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Abstract

This paper investigates the mean-square stability of a semi-implicit Euler-Maruyama method for a
scalar linear stochastic delay differential equation with linear dissipation, discrete delay feedback
and multiplicative noise. An explicit sufficient condition for the mean-square exponential stability
of the zero solution of the underlying equation is first obtained by It6’s formula and a Halanay-type

inequality. A semi-implicit Euler-Maruyama scheme with parameter 6 e [0, 1] is then constructed,

where the current drift term is treated in a #-implicit manner while the delay and diffusion terms
are treated explicitly. A directly verifiable sufficient criterion qs(h) < 1 for mean-square exponential
stability is derived from a second-moment recurrence estimate. Further proof demonstrates that
when the original equation satisfies the analytic stability condition, the scheme maintains mean-
square exponential stability with a sufficiently small step size compatible with time delay. It should
be noted that the criterion presented in this paper is a conservative second-moment upper bound
sufficient condition, aiming to provide a stability analysis framework that facilitates direct calcula-
tion and numerical verification, without claiming to give an optimal stability region or necessary
and sufficient conditions. Numerical experiments, under the selected parameters, demonstrate the
improvement effect of semi-implicit parameters on the guaranteed stability region characterized
by the sufficient criterion presented in this paper.

Keywords

Stochastic Delay Differential Equation, Semi-Implicit Euler-Maruyama Method, Mean-Square
Stability, Mean-Square Exponential Stability, Stability Region

Copyright © 2026 by author(s) and Hans Publishers Inc.
This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).
http://creativecommons.org/licenses/by/4.0/

1. 518

BENL o3 7 2 S BB DTV 2 BENLE) 1 RGBT R i P EEA TR, MR W2 W, Kloeden
A1 Platen [1]+ Higham [2] [3]LA &% Mao [415 3CHik. 5 TCRAE AR LG, BEATLES A 520 7 72 19 2 H V6 A ARt
P SRAS, HEUEEL SRt AR 4. Baker A1 Buckwar [5]. Buckwar [6]. Mao [7]%} B HLE i
BURANLIZ BRI T RR BB AT T KRG AL Y07 R Ml i o A S DR FE AL R SRR E AT,
J2 BE AL i 7 FE B AR e Ve e R F FR b

Euler-Maruyama J7 VA2 x0T 8L, (HAEFE B SR D KBRS, 2 R X A e P 26 N A o
s REAR RN, Bask. RRaaU o BUBENLEUE 77k Ok 2 A . Higham [310F 7L T BEAL 0 J772: 1135
Ji 5L E M Lius Cao Al Fan [818F 5T 1 ZMERENL 73 (B3R J7 #2228 Euler J7 & IS S 545 5 5
Wang F1 Chen [9]%E 37 1 JE et b 37 B BE AL 75 F2:Ba 3K Euler 7k R385 fa e 25 5 s BEALIN i 77 72
Euler #4777 Runge-Kutta %! 77 7% DA K Ae e PR S84 1) @ik v 23 0L SCHR[10]-[12]

BRI UL IR, ARSORE 2B Buler 753k 8k “Ze ik BEALI 7 FE M3 7 Fase e VE v
MELRTT . OA CERE S RAE L 7 ACIR R, R¢al& Lius Cao A1 Fan [8] T Ze 1 BEALI S 118 75 F2
FEE 20 Euler J7EMUSIME . MS-FRE AT GMS-Fa e VEREAT 1 8LTE 8 i 53X Se i — R BIR A 75 AH
o, ARSCAEE S — bR AR AY, M R b HE Ok 45 AR SR U SR W R HE . A

DOI: 10.12677/aam.2026.157303 76 I Ha it


https://doi.org/10.12677/aam.2026.157303
http://creativecommons.org/licenses/by/4.0/

i

Fas B, A AT Monte Carlo 5206 YR %448 (0 SEAT S e e it 5, 5 E4 SO e
fy MS-e 2 MR GMS-RasE MEBRBAR L, A B IR R4 BRI BR R e 0, 0 R4 MU B, [ Tt
SRV STIL — WY E 78 5 U

AR HE AT TR BB B 45 7

dX (t) =(aX (t)+bX (t—z))dt+oX (t)dw (t), t=0, @)
Hrfra,b,oeR, >0 4%, W(t) N —4Ebsiifillizs). A EETER: WiE250<[0,1]
(172120 Euler-Maruyama % 2K, #5311 16 35 77 e Ve 7o 20 030 UE /N D KR IR e ORI
Jrd IR e E 5 Monte Carlo S50 158 B 1% 248 () T B /EvE . 25X Euler-Maruyama #% 306 B 6 = 0 IR
1B, ASCEUE G5 B AR 0 > 0 B2 B QAT B A ST 78 43 J1408 21 86 1) m] ORI AR 8 DX IS et . AR
AERRIEHTER T OF MS-EE s GMS-Fase th4s R, hAK H R R AR e 8
2. BRERREN
w (Q,]—',{]—}}t}r ,IP’) ST L AR 5 A TR IR A R, W () bR AT RIS ). D5 AR (1)RC LA
W46 F A
X(s)=¢(s), se[-,0], )
Horbr o o 7 - AT IESEBENLER B, I3 2 Bsup_, .o @ (s )| <o o T2 RELL MK A Lipschitz 1%4E,

