, =20, a, =-2by, ;

(1) %b,=0a,:=0a,:=0K, V,=0

V;=0

Vv, =0

a,o7(20b,, + 220y, +5a,, )
S 24
V, =0
18 (409905, +9860b3,b,, + 7375by,b3, +1750b3, +875b,, )
T 2000
V, =0
7, (5003307h;, + 213834600;,b,, +3553450005,b3, -+ 28805875h7,b3, +114168750h;,by, +1771875b3, )
. 52500

AV, =0, MRV FXAMMEL, B a, =08k 20b,, +22by, +5a, =0
Hi ayy =0 AL (cl).
75 20b,, + 22, +5a, =0, f3b,, = —%boz —%aﬂ , RO A, AV, 7,
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na 11 1
Vv, = 205% {409%32 9860b§2( EbOZ_Za“j
1, 1 1m, 1Y
+7375b02[—5b02—za1j 1750[ 0b02 Za“j +875b40}
JEIT AL T 5 15
v, =—3’£§‘go (172903, —53400;,a,, —8700h;,a;, — 2625a;; +14000b,, )
ma, 11 1
V, = ———2_| 5003307h;, + 213834600y, | ——by, ——
9 52500|: 02 02 10 02 4ail
2 3
+3553450007, (—% [0 —%aﬂj +28805875h7, [—%boz —%amj
4 5
+11416875h,, (—%boz—%alj 1771875( 1;b2—%aﬂ”
JIT AL T 5 15
V, = —%( ~2017729930;, +623097600b;,a,, +1222908000b%,a7

+106173600005,a°, +453780000b,,a;; + 76545000af1)

FiAV, =0, 733172903, —5340b2%a,, —8700b,,a’ — 2625a11+14000b40—0, s
621, 31 1

b40 = % 02 — 7000 02a11 02311 a1
- 621, 31 4
E b40 350 bgz 7000 02a11 02a11 a'131 E?J" ﬁ
a,
V, = ———29 (20177299305, + 623097600b;,a,, +1222908000b;
° 215040000 - 2 o b . 1SR 4R 5 4 (F) o
+10617360000%,a;;, +453780000b,,a,; + 76545000af1)
(2) b, =0a, =0a, =-2b, I,
V, =0
V,=0
V, =0
- a7 (3bg, +5by)
® 6
V, =0
a,om(125bag, by, + 920,05, +175b, )
T 400
V, =0
8,000, ( 281258y, +107875a7,b}, +12204b3, +31875a,a,, )
Vo= 75000

LV, =0, WiV RAAMAEDL, Bla,, =083hy, +5b, =0.
# ay, = 0 A f3 L AR (C2) -
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RN A 5 5 Y = 4
4 30y, +5b,y =0, by, = _§b20 , RANEREV, IV, 13

T 5 5 Y
v, =-2u2 [125&152 (—§b20j+92(—§b20] +175b40J

2 4
V, =— aT (—Eb ](28125a02+107875a02( 2 ZOJ +12204(—§b20j +31875a02a40j

75000\ 3

JEFF FFA T 5 15

a,m( 625 11500
7T 420 [_ 3 agzbzo
_ Bagh,m (28 1258 + 2157500 o 1525500
TS o t+

b+ 175b40j

9

by, +31875a,, 40)

225000
Fi4V, =0, {35 —6—25 2 b, — 1200 b, 4175, =0, fEf
25 460
b40 = Zagzbzo 189 b230

RN Vo I 15
a40b20n(28125a§2 2157500 ., b2+ 1525500 bl + 31875a02a40j 20 . BFIPUBEE 5 L 1E(R) -
(3) b, =04, :=2b, a, =0

V, =0

V,=0

V, =0

v T (3a50D0, — 32,05, + 9ayglog, 1%, + B3y +3ayby, +118,4by, +153,40y )
T 12
V, =0

V, = ﬁ(n(240a§0b§0bzo +1808%,h5,b2 — 240a,b;,"b,, —1808,,b3,b2 +720a,0b;,7h, +1020a,b%,

