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Abstract

Integral evaluation represents a foundational topic in advanced mathematics and plays a pivotal
role across a wide array of disciplines, including natural sciences and engineering technologies. In
light of the cumbersome computational effort and labor-intensive procedures associated with con-
ventional integral techniques, this paper conducts a systematic investigation into the use of sym-
metry as a simplifying strategy for various types of integrals. Initially, the study delineates the prin-
cipal classifications and diagnostic criteria of symmetry, specifically odd-even symmetry and cyclic
symmetry. Building upon this framework, the paper derives a series of symmetry-based theorems ap-
plicable to definite integrals, multiple integrals, line integrals, and surface integrals, thereby elucidat-
ing the intrinsic connections between symmetry of the integration domain, parity of the integrand,
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and cyclic symmetry of the integrand itself. The efficacy of the proposed methods is then demon-
strated through representative case studies, which also reveal the marked advantages of symmetry
in simplifying integral operations. The results confirm that judicious exploitation of symmetry can
transform intricate integral problems into more tractable forms, offering an efficient pathway for
integral evaluation.
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Jl, ¥do=[[, yido=2 [I, (¢ + y* Mo F4 e BAstRAT LA i 5.

322. ZE# Y
B 4 (AHEXFRIE) TR f (X, y, z) FEA SR Q BiESE, H QT xy FHIXFR, id Q1A
Q7E xy P Loy Essy, W
f(xy.-z)=-f(xy,2),

0,
Hjﬂ f(x,y,z)dv ={2J'”91 f(xy.z)dv, f(xy,-z)="f(xyz2).

W BT (xy, z) AR Q BIES:, Q KT yz FIH(E xz PR AR EOT x
(B y) A wr B R, A2 pIE5it.

SERE 5 (FHIFRME) W =JCeR B f (X, y,z) FEA MR D B HAV XK Q KT R E Xy, z BA
FEHRRAE, U

jﬂﬂ f(xy,z)dv :”jﬂ f(y z,x)dVv :.mg f(z,xy)dv

:%”fg[f (xy.2)+ f(y.2,%)+ f(z,xy)]dV.

W AP IXIH Q KT 1 x=y=z XK, M

I,V =[Jf, v = [[[, 20V =2 [[OF 437 +2 V., Fith AsRALERITLL i 51

3.3. HIZRRR S P FRIE 2T

A AR 73 R A ARG AR ARG AE 2 [A) M 2 J LA AR, 3 a3 — B AR50 5 A 1) 1R 26
TRV R AR PR RAR R o WA R B B AR Z T R S R AR AR N R
3.3.1. E—HHhZ%N
SEHE 6 (FHHXIARIE) W=JCrRE f (x,y,z) I MZe T B3, H T KT xy PHXNFR, AT
Ay,
0, f(x,y,-z)=—f(xy,2),
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J': f (x)dx:f: f (n—x)dx:%f:[f (x)+ f (m—x)]dx .

F(X)+ f(nox)= Xsin x +(TC—X)SII’IETE—X):(X+n—X25InX: nsn];( o
1+cos’ X 1+cos’ X 1+cos’ x 1+ cos’ x

n 1 e SINX
.[O f(x)dXZEJ‘OI:f(X)"rf(TC—X):IdX :E Om

WA ALY, Blu=cosx . N du=—sinxdx .

= sinx r =1 a -1 1 1
———dx=| —————d(cost)= du =(arctanu| =arctanl-arctan(-1)=—.
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i BUPIXI D KT HL y = x MR, BRI f (X y)=x-yifie
f(y,x)=y-x=—(x-y)=-f(xy) . REFEE 3, FHAREAEL T B y = x 0 FR A X4k _E i 2
fy,x)=—f(xy), WHEZHEHFNO, Kk

j_[D(x—y)dxdy:OO
Bl 4 SEEB ([ (|X+y])dxdy » P REARIX IR D = {(x, )| [x]+]y| <1} -

B KB D 6T xl, y BHRR, BORUER B X+ |y] T x By BB AR 2, % D,
A, D 155 — IR, WA
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4ij1(x+ y)dxdy = 8”01 xdxdy o
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Bl 5 HHEAAIBRA R =ER S5 mﬂ xyzdV , EF Q= {(x Y. 2)| X2 +y*+ 722 sl} .

f# POATER Q SCTARARTIH xy T yz TR zx T30S PR BERARREL f (X y,z)=xyz, H f BXRT x.
Yz ARE BRI 4, R R EE ST = 2 A b P T S50 BR (1) 25 18] X3 v 3 R, UL =
By R%E. 14

mﬂ xyzdv=0.
Bl 6 5 =EH mg(x+ y+z)'dv, Hiro= {(x y,2) | X +y?+2% < az} .
R e AR R BRI
(x+ y+z)2 =X +y + 22 +2(Xy+yz+2X) o
TR X3 Q L FARFRITI x=0. y=0. z=0%F, X Tixy . yz. zx FEEEA LR IEE
B 77 1) I e AH LRI, AT
o = ], = [, v —o.
XFFF I, R 5 R I B S
Il v =[[[,y*av = [[], 2%V -
[ik4
X+y+z)dV = X2 +y?+23)dv =3|[[ x*dV .
Il y+2)av = [T (3 +y*+2*)av =3[,

ERRARR R [[] PV .

