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Abstract

As ateaching review paper, this paper takes metric spaces and inner-product spaces as the underlying
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framework of functional analysis, where completeness, separability, orthogonal structures and pro-
jection operators are four core components. Starting from topological properties of general metric
spaces, we systematically investigate density, separable spaces, complete metric spaces and comple-
tion theory. Based on Cantor’s nested closed-ball theorem, equivalent criteria for completeness are
established. Then we move from inner-product spaces to Hilbert spaces, analyze four equivalent char-
acterizations of orthogonal systems and orthonormal bases, and compare the intrinsic relation be-
tween Bessel’s inequality and Parseval’s identity. Legendre polynomials are adopted to illustrate or-
thonormal bases in function spaces. As a typical application, finite element method is discussed in an
independent section, demonstrating the whole procedure including problem formulation, mathemat-
ical modeling in Hilbert space and numerical solution by best approximation. With the orthogonal
projection theorem, we explain orthogonal decomposition for closed subspaces and key properties of
projection operators. A complete logical chain is constructed from general metric spaces to Hilbert
spaces with orthogonal geometry. This article can serve as supplementary reading for functional-
analysis courses, narrowing the gap between abstract theory and practical computation.
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