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Abstract

Mathematical programming with switching constraints (MPSC) has broad applications in fields such
as switching control, MPEOC, and portfolio optimization problems with semi-continuous variables.
MPSC features a special structure where the feasible region is non-convex and non-connected, making
it difficult to solve, as most constraint qualifications fail at feasible points. Relaxation methods are
widely regarded as effective approaches for addressing MPSC problems. Based on Scholtes’ relaxation
method and the concept of inexact stationary points, this paper demonstrates that under weaker ¢-
KKT point conditions, results equivalent to those under KKT point conditions can be achieved, i.e.,
convergence to W-stationary points of MPSC. With enhanced assumptions, sequences of ¢ -KKT points
from the relaxed problem can converge to S- stationary points of MPSC.
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AR F BT A V29 R B8 K (Mathematical programmes with switching constraints, & #%
MPSC) i@, HBAARIE -

][l

min f(x)

st. g (x)SO,i=1,---,m,
hl.(x)=0,i:1,-~p,
G[(x)H[(x)zo,izl,---,q.

Hh f,g.,h,G H, :R" > RIBELLNRE . MPSC 0] 8I7E V)20 AL FEHI[1] [2], #A either-or £13R
HIECF LR 7] 81 (Mathematical problems with either-or constraints, & MPEOC) [3], BfH &L &
FHEMRAIR B[4 5 F A H) ZRIMNH, Bk, W5 MPSC A 5 5 Z R ME R SEBR i o

HT V)4 R AL, KT RN, 2208 N, AT A AT SURII AN 2 b it 1)
Mangasarian-Fromovitz £ S RITE[3], PRI 2T (14 3R A 26 M 0K i) R ) BT 40 AS e EL B FH 1 oK i MPSC.
Mehhlitz [3]7£ 2020 5| X\ 7 MPSC HJ55(W-). Mordukhovich (M-). #&(S-)fa & M-S, I Linear Inde-
pendence £ MYE(LICQ). Mangasarian-Fromovitz Z) 3 HVE(MFCQ). Abadie £ E(ACQ). Guignard
ZIRHTE(GCQ)IHEE] T MPSC 1.,

SR, 2815 7 A Y4 20 0K 150 3 Kl (Mathematical programmes with equilibrium constraints, {#]
R MPEC) Il /A1 5 ¥ % 20 3 7 £ 2 M X (Mathematical programmes with vanishing constraints, & #%
MPVC) il @ IR 7T+ IR N, HXF MPSC IR FL /b Hohbaoh AR 513k 24, X fEATRA S, M
MAF 2] — AN EadE el AT PLdE S — RAIAEL M RRIR A . STHR[S5] (61745 tH T KA MPEC fil MPVC
(3 J LA 5t 5725 « Kanzow %5 23 [ 717 2019 444 4b 3 MPEC [] 5 (¥ J LA 240 (¥ 04 5t 7572 B F 13K /i MPSC
Fr, A Scholtes HIFA G 7 VE[8]%E % MPSC HIAb#E1S 3 T 7E MPSC HJ Mangasarian-Fromovitz 2] 5 HLIE
N, KA ] R KKT (Karush-Kuhn-Tucker) 25 51 7] LA 87 5] MPSC (1) W-F25E fio

SR AESEBR B AL B rh, KKT s AR AET 2 24 b HEN], T-72 2015 4F Kanzow 58 2% 3% [9]7EJEFE i 1) KKT
R, A% T MPEC Jil BB LR b it 7 i 75 30 A JEOR W st