+360a,,b5, —108a%,a,,b,, +42a,,05, +610a,,05,by, +1434a,b,,b% +954a,,b3 —63a,,b,, ))
V, =0

V, = 565280 (n (464400a§0b§2b20 +348300a3,b,,b7, +810852a b,b,, +916920a> b3 b2 )

+3772368a5, b5 b3, +3494340a3 b,,b;, +696600a3 b3, —1275252a,,b%,b,,
~1265220a,,05 b2 +1446588a,,by,b3, + 4825524a,,by, by, +9667944a,,b2 b3
+9320256a,,0,,b5, +3041280a,,b), —87075a3,a,,b,, —802440a% a,,bS,
+425079a2 a,,05b,, +1492155a2 a,,0,,b2, + 208980082 a,,b3, +324555a,,b3,
+3188251a,,b5,b,, +8727543a,,0b7,b% +13980417a,,05,b3, +15279066a,,b,,bs,
+7460640a,,03, +609525b,,a,,a%; ))

AV, =0, MV, FHXA 2 M, B
Y, =0, LIV, = —%(namb02 +15a,0b,,) =0, &, (11, +15b,)=0
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Fa,=0, AIEHLEKIECS).
#iy, +15b,, =0, Miby, = —gbzo , MWV, = %(61Oa40b§2b20 +1434a,,b,,b%, +9542,05, ) -
RV, 15

2 3
v - ”&wmo{ﬁlo( 15bmJ +1434( 15bmjbm'+954bi} na b} 16074 _ 893ma bl
11 11

144 144 121 968

4V, =0, FHa, =0, Hldib,=0. HHEIb, =0, RIEALNTL, FE, RIS
B = fE s A
M a,, =0 LIV, =0 %1 N:
8y (3aZyby, — 305, + 90,15, + 63, + 30, ) + 8, (11by, +15b,,) =
Ha, =0, IINZPEAE A 3a5 b, —3b3, +9by,bs +6b5 +3b,, =0,
203 +b N g b
0700 (b, #0), M a, =0 REBMN KRG, FIAEMESRY, =V, =0,

2 2 2
Ay = boz _3b20 -

JR s (cd)

02

Fiag =0, BV, =0 %KM a, = —m:#%(easoboz — 305, +9h,,b2 + 655, +3b,, ) FRAV, 34
V, =073 5;
(11by, +15b,, ) x (240a§'0b§2b20 +180a3,0,,b% — 240a,,b;b,, —180a,,bS,b%
+ 7208,0b%,03, +10208,b,,b7, + 360,005, ) + 8y, (108h;, — 4205, — 61007,
— 1434D,,b7, — 9543, + 630, ) x (3azyh,, — 305, + 9,3, + 603, +3b,, ) =0
12 by, =

N = —[ (11by, +15bs, ) (2408507 by, +180a% by, — 240a,bbs, ~180a,05,0%,
+720,,b3b3, +10208,b,,b%, +360a,b5, )+, (108D, —42b3 —610b3b,,
~1434b,,1o%, ~ 9548, ) x (3a%,by, — 30, + Ib,b%, + 63 ) |

D = 638, (3a3,by, — 35, +9by,b5, + 603, ) + 3a,, (108by, — 4205, — 610bg,b,, —1434,,b%, —954b3, )

by HHANZIV, 13V, =0, BEITIRATAFE] 1 DUBHEE RUFAF(E3).
(4) by =08y, =2by;a, =-2b, i

V,=0
V,=0
vV, =0
n (Saéz 8318 + 8a02a11a220 + 3a11a220 —4ay8,, - 6a20b40 )
7 24
V,=0

1
V; = %(n (180320311332 + 450a§2 ailazzo + 35a§2 a113a20 + 360352311320 + 653*0231313'50 + 90a02 anago

+30ay; a5, +90a3,a,,11+3008y,8;,8,3,, + 448,13, + 216,858, — 2528,0b,, ))
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V, =0

vV, = @(na11 (556920a§2a20 +1715040a;,a% +302400a;,a’ a,, +1569492a;,a3,
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