TIRE(D)AFAEME— SRR I AT IR .
FE X 2.1 FAFAEFHC >0MA >0, AEFFER AL (2) H7 46 bR B0 I A A6 A2

E[X (1) <Ce ™ E sup |p(s), t=0, @)
-7<s<0

VU5 A% (1) A 25 1 ke e

AIAEH AR Halanay itlﬁhT A[13]: WARTUREL u 7E [—7,00) LELE, JEFEL>0 LATRS. &
FERE o> 20, MfFu'(t)<—au(t)+AM (t), Hrh M (t)=sup{u(s):t- r<s<t}, NFFERHC 21
FA>0, [fFu(t)<Cexp(-At)M,, i M, =sup{u(s):—r<s<0} . ACMBEHZLBMTIE: %
ANEE AT B bR EEBOE R Halanay A% U HEHEH .

SIEL 2.1 B X (t) MR, Wxit=>0, A

d 2 2 2 2
+F X (0) <(2a+0” +[b])E[X (1)) +[b|B[X (t-7)". (4)
W 10 AR
d|X (O =((2a+ 02X (1) +20X (1) X (t=7))dt+ 20X (1) AW (1) (5)

WU IR BE LR 2> U S T % 2|xy| < X2 +y2, RI49(4). iEHE
SEH 2.1 HSHH L
2a+0”+2|b <0, (6)

W5 RE QL) B ZE 8 220 T3 PR B E
B 4 u(t)=E[X () a=-(

), B=b| . HFMEG) T Ha>p20. WG 21, H
u'(t)<—au(t)+ S max u(s). )

t—r<s<t

DOI: 10.12677/aam.2026.157303 77 I3RS


https://doi.org/10.12677/aam.2026.157303

i

f Fi& Halanay B LA SN, FFEBBVIGER FM B EA S, ASFEC,A>0, e 2.1
TR @) KL, X H Halanay A% A A6 e EAf S e 2.1 AR aa B A4S B ke b1
FraE. RO RRQ) R EMIE T IR EASE . EEE.

3. FEER Euler-Maruyama 35— MiE511E

B 51 8% t, = kh o TE G (7 R A BN B 17, R 7 = mh, o mOIEBEAL 2 Y, = X () »
AW, =W (t,)-W (t,) - %E 0e[0,1], & F:Fazk Euler-Maruyama #%

Yo =Y, +ah((1=0)Y, +6Y,,,)+bhY,_ +0Y AW,. 8)

PHRERY, =o(t), k=-ml-m,--,0; H1-0ah=0K, B)AI5H
1+(1-6)ah+ocAW, bh
k+l = k Yk,my
1-@ah 1-0ah
Horbr 6 = 0 X RE X Euler-Maruyama #3X, 0 =100 RS TR IU7E 2R aCHR . AL RO FERE
S5 a<0, BEXf0[0,1]fh>0%1-0ah>0.
SEX 31 HAFMEC>0RA>0, [HAEHEMN T

k>0. 9)

E|Y, " <Ce™ max E|Yj |2, k>0, (10)

-m<j<0

g 20(9) 77 FaHAE
51FE 3.1 #Y, HO)AH, Ha<0. WXHTEEKk>0, A

EJY, . <q, (h)max{E|Yk|2 ,E|Yk_m|2}, (11)

b
=

(1L+(1-0)ah| +[o|n) +o?h

12
(1- ¢9ah)2 (12

%(h):

IEY) 3l A =1+(1-0)ah+0AW, , D=1-6ah . BT AW, 5%t LARTEIE BASZ, H EAW, =0 .
E(AW, )’ =h, Hi(9)73

2

E

|2

1
= FEM(YI( +bhy, . |".

Yk +1

(13)
FI, EA =1+(1-0)ah, EA’ =(1+(1-0)ah) +o?h . EIFA3)HIZ T JFI 2|xy| < +y?, wIfd
E|AY, +bhY, [ <([L+(1-8)ah|+|po[h) M, + oM, (14)
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Table 1. Stability criterion values for different step sizes and different 8

= 1. NEZKIARE 0 THRREEHIEE

HKh go () qos (h) gs (h) H4 i B
0.2 0.4500 0.4970 0.5508 =& R R A
0.25 0.3906 0.4298 0.4949 =& R R A
0.5 1.0625 0.2449 0.3300 BAHHERRL, R 2
1.0 7.2500 0.3200 0.2031 PR3 i
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Figure 1. Monte Carlo estimates of the second moment for different 8
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Figure 2. Schematic stability region determined by the sufficient stability criterion
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Figure 3. Second-moment recurrence and Monte Carlo estimates of the semi-implicit
scheme under different noise intensities
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