FT[7] (9], ASCK4REEERTT Scholtes FATH AN AT MPSC HIWCSIZE R, 7EHL KKT miEHH] e-
KKT iR, E A 5 ) B ) ARG i A€ s PR SR T LA S 31 MPSC 1) W-F35E o R an SR8 s i i
ZAF, AIUELE] MPSC 17 8 S-F8E M.
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X 21 XL ER & x e R", WLEAIEE( L, JEE)E SUN:

l |

|x],, = max|x
0

1<i<n

EX 2.2 SHEMLEME xeR", & IRIE:
supp(x)={ie{l,--n}|x, 20},
FROM I & x F 4R
EX 2.3 Pﬂ%ﬁﬁ{ai eR" ieI}U{bj eR" jeJ} W AEIELRIERI DR, WRAFAEA SN 0 % {a, ),
1B}, e 20(Viel), WY aa+Y b =0, HUMIEELIETR.

iel jeJ

[m] i 3E 2% P #U &I (Nonlinear programming, &% NLP)a] & :
min f(x)
s.t. gi(x)SO,i=1,---,m,
hi(x)=0,i:1,--«p.
Frbt £, g, by R —> RASESETHLN, B x' & NLP BRI ATA7 8, 5 S 1# () = fi e {1, m)|g, (+") = 0} ©
B 2.1 (W ERRERA) WX 2 NLP W8 — N Rk Mg, HAEx K%E%ﬂ’yﬁﬁﬂf@ ny
FEMBE AeR" , ue R, #15

UEIFR X7 42 NLP ) KKT 5, R4 KKT %4, A, u #N Lagrange T+, (x*,/l,,u) FRN KKT 5
Xf o

EN24[9] 44E X" eR", >0, FRx"J& NLP @[] ¢ -KKT i (epsilon-stationary point), U1FAFTE ]
HAeR", ueR”, f#15

<¢g

“Vf(x*)&ﬂi%(x*)+iﬂf‘7hi(x*) ’

i=1 i=1

g.( *)<5,Vi:1,~--,m,
‘h J<evi=1.
A =z2-eVi=1,---,m,

A (x| < e vi=1,
N TS MPSC a8 ) FeE HERE S A RRYE, 51N N AR bRER

IG(x*) {le{ ,q}| ( )=O,Hi(x*)¢0},
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17 (x*)={ie{1,...,q}|Gi(x*);tO,Hi(x*):O},
ot (x*):{ie{1,...,q}|Gi(x*):O,Hi (x*)zo}.
Jorhx* & MPSC RYRIAF £, 19 (x"). 17 (), 17 (x°) 5 {1+ q) RISY L T FLASHAAS I =855 «
EBX 2.5[3] % x" & MPSC H— NI4T A

1) FRx" & MPSC [l @i ff) W-& 52 (Weakly stationary) 5, fRAF(E A e R”, ue R? ,y,ve RY, 13 x" i

A2
VI (x')+ 3 AVE ()¢ S Vi (x)+ X[ 796, (x7) +u v, (x') ] =0,

420,48, (x")=0,Vi=1m,

i=1

7,=0,viel” (x*),
v,=0,Viel’ (x*).
2) FRx"4& MPSC [ # ) M-F25E (Mordukhovich stationary)si, W1 x* /& W-Fasg &, H IR 2 24
ieIGH(x*)Hﬂ', 7.0, =0,
3) R x" & MPSC [ fif#] S-F4 5 (Strongly stationary) £, WIH x* & W-F25E &, RN L ie 197 (x*)
N, 7, =0,0,=0,
DA F RS E PR gS K R AN T
S-taE M = M-FE I = W-EE
I H S-Fa5E s L MPSC ) KKT . iel™ (x*)Era“, W-. M-y S-F2sEPEXS 7,0, FIER LK 1.