[[ xedv = J'Oaj':fozn(rz sin” gcos’ 0)r* sin gdOdgdr
:(j:"cos2 9d9)(jo“sin3¢d¢)(j: r“dr)

=TT

| &

2
5

D W

5

4
15

g5 bk,

4na®  4Ama®
I, (xy 2" v =3 v =3 47 S

2
Bl 7 HEEE :J]J'Q(xyzz+xsz+2yzz3)dv . R Q z%ﬁﬂ*ﬁﬁﬁﬁ%+ y? =1 FF 1
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B TRAXI, #(xy.2)eQ, W (-xy,-2)eQ, HH z=+xKTF yz FHixF.
A f=xy’z, f(-xy.-2)=(-x)y’*(-2)=xy’z= f,(x,y,2) B f,(-x,y,2) =—xy’z=—f, . KIH QKT
yz HXSFR, HOZBR A A 0.
BTEEE, f, =z KT x REFRE, X QKT yz i RR, KAy .mﬂx3zdv:0 .
2y

f,=2y2 202 f,(x y,~2) =2y (~2)’ = 2y*2* =—f,, W f, KT 2 RAEH, KK Q 5T xy Mix
PR, FMERN 0. =T 348 0, mASMEFME T =0,

4.4. BT BIRE
Bl 8 THE S A&
| = (_f)r(xzy+ 23)ds )

Hrp T IR X +y* + 22 =4 5V 2 =0 IR £
W NG T R xy TR KAE 2 MBUA, KT,y iR xy FRISRIFR . S5 U R R

f(x,y,2)=xy, g(xyz)=2%.
WL Efz=0, T29(xy,2)=0, %Eﬁj\E?%@rzads:oo BT f(xyz) RRTyK&EEE, HT
KT y=0XFHLNFR. RIHEE6, 11
2vds —
9er yds =0 .
3 1=0+0=0.,
Bl 9 THES A&
Izcﬁr(x2+y2+222)ds,
Hoh T 2R X2+ y* +2° =a> 5Pl x+ y+2 =0 5Lk
i é\llzgﬁrxzds, Izzcﬁryzds, I3:<.|'>rzzds, T T KT x,y, z BEREFRE. HEH 7 A
lL=1,=1,o XT ERSEHLE X +y?+2° =a%, ERS USRS A
I :<j>r(x2+y2+zz)ds;+g5rzzds=g5ra2ds+I3 .
ﬁﬁcﬁrazds, AT & haEl, KN L=2ra. T2

gSr a’ds=a’ -2na=2na’.

3
i+l 1, = (Cry? +22)ds=27a® s 1= 1, =1, Eﬂz|3=21;a C b, BN

3 2
| —2ma? + 2na _ 8na
3 3
B 10 THEEE AL AR
I =jr(x22)dy+(yzz)dz ,

Horp TR EAE X +y? =4 5P z=-1. z=107%k, M2 0, -1)IF T FIRi(2, 0, DM z FIET FE
iingawram RS EIEE
B T kT xy THANFR. B TR AP
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I=1,+1, :.[rxzzdy+.fr yz°dz .

Xt T Ilzjrxzzdy, I GT z WK, BB Pz R0 T z W& dl, AR¥E 2 2 8 &,

|1=jrx2zdy:0°
XﬂL:J:lzzjryzde, WA y2°, KT z MR, 4
I, ={(xy,2)elz220}, T,={(xy,z)eT|z<0}.
H15E 2 8 Al
jr yzzdz:ZJ‘r yz2dz .
RAT, BHU FEx=2,y=0,z=t (te[01]), T, L y=0. Hik
Izzjr(yzz)dz=00
ml,=0, 1,=0, f91=0.
_[F(xzz)dy+(yzz)dz:0 .
4.5. HIER S HIRE
Bl 11 A AU AR 4y
Ijz(x+y+z)d8,

Horfr 3 BRI x® + y? + 22 =180 2 = h(0 < h <1) AT T .
f# T ORT xe IR yz SPIXSFR, e 9 nAg

ijszuywzoc

[l it
J'L(x+ y+2)dS :.[des .
£ 76 xy FIHHE D, = {(x,y,2) e T X +y? <1-h?), dS=——2 _dxdy, #
’E Xy % D, {(xyz)e | X*+y } mxy
ﬂ'z zdS =Hny\/1—x2 —y? .\/l_xlzi_yzdxdy = n(l—hz) o

Bl 12 HEEE ARl
I :J'z(xzz)dxder(yzz)dydz .

Hob s BT 2 = X2 + y? 5P z =1 F R B i A A
RS KT xz XK, 4

l=1+1, :L xzzdxder.[Z yz2dydz .
HF 1, = [ xzdxdy . BB X BTy EEE, AUREE 10 41,

I, = jz x?zdxdy =0 .
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0T, = [ y2Pdydz, BBURECH y2?, RKT y MAREL L, ={(xy,2)eZ|y>0}, HEH 11
1,
L yzzdydz:ZL yz’dydz -

JEs, RUITE 2= +y? 1 y > 0 A HOSMI, 3, SV 2 <100 R, x, s, FIE, Gk, %T
Y, » Vil z=1EEHT yz *Fifi, ¥ dydz=0, Lz yz°dydz =0 KT =, , WWH T RO RIRN x = +yz - y*

(y=0,0<z<1), SMURIRL x 175 b5 507 1) (4L HRTH, HABRRR BB y2° 15 x ook, BAAME x 7 1A HLAH
S, W[ yPdydz=0. L1, =2x0=0. I=I+1,=0. Al

| = IE(xzz)dxdy+(yzz)dydz =0.
Bl 13 EIAEHRIARIE E (X y,2) = (Y, ¥z, 2°x) » BUOEAN a G BERIT X 7 +y? +2° =a?, BRI
SMUAIE ], SR %I P 3R TH ) FL Sl
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