V. . V.

1 1 1

Figure 1. Geometric illustration of W-, M-, and S- stationarity for an index ie 7" (x)

Loiel(x)B, W-. M-, S-REMHENRT
FEX 2.6[3][10] #&x" & MPSC [FJFI4T &, F MPSC [l Mangasarian-Fromovitz £J % ¥ ({7 # MPSC-
MFCQ)TE x" KEREAT,  Un BB [ 20
{Vgi (x*)‘ielg(x*)}U{Vhi(x*) :
U{VGI. (x)ier®(x)
U{VH, (' ie 1" (x U1 (x')}

*

R IR TR

DOI: 10.12677/aam.2026.158337 106 I3RS


https://doi.org/10.12677/aam.2026.158337

YR % el

3. Scholtes BIFATH /7 5%

Scholtes FA 5t 77 ¥[8 1% MPSC FI 11424 HOAA st A5 3 138 (kA ot il R 7], A5 528 3 A b th 1) RLE AT
WS 2 #T o 7E MPSC-MFCQ R E B A 5t ] B & -KKT fFISLE] MPSC (1) W-FaUE s o WM sR {5 1%
ZAF, M ATY 83 MPSC (1) S-FaiE

FLTICHR[7], MPSC IIVIAIH G, (x) H, (x) = 0 FIFASN — < G, (x) H, (x) <1, MITI{FE] MPSC 1)
IR RIFA SR R, K NLP (1)

min f(x)
s.t. g (x) <0,i=1,---,m,
hi(x) =0,i=1,---p,
-t <G, (x)Hl. (x) <ti=1,,q.

Horh >0 25N SH, id NLP, (¢) FIFTATEEN X (¢) » DIHAITRIATAT 8401 2 B
Fe T oR&E 51 BE T NLP, (¢) #3520 MPSC 1A SH .
GEE 3.1 [11] id MPSC AT 4T4E 8 X, LA RRRIA AL
) X,(0)=x,
2) 0<t,<t,=> X (1) X(1,)»
3) N Xg(1)=X-

H(x)

G(x)

(—Vt, V) (V1)

Figure 2. Geometric interpretation of the relaxed feasible set X (t)

[ 2. AR HIRTTAE X, (1) VBT R

SEH 3.1 (7] {1} 4 0,x" e X (r,) /2 NLP, (¢,) M KKT %, Hx* —>x", ¥ MPSC-MFCQ 7E x" &b
AL, WU xT & MPSC ) W-FsE 2.

PR ORBATESAERE T 3.1 ST i) KKT s E 510 & -KKT s USSR . LUR g3
ATLAER, 2 {g } 0, FHARSATTLASLE] MPSC () W-F5E £

EH32 {1,141 0,{e )4 0,x" & NLP, (1,) 1 &, -KKT s, H x* — x", ¥ MPSC-MFCQ 7E x" &b par,
U x* f& MPSC ] W-F27€ 5.

WEBA: HiF0f ke N,x"J& NLP, (t,) [f €, -KKT £, WAFEAE AeR", ue R, &, e RIET

HVf(x")JrZ"Z:/L"Vgi (o St (¥ )+ S -8 ) (VG ()6 ()9, ()]

i—1
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gi(x )S & =€,

A (+)

Gi(xk)Hi(xk)—tk <g, & >—¢,

Sgk,Vizl,u-,m,‘hi

o)

xk)‘égk,‘v’izl,---,p, (3.2)

T
—_—
=

e

(3.3)
G, () H, ()4, > =2, & 2 —a |5 [ G (x ) B, (x) +1, | < 2 vi =1
2183 g, b, G, H, FELLIE K t, > 0,6, >0, W15
g,.( )SO,VZZI,-“, m,
h(x")=0,Vi=1,,p,
G,.(x*)H,.(x*)=0,Vi=1,~--,q
B x™ /& MPSC [ H] 47 /i
S SUHTR T
{(5 o (o (U (),
0 77 (" ,
ie (x )* * G4
(e =) () e (x)ur (),
0, zeIG(x )
B gt = gb gk FRE.DRATECS Hn R
VF () + 2 AV, (x4 )+ Vi (x)+ X 7V G, (x4 )+ X vt v, ()
i=1 i=1 i=1 i=1 <e,. (3.5)

CY (NG 3 86 (v (<)

el (x) iel® (")

AT (25,470 £l )|

R 25 {(25 070t &l || T Al
(AT ARTNE A
\(A A0 )|

0

> (A p7,0. 0 0 ) 7 0.

XF(3.5) P AR L
GE

PL §GU1H) s FEEURBR, RIS E 8 f,g,,h,G,, H, &2 ES AR,
i/lng,(x*)+iythi(x*)+i7iVGi(x*)+iuiVHl.(x*):O.
i=1 i=1 i=1 i=1
RG22 ATE, MEER kA 2—e,, WAZOVi=1ome FHA >0, WXTRSKE b, FE4EH
Hb>0, 13245 >b>0, LEN|A g () \ 0. Bg(x)=0, 15

<& s U”J‘g
supp(2) < I (x") o M4 yf HOSE L, W TR el (x'), 75;/ =0, By, =0, W
supp(;/)clc(*)UIGH(*) [F # 1] 73 supp (v) CIH( )UIGH< )

[K 5 MPSC-MFCQ £ x" AT, FTEA 2 =0, 40 = 0,y = 0,0 =0, T (2, 4,7,0,& o ) RAFE IR, A7
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tiel®(x")UI" (x7), & =0, Rigiel®(x'), H(34)
&HH, (+*)
ANTAVARIN

i

— i
ANT AR >

7, =lim
k—o0

=&H, () =0,

2 2

BHHE =0, X5 & #0F, BUTRTHI|(2 47 0 &l )| 5

Ak M, ERTTI (254 7 0 &l )B4 4 70" &g )} > MG SRR
BB, 3%

V(5 )+ S AVE, (¥ )+ VA () + 2 7VG () + Dol VA, (x7) =0,
i=1

i=1 i=1 i=1

R ERRE, KR A4S

Bl x™ 52 MPSC ) W-F35E A
SEH 3.3 FETEHE 3.2 IEAN LB B e, =o(r) WL > 0 BT Vie IV () KA Kk,
H:
(G,. (xk),H,. (xk )) ¢ {(a,b) eR*:(1-0)t, < |ab| < (1+c)tk},
U x* 5% MPSC [—/> S-Fi € i
B #G4), il (X ), gy =(E =g ) H (5 )0 = (85 =8 ) G (xh) ) Be =o(s),

,lijgf—’fo’ O TFAEE M >0 SRk, H S <ce, <ct, « TEERBIG)RPH
k

Sk
t

k

G (¢ ) 1, (x| < 1 + 6 o RS ESEEE 3.3 (OARIEIKIE, AHERRE] K KN, |G, (o) H, () < (1=c)s, »
gt [G, (xk)Hi (xk)—tk]
&R [G,. (xk)H[ (xk)+tk]

EN 50, WMES - 50, By 5008 50,7, =0,=0, IEfFx & MPSC ) S-FaiE s

Bt -G, (x* ) H, (¥ )2 ct, >0, 1, + G, (x*)H, (x* ) 2 et, >0 Hi(3.3)akrh

1

2

k AN H‘, _k,+_ _g_k _k,+ , [
W1k FEA R, | <tk—G.(xk)Hl.(xk)<Ctk_>O’(; —0, [

i

4. B4

AL FEIL T MPSC M LE Scholtes #4577 NS, XTI CA SCERIUER ARG KKT A1
FERIS T, A ST R R R AR I SE B 75 22 DL R ARAE WA R MRS, TEIA T 7ERR 55 1) & -KKT &M
NREAF RS KKT 4 R 4 5, RIURSE] 7 MPSC (1) W-Fa5E i, FEak— 25 W o SR04 5 B8 4 F
PGt B & -KKT sz Ui sk ®] MPSC HI5ERE /1, 583% 1 Scholtes FATMHELL T JEASHARR & s ISR
i, N A sl BT A A PR SR T AT SR B R R SRR A T e S, R E
BB 5 L BRI F 8 L